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TRANSLATOR'S PREFACE. 



In 1852, a pamphlet, entitled The Computation of an Orbit from Three Complete 
Observations^ w^A published, under the authority of the Navy Department, for the use 
of the American Ephem^ris and Nautical Almanac, the object of which was to excerpt 
from various parts of Gauss's Theoria Motus, and to arrange in proper order the numer- 
ous details which combine to form this complicated problem. To these were added an 
Appendix containing the results of Professor Encke's investigations, Ueber den Ausnah' 
mefall einer doppelten Bahnbestimmung aus denselben drei geocentrischen Oertem (Ab- 
hancUungen der Akademie der Wissenschaften zu Berlin, 1848), and also Professor Peirce's 
Graphic Delineations of the Curves showing geometrically the roots of Gauss's Equa- 
tion IV. Article 141. 

After this pamphlet was completed, the opinion was expressed by scientific friends 
that a complete translation of the Theoria Motus should be undertaken, not only to meet 
the wants of the American Ephemeris, but those also of Astronomers generally, to whom 
this work (now become very rare and costly) is a standard and permanent authority. 
This undertaking has been particularly encouraged by the Smithsonian Institution, 
which has signified its high estimate of the importance of the work, by contributing to 
its publication. And by the authority of Hon. J. C. Dobbin, Secretary of the Navy, this 
Translation is printed by the joint contributions of the Nautical Almanac and the Smith- 
sonian Institution. 

The notation of Gauss has been strictly adhered to throughout, and the translation 
has been made as nearly literal as possible. No pains have been spared to secure typo- 
graphical accuracy. All the errata that have been noticed in Zach's Monatliche Carre- 
spondenz, the Berliner Astronomisches Jahrbuch, and the Astronomische Nachrichten, have 
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been corrected, and in addition to these a considerable number, a list of which will be 
found in (Jould's Astronomical Joumalj that were discovered by Professor Chauvbnet 
of the United States Naval Academy, who has examined the formulas of the body of 
the work with great care, not only by comparison with the original, but by independent 
verification. The proof-sheets have also been carefully read by Professor Phillips, of 
Chapel Hill, North Carolina, and by Mr. Runklb and Professor Winlock of the Nautical 
Almanac office. 

The Appendix contains the results of the investigations of Professor Encke and 
Professor Peirc|;, from the Appendix of the pamphlet above referred to, and other mat- 
ters which, it is hoped, will be found interesting and useful to the practical computer, 
among which are several valuable tables : A Table for the Motion in a Parabola from 
LeVerrier's AnncUes de V Observatoire Imperial de Parisj Bessel's and Posselt's 
Tables for Ellipses and Hyperbolas closely resembling the Parabola, and a convenient 
Table by Professor Hubbard for facilitating the use of Oauss's formulas for Ellipses and 
Hyperbolas of which the eccentricities are nearly equal to unity. And in the form of 
notes on their appropriate articles, useful formulas by Bessel, Nicolai, Encke, Gauss, 
and Peibcb, and a summary of the formulas for computing the orbit of a Comet, 
with the accompanying Table, from Olbers's Abhandlung' ueber die leichteste und be^ 
quemste Methode die Bahn eines Oometen zu berechnen, Weimar, 1847. 
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PREFACE. 



After the laws of planetary motion were discovered, the genius of Kepler 
was not without resources for deriving from observations the elements of mo- 
tion of individual planets. Tycho Brahe, by whom practical astronomy had 
been carried to a degree of perfection before unknown, had observed all the 
planets through a long series of years with the greatest care, and with so 
much perseverance, that there remained to Kepler, the most worthy inheritor 
of such a repository, the trouble only of selecting what might seem suited 
to any special purpose. The mean motions of the planets abeady deter- 
mined with great precision by means of very ancient observations diminished 
not a little this labor. 

Astronomers who, subsequently to Kepler, endeavored to determine still 

more accurately the orbits of the planets with the aid of more recent or 

better observations, enjoyed the same or even greater facilities. For the 

problem was no longer to deduce elements wholly unknown, but only 

slightly to correct those abeady known, and to define them within narrower 

limits. 

The principle of imiversal gravitation discovered by the illustrious Newton 

b (ix) 



opened a field entirely new, and showed that all the heavenly bodies, at 
least those the motions of which are regulated by the attraction of the sun, 
must necessarily, conform to the same laws, with a slight modification only, 
by which Kepler had found the five planets to be governed. Kkpler, rely- 
ing upon the evidence of obeervation^ had annoimced that the orbit of every 
planet is an ellipse, in which the areas are described uniformly about the 
sun occupying one focus of the ellipse, and in such a manner that in difier- 
ent ellipses the times of revolution are in the sesquialteral ratio of the semi- 
axes-major. On the other hand, Newton, starting from the principle of 
universal gravitation, deraonstratecl d, priori that all bodies controlled by the 
iittractive force of the sun must move in conic sections, of which the planeta 
present one form to u^ namely, ellipses, while the remaining forms, parabo- 
las and hyperbolas, must be regarded as being equally possible, provided 
there may be bodies encountering the force of the sun with the requifdte 
velocity; that the sun must always occupy one focus of the conic section; 
that the areas which the same body describes in difierent times about the 
sun are proportional to those times; and finally, that the areas described 
about the sun by difierent bodies, in equal times, are in the subdupllcate 
ratio of the semiparameters of the orbits: the latter of these laws, identical 
in elliptic motion with the last law of Kepler, extends to the paraboUc and 
hyperbolic motion, to which Kepler's law cannot be applied, because the rev- 
olutions are wanting. The clue was now discovered by following which it 
became possible to enter the hitherto inaccessible labyrinth of the motions of 
the comets. And this was so successful that the single hypothesis, that their 
orbits were parabolas sufficed to explain the motions of al! the comets which 
had been accurately observed. Thus the system of universal gravitaliun had 
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paved the way to new and most brilliant triumphs in analysis; and the 
comets, up to that time wholly unmanageable, or soon breaking from the 
restraints to which they seemed to be subjected, having now submitted to 
control, and being transformed from enemies to guests, moved on in the 
paths marked out by the calculus, scrupulously conforming to the same eter- 
nal laws that govern the planets. 

In determining the parabolic orbits of comets from observation, difficul- 
ties arose far greater than in determining the elliptic orbits of planets, and 
principally from this source, that comets, seen for a brief interval, did not 
afford a choice of observations particularly suited to a given object: but the 
geometer was compelled to employ those which happened to be furnished 
him, so that it became necessary to make use of special methods seldom 
applied in planetary calculations. The great Newton himself, the first geome- 
ter of his age, did not disguise the difficulty of the problem: as might have 
been expected, he came out of this contest also the victor. Since the time 
of Newton, many geometers have labored zealously on the same problem, 
with various success, of course, but still in such a manner as to leave but 
little to be desired at the present time. 

The truth, however, is not to be overlooked that in this problem the 
difficulty is very fortunately lessened by the knowledge of one element of 
the conic section, since the major-axis is put equal to infinity by the very 
assumption of the parabolic orbit. For, all parabolas, if position is neg- 
lected, differ among themselves only by the greater or less distance of the 
vertex from the focus; while conic sections, generally considered, admit of 
infinitely greater variety. There existed, in point of fact, no sufficient reason 
why it should be taken for granted that the paths of comets are exactly 



xii 



parabolic: on the contrary, it must be regarded as in the highest degree 
bnprobable that nature should ever have favored such an hypothesis. Since, 
nevertheless, it was known, that the phenomena of a heavenly body moving 
in an ellipse or hyperbola, the major-axis of which is very great relatively to 
the parameter, differs very little near the perihelion from the motion in a 
parabola of which the vertex is at the same distance from the focus ; and 
that this difference becomes the more inconsiderable the greater the ratio of 
the axis to the parameter : and since, moreover, experience had shown that 
between the observed motion and the motion computed in the parabohc 
orbit, there remained differences scarcely ever greater than those which might 
safely be attributed to errors of observation (errors quite considerable in 
moat cases): astronomers have thought proper to retain the parabola, and 
very properly, because there are no means whatever of ascertaining satis- 
factorily what, if any, are the differences from a parabola. We must except 
the celebrated comet of Halley, which, describing a very elongated ellipse and 
frequently observed at its retuni to the perihelion, revealed to us its periodic 
time ; but then the major-axis being thus known, the computation of the re- 
maining elements is to be considered as hardly more difficult than the dctenni- 
natioD of the parabolic orbit. And we must not omit to mention tliat astrono- 
mers, in the case of some other comets observed for a somewbat longer time, 
have attempted to determine the deviation from a parabola. However, all 
the niL'tbfHle either proposed or used for this object, rest upon the assumption 
that the variation from a parabola is inconsiderable, and hence in the trials 
referred to, the parabola itself, previously computed, fumislied an approximate 
idea of the several elements (exeept the major-axis, or the time of revolu- 
tion ilepending on it), to be corrected by only slight changes. Besides, it 
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must be acknowledged, that the whole of these trials hardly served in any 
case to settle any thing with certainty, if, perhaps, the comet of the year 
1770 is excepted. 

As soon as it was ascertained that the motion of the new planet, discov- 
ered in 1781, could not be reconciled with the parabolic hypothesis, astrono- 
mers undertook to adapt a circular orbit to it, which is a matter of simple 
and very easy calculation. By a happy accident the orbit of this planet had 
but a small eccentricity, in consequence of which the elements resulting from 
the circular hypothesis sufficed at least for an approximation on which could 
be based the determination of the elliptic elements. There was a concmv 
rence of several other very favorable circumstances. For, the slow motion of 
the planet, and the very small inclination of the orbit to the plane of the 
ecliptic, not only rendered the calculations much more simple, and allowed 
the use of special methods not suited to other cases; but they removed the 
apprehension, lest the planet, lost in the rays of the sun, should subsequently 
elude the search of observers, (an apprehension which some astronomers might 
have felt, especially if its light had been less brilliant); so that the more 
accurate determination of the orbit might be safely deferred, until a selection 
could be made from observations more frequent and more remote, such aa 
seemed best fitted for the end in view. 

Thus, in every case in which it was necessary to deduce the orbits of 
heavenly bodies from observations, there existed advantages not to be de- 
spised, suggesting, or at any rate permitting, the application of special 
methods; of which advantages the chief one was, that by means of hjrpo- 
thetical assumptions an approximate knowledge of some elements could be 



obtained before the compiitaijou of the elliptic elements was commenced. 
Notwithstanding this, it seems somewhat strange that the general problem, — 

To detcnnine the orbit of a heaven^ ^odif, wUhotU any hi/pofkcHcat asgtmiption, 
from observaiiom tiol embracing a great period of thiie, and not alloming a selection 
tciih a view to the application of special methods, was almost wholly neglected up 
to the beginning of the present century j or, at least, not treated by any one 
in a manner worthy of its importance ; since it assuredly commended itself 
to mathematicians by its difficulty and elegance, even if its great utility in 
practice were not apparent An opinion had universally prevailed that a 
complete determination fVom observations embracing a short interval of time 
was impossible, — an ill-founded opinion, — for it is now clearly shown that 
the orbit of a heavenly body may be determined quite nearly from good 
observations embracing only a few days; and this without any hypothetical 
assumptioD. 

Some ideas occurred to. me in the month of September of the year 1801, 
engaged at the time on a very different subject, which seemed to point to 
the solution of the great problem of which I have spoken. Under such cir- 
cumstances we not unfrequentty, for fear of being too much led away by 
an attractive investigation, suffer the associations of ideas, which, more atten- 
tively conaidered, might have proved most fruitful in results, to be lost from 
neglect. And the same fate might have befallen these conceptions, had they 
not happily occurred at the most propitious moment for their preservation 
and encouragement that could have been selected. For just about this time 
the report of the new planet, discovered on the first day of January of that 
year with the telescope at Palermo, was the subject of universal conversation; 
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and soon afterwards the observations made by that distinguished astronomer 
PiAZZi from the above date to the eleventh of February were published. No- 
where in the annals of astronomy do we meet with so great an opportunity, 
and a greater one could hardly be imagined, for showing most strikingly, the 
value of this problem, than in this crisis and urgent necessity, when all hope 
of discovering in the heavens this planetary atom, among innumerable small 
stars after the lapse of nearly a year, rested solely upon a suflBciently ap- 
proximate knowledge of its orbit to be based upon these very few observa- 
tions. Could I ever have found a more seasonable opportunity to test the 
practical value of my conceptions, than now in employing them for the de- 
termination of the orbit of the planet Ceres, which during these forty-one 
days had described a geocentric arc of only three degrees, and after the 
lapse of a year must be looked for in a region of the heavens very remote 
from that in which it was last seen ? This first application of the method 
was made in the month .of October, 1801, and the first clear night, when 
the planet was sought for* as directed by the numbers deduced from it, re- 
stored the fugitive to observation. Three other new planets, subsequently 
discovered, furnished new opportunities for examining and verifying the effi- 
ciency and generality of the method. 

Several astronomers wished me to publish the methods employed in these 
calculations immediately after the second discovery of Ceres; but many 
things — other occupations, the desire of treating the subject more fully at 
some subsequent period, and, especially, the hope that a further prosecution 
of this investigation would raise various parts of the solution to a greater 
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degree of generality, simplicity, and elegance, — prevented my complying at 
the time with these friendly solicitations. I was not disappointed in this ex- 
pectation, and have no cause to regret the delay. For, the methods first 
employed have undergone so many and such great changes, that scarcely 
any trace of resemblance reinains between the method in which the orbit of 
Ceres waa first computed, and the form given in this work. Although it 
would be foreign to my purpose, to narrate in detail all the steps by 
which these investigations have been gradually perfected, still, in several 
instances, particularly when the problem was one of more importance' than 
usual, I have thought that the earlier methods ought not to be wholly sup- 
pressed. But in thin work, besides the solutions of the priucipal problem^ 
I have given many things which, during the long time I have been en- 
gaged upon the motions of the heavenly bodies in conic sections, struck 
me as worthy of attention, either ou account of their analytical elegance, 
or more especially on account of their practical utility. But in every caae 
I have devoted greater care both to the subjects and methocls which are 
peculiar to myself, touching lightly and so far only as the connection seemed 
to require, on those previously known. 

The whole work is divided into two parts. In the First Book are de- 
veloped the relations between the quantities on which tho motion of the 
heavenly bodies about the sun, occorcling to the laws of Kei'LEB, depends; 
the two firet eectlons comprise those relations in which one place only is 
considered, and the third and fourth sections those in which the relations 
between several places are considered. The two latter contain an explanation 
of the common methods, and aUo, and more particularly, of other methods, 
greatly preferable to them in practice if I am not mistaken, by means of 
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which we pass from the known elements to the phenomena; the fonner treat 
of many most important problems which prepare the way to inverse pro- 
cesses. Since these very phenomena result from a certain artificial and intri- 
cate complication of the elements, the nature of this texture must be thor- 
oughly examined before we can undertake with hope of success to disentangle 
the threads and to resolve the fabric into its constituent parts. Accordingly, 
in the First Book, the means and appliances are provided, by means of which, 
in the second, this difficult task is accomplished; the chief part of the labor, 
therefore, consists in this, that these means should be properly collected to- 
gether, should be suitably arranged, and directed to the proposed end. 

The more important problems are, for the most part, illustrated by appro- 
priate examples, taken, wherever it was possible, from actual observations. 
In this way not only is the efficacy of the methods more fully established 
and their use more clearly shown, but also, care, I hope, has been taken that 
inexperienced computers should not be deterred from the study of these sub- 
jects, which undoubtedly constitute the richest and most attractive part of 
theoretical astronomy. 

GoTTiNGEN, March 28, 1809. 
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FIRST SECTION- 



EELATIONS PERTAINING SIMPLY TO POSITION IN THE ORBIT, 



1. 

In this work we shall consider the motions of the heavenly bodies so far only 
as they are controlled by the attractive force of the sun. All the secondary 
planets are therefore excluded from our plan, the perturbations which the 
primary planets exert upon each other are excluded, as is also all motion of 
rotation. We regard the moving bodies themselves as mathematical points, and 
we assume that all motions are performed in obedience to the following laws, 
which are to be received as the basis of all discussion in this work. 

I. The motion of every heavenly body takes place in the same fixed 
plane in which the centre of the sun is situated. 

n. The 'path described by a body is a conic section having its focus in the 
centre of the sun. 

m. The motion in this path is such that the areas of the spaces described 
about the sun in different intervals of time are proportional to those intervals. 
Accordingly, if the times and spaces are expressed in numbers, any space what- 
ever divided by the time in which it is described gives a constant quotient 

1 
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2 RELATIONS PERTAINING SIMPLY [BoOK I. 

IV. For difforent bodies moving about the sun, the squares of these quotients 
are in the compound ratio of the parameters of their orbitg, and of the sum of the 
masses of the sun and the moving bodies. 

Denoting, therefore, the parameter of the orbit in which the body moves by 
2p, the mass of this body by fi {the mass of the sun being put =1), the area it 
describes about the sun in the time i by j^, then j-i—-,', ^, < will be a constant 
for all heavenly bodies. Since then it is of no importance which body we use 
for determiniug this number, we will derive it from the" motion of the earth, the 
mean distance of which from, the sun wc shall adopt for the unit of distance; the 
mean solar day will always be our unit of time. IKiuoting, moreover, by ji the 
ratio of the circumference of the circle to the diameter, the area of the entire 
ellipse described by the earth will evidently be n sjp, which must therefore be 
put = ig, if by ( is understood the sidereal year; whence, our constant becomea 
=. -- ^" — . In order to ascertain the numerical value of this constant, here- 
after to be denoted by k, we will put, according to the latest determination, the 
sidereal year or /= 365.2563835, the mass of the earth, or ft = g.. -- -- ^ 
0.0000028192, whence results 

logSji 0.7981798684 

CompLlogi 7.4374021852 

Compl. log v'(l-|-/*) ■ • ■ 9.9999903878 

log A 8.2355814414 

*= 0.01720209895. 



2. 

Tlie laws above stated differ from those discovered by our own Kepler 
in no other respect than this, that they are given in a form applicable to all kinds 
of conic sections, and that the action of the moving body on the sun, on which 
depends the factor y/(l -[-^), is tukvn into account. If we regard these laws as 
phenomena derived from innumerable and indubitable observations, geometry 
nbows what action ought in consequence to be exerted upoD bodies moving about 
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the sun, in order that these phenomena may be continually produced. In this 
way it is found that the action of the sun upon the bodies moving about it is 
exerted just as if an attractive force, the intensity of which is reciprocally 
proportional to the square of the distance, should urge the bodies towards the 
centre of the sun. If now, on the other hand, we set out with the assumption of 
such an attractive force, the phenomena are deduced from it as necessary 
consequences. It is suflBcient here merely to have recited these laws, the con- 
nection of which with the principle of gravitation it will be the less necessary to 
dwell upon in this place, since several authors subsequently to the eminent 
Newton have treated this subject, and among them the illustrious La Place, in 
that most perfect work the M&anique Celeste, in such a manner as to leave 
nothing further to be desired, 

3. 

Inquiries into the motions of the heavenly bodies, so far as they take place in 
conic sections, by no means demand a complete theory of this class of curves ; 
but a single general equation rather, on which all others can be based, will answer 
. our purpose. And it appears to be particularly advantageous to select that one 
to which, while investigating the curve described according to the law of attrac- 
tion, we are conducted as a characteristic equation. If we determine any place 
of a body in its orbit by the distances Xy y, from two right lines drawn in the 
plane of the orbit intersecting each other at right angles in the centre of the 
sun, that is, in one of the foci of the curve, and further, if we denote the distance 
of the body from the sun by r (always positive), we shall have between r, x, y, 
the linear equation r -}- a 2: -f- /5^ = y, in which a, jS, y represent constant quan- 
tities, y being from the nature of the case always positive. By changing the 
position of the right linens to which :r,y, are referred, this position being essentially 
arbitrary, pro vided only the lines continue to intersect each other at right angles, 
the form of the equation and also the value of y will not be changed, but the 
values of a and /? will vary, and it is plain that the position may be so determined 
that ^ shall become = 0, and a, at least, not negative. In this way by putting for 
«, y, respectively e^p^ our equation takes the form r-^-ex^^p. The right line to 
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which the distancea y are referred in this case, ia called the Um of apsides, p is the 
semMXirameier, e the eccentricity ; finally the conic aection is distinguished hy the 
name of cWpsc, parabola, or hyperbola, accordiug as « is lesa than unity, equal to 
unity, or greater than unity. 

It is readily perceived that the position of the line of apsides would he 
fully determined by the conditions mentioned, with the exception of the single 
case where both a and ^ were =0; in which case r is always =p, whatever the 
right lines to which x, y, are referred. Accordingly, since we have c ^ 0, the 
curve (which will be a circle) is according to our definition to be assigned to 
the class of ellipses, but it has this peculiarity, that the position of the itpsideB 
remains wholly arbitrary, if indeed we choose to extend that idea to such a case. 



Instead of the distance x let us introduce the angle !', contained between the 
Une of apsides and a straight line drawn from the sun to the place of the body 
{the radius vector), and this angle may commence at that part of the line of apsides 
at which the distances x are positive, and may he supposed to increase in the 
direction of the motion of the body. In this way we have 2r:^rco8i', and thua 
our fonnula becomes r = 



conclu.sions : — 



l+« 



. from which immediately result the following 



I. For V = 0, the value of the radius vector r becomes a minimum, that ia^ 



IT, For opposite vahies of r, there are corresponding equal values of r ; con- 
sequently the Une of apsides divides the conic section into two equal parts. 

III. In the ellipse, v increases continuously from y = 0, until it attains ita 
ina.ximum value, r^^t in a/)A^fifl«, correspondiug to f = 180°; after aphelion, it 
decreases in the same manner as it had increased, until it reaches the perihelion, 
corresponding to v^^ 360°. That portion of the line of apsides terminated at one 
extremity by the perihelion and at the other hy the aphelion is called the nutfor 
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axis ; hence the semi-axis major, called also the mean distance^ == j-£^ — ; the dis- 
tance of the middle point of the axis {the centre of the ellipse) from the focus will 
be jTZT"- = ^«> denoting by a the semi-axis major. 

IV. On the other hand, the aphelion in its proper sense is wanting in the 
parabola, but r is increased indefinitely as v approaches -}- 180°, or — ISO"". For 
V = + 180° the value of r becomes infinite, which shows that the curve is not cut 
by the line of apsides at a point opposite the perihelion. Wherefore, we cannot, 
with strict propriety of language, speak of the major axis or of the centre of the 
curve ; but by an extension of the formulas found in the ellipse, according to the 
established usage of analysis, an infinite value is assigned to the major axis, and 
the centre of the curve is placed at an infinite distance from the focus. 

V. In the hyperbola, lastly, v is confined within still narrower limits, in fact 
between t; = — (180° — i//), and ?; = -|-(180° — y), denoting by i// the angle of 

which the cosine ===-. For whilst v approaches these limits, r increases to 

infinity ; if, in fact, one of these two limits should be taken for v, the value of r 
would result infinite, which shows that the hyperbola is not cut at all by a right 
line inclined to the line of apsides above or below by an angle 180° — i//. For 
the values thus excluded, that is to say, from 180° — if to 180° -|-t/^, our formula 
assigns to r a negative value. The right line inclined by such an angle to the 
line of apsides does not indeed cut the hyperbola, but if produced reversely, 
meets the other branch of the hyperbola, which, as is known, is wholly sepa- 
rated from the first branch and is convex towards that focus, in which the sun is 
situated. But in our investigation, which, as we have already said, rests upon the 
assumption that r is taken positive, we shall pay no regard to that other branch 
of the hyperbola in which no heavenly body could move, except one on which 
the sun should, according to the same laws, exert not an attractive but a repulsive 
force. Accordingly, the aphelion does not exist, properly speaking, in the hyper- 
bola also J that point of the reverse branch which lies in the line of apsides, 

and which corresponds to the values ?; = 180°, r = ^-^, might be consid- 
ered as analogous to the aphelion. If now, we choose after the manner of the 
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ellipse to call the value of the expression r-^ — , even here where it becomes 
negative, the aemi-axia major of the hyperbola, then this quantity indicates 
the distance of the point just mentioned from the perihelion, and at the 
same time the position opposite to that which occurs in the ellipse. In the 
same way - j^ — , that is, the distance from the focus to the middle point between 
these two points (the centre of the hyperbola), here obtains a negative value on 
account of its opposite direction. 



We call the angle v the tnie anomafjf of the moving body, which, in the 
parabola is confined within the limits — 180" and -I-ISO", in the hyperbola 
between — (180° — i/^) and -|- (180" — i/^), but which in the ellipse runs through 
the whole circle in periods constantly renewed. Hitherto, the greater number of 
astronomers have been accustomed to count the true anomaly in the ellipse not 
from "the perihelion but from the aphelion, contrary to the analogy of the parabola 
and hyperbola, where, as the aphelion is wanting, it is necessary to begin from the 
perihelion: we have the less hesitation in restoring the analogy among all classes 
of conic sections, that the most recent French astrouomei-s have by their example 
led the way. 

It is frequently expedient to change a little the form of the expression 
r ^ p^L^ ; the following forms will be especially observed : — 



-l + e-2., 



H"- 



?F 



Accordingly, we have in the parabola 



in the hyperbola the following expression is particularly convenient, 

20Q8i(«' + V)C094(l' y)* 
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6. 

Let us proceed now to the comparison of the motion with the time. Putting, 
as in Art 1, the space described about the sun in the time t=:^g, the mass of the 
moving body = jtt, that of the sun being taken = 1, we have g^=^Jct\Jp)J {\-\-fi). 
The diflFerential of the space = ^rrdv, from which there results Jct^p\j{l'\'fi) 
=zfrrAVy this integral being so taken that it will vanish for ^ = 0. This integra- 
tion must be treated differently for different kinds of conic sections, on which 
account, we shall now consider each kind separately, beginning with the ELLIPSE. 

Since r is determined from v by means of a fraction, the denominator of which 
consists of two terms, we will remove this inconvenience by the introduction of a 
new quantity in the place of v. For this purpose we will put tan ivyj -r^rr = 
tan J E^ by which the last formula for r in the preceding article gives 

^ — (l4.^)cos«^t;— i^V 1 + e ^ l — e)—l—ee^^ eoosj^). 

Moreover we have — ^yv = — ai-v/ t-t— > ^^d consequently av=z —fp. rj 

hence 






and integrating, 



;fc^V^» V/(1 4-lti) = — ^^(J5?— ^sin J5?) +Constant. 

(1 _ e ey 

Accordingly, if we place the beginning of the time at the perihelion passage, where 
e; = 0, J? = 0, and thus constant = 0, we shall have, by reason of ^^^^ = « 9 

U — gsmjg= ^^ 7^^ . 



Li this equation the auxiliary angle F^ which is called the eccentric armruxly, 
must be expressed in parts of the radiua This angle, however, may be retained 

in degrees, etc., if ^ sin J5? and 3 ^^^ ^^^ expressed in the same manner ; 

a* 
these quantities will be expressed in seconds of arc if they are multiplied by the 
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number 200264.81. We can dispense with the multiplication by the last quan- 
tity, if we employ directly the quantity k expressed in seconds, and thus put, 
instead of the value before given, k = 3548".18761, of which the logarithm = 
3.5500065746. The quantity — '!i~ expressed in this manner ia called the 
»je«» fSJirniiolif, which therefore increftses in the ratio of the time, and indeed every 



day by the increment -^^ 
the mean anomaly by M. 



I called the nieaH daily motion. We shall denote 



Thus, then, at the perihelion, the true anomaly, the eccentric anomaly, and the 
mean anomaly are r= ; after that, the true anomaly increasing, the eccentric 
and mean are augmented also, but in such a way that the eccentric continues to 
be less than the true, and the mean leaa than the eccentric up to the aphelion, 
where all three become at the same time = 180°; but from this point to 
the perihelion, the eccentric is always greater than the true, and the mean 
greater than the eccentric, until in the perihelion all three become ^ 360°, or, 
which amounts to the same thing, all are again = 0. And, in general, it is 
evident that if the eccentric E an il the mean M answer to the true anomaly v, 
then the eccentric 360° — E and the mean 360° — M correspond to the true 
360° — V. The difference between the true and mean anomalies, v — M, is called 
the equation of t/te cenire, which, consequently, Ls positive from the perihelion 
to the aphelion, is negative from the aphelion to the perihelion, and at the 
perihelion and aphelion vanishes. Since, therefore, v and M run through an 
entire circle from to 360° in the same time, the time of a single revolution, 
which is also called the periodic time, \f obtained, expressed in days, by dividing 
360° by the mean daily motion -^ 7"'' , from which it is apparent, that for dif 

ferent bodies revolving about the sun, the squares of the periodic times are pro- 
portional to the cubes of the mean dLstJincein, so far as the masses of the bodieE^ 
or rather the Inequality of their masses, can be neglected. 
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8. 

Let us now collect together those relations between the anomalies and the 

radius vector which deserve particular attention, the derivation of which will 

present no difficulties to any one moderately skilled in trigonometrical analysis. 

Greater elegance is attained in most of these formulas by introducing in the 

place of e the angle the sine of which = e. This angle being denoted by y, we 
have 

V'(l — ee) = cosy, y/(l -\-e)=i cos (45° — iy) y/2, 

V/(1 — ^) = cos(45°+i9)v/2, y/l^^ = tan(45°— Jy), 

y/(l-(-^)-|.y/(l_^)=:2cosi9, yj {U^ e) — sj {1 — e) = 2mi h (f. 

The following are the principal relations between a, /?, r, Cy y, v^ Ej M. 
I. jt? = acos^y 

n. r=^ 

m, r = a(l — eco^E) 

IV. cosi;=:T— i — i — ,orcose^ = r « 

V. siniJ5?=v/i(l — cosjE^)=sinit;i/j^ 



= sin ivu^ ^ = sin iv J 



r 

«(! + «) 
e 
cosv 



VL cosiJ?=v/Hl-|-cos-&)=cosiri/=-ii 

' ^ ' ' y i-|-«o 

= cosie^i/^^-^-i^ = cos ^VK —rr- — r 
Vn. tani^=tanji;tan(45°— iy) 
vIII. sin-&=: ^ = 

p a COS qp 

IX. r cos v = a (cos JS^ — ^) = 2 a cos (i ^-f i y -[- 45°) cos (i JS? — iy — 45°) 
X. sin i[v — E) = sin iy sint^i/- = sin iy sinEu- 

XL sin i(t;-(- JF) = cosi9sin^;\/- = cosi9sinJ?t/- 
XIL M=E—emiE. 

2 
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If a perpendicular let faJI from any point whatever of the ellipse upon the 
line of apsides 'la extended in the opposite direction until it meets the circle 
described with the radius a about the centre of the ellipse, then the inclination to 
the line of apsides of that radius which corresponds to the point of intersection 
(understood in the same way as above, in the case of the true anomaly), will 
be equal to the eccentric anomaly, as is inferred without difficulty from equation 
IX of the preceding article. Further, it is evident that reiui' is the distance of 
any point of the ellipse from the line of apsides, which, since by equation VIll. it 
=: a cos 9 sin ^, will be greatest for J?^ 90°, that is in the centre of the ellipse. 
This greatest distance, which :^acos(p^=—^-:3rY/a^,i3 called the «en«-aarw»iMiw. 
In the focus of the ellipse, that is for v = 90°, this distance is evidently =^, or 
equal the semi-parameter. 



10. 

The equations of article 8 comprise all that is requisite for the computation 
of the eccentric and mean anomalies from the true, or of the eccentric and true 
from the mean. Formula VTI. is commonly employed for deriving the eccentric 
from the true; nevertheless it is for the most part preferable to make use of 
equation X. for this purpose, especially when tlie eccentricity is not too great, in 
which caae £! can be computed with greater accuracy by means of X. than of 
VII, Moreover, if X is employed, the logarithm of sine E required in XII. ia 
had immediately by means of VIII, ; if VII. were used, it would be neces- 
sary to Uvke it out from the tables; i^ therefore, this logarithm is also taken 
from the tables in the hitter method, a proof is at once obtained that the calcula- 
tion has been correctly made. Testa and pi-oofs of this sort are always to be 
highly valued, and therefore it will be an object of constant attention with us to 
provide for them in all the methods delivered in this work, where indeed it can 
be conveniently done. We annex an example completely calculated oa a more 
perfect illustration. 
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Given v = 310° 55' 29".64, tp = W 12' 1".87, log r = 0.3307640 j p, a, E, M, 
axe required. 

log sin 9 . . . . 9.3897262 
log cos t> .... 9.8162877 

9.2060139 whence « cos » = 0.1606993 



log (1 + c cosr) . . 0.0647197 
logr 0.3307640 

I 

logjff 0.3954837 

logcos»9 .... 9.9730448 

log a 0.4224389 

log sin » . . . . 9.8782740 »* 

logv/j .... 0.0323598.5 

9.8459141.5n 
log sin i 9 . . . 9.0920395 

log sini{v — I!) . 8.9379536.5W, hence i (» — J?) = — 4» 58' 22",94 j 
t> — ^= — 9" 56'45".88 ; £= 320° 52' 15".52. 

Further, we have 

, « ^«^_««^ Calonlattonof log»in£by fommta VnL 

logc . . . . 9.3897262 ,. 

1 ortoooio eniiinri log - siu t> .... 9.8135543n 

log 206264.8 . 5.3144251 *^ p 

log e in seconds 4.7041513 log cosy 9.9865224 



log sin ^. . . 9.8000767« log sin ^ 9.8000767n 

4.5042280 w, hence e sin i? in seconds = 31932".14 = B" 52' 
12''.14 ; and M= 329° 44' 27".66. 

The computation of E by formula VII. would be as follows : — 

i» = 155°27'44".82 log tan ir .... 9.6594579n 

1 45° — iy = 37°53'59".065 log tan (45° — i 9) . 9.8912427 

logt&niH . . . . 9.5507006 n 
whence il!= 160''26'7".76, and E= 320° 52' 15". 52, as above. 



* The letter n affixed to a logarithm signifies tiiat the number corresponding to it is negatire. 
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11. 

The inverse problem, celebrated under the title of Kepler's problem, that of 
finding the true anomaly and the radius vector from the mean anomaly, is much 
more frequently used. Astronomers are in the habit of putting the equation of 
the centre in the form of an iofiuite series proceeding according to the sines of tlie 
angles M, 2M, 3M, etc., each one of the coefficients of these sines being a series 
extending to infinity according tc the powers of the eccentricity. We have con- 
sidered it the less necessary to dwell upon this formula for the equation of the 
centre, which several authors have developed, because, in our opinion, it is by 
no means so well suited to practical use, especially should the eccentricity not be 
very small, as the indirect method, which, therefore, we will explain somewhat 
more at length in that form which appears to ub most convenient 

Equation XII., £^:Jtf'-j- cain£, which is to be referred to the class of tran- 
scendental equations, and admits of no solution by means of direct and complete 
methods, must be solved by trial, beginning with any approximate value of £, which 
is corrected by suitable methods repeated often enough to satisfy the preceding 
equation, that is, either with all the accuracy the tables of sines admit, or at least 
with sufficient accuracy for the end in view. If now, these corrections are intro- 
duced, not at random, but according to a safe and established rule, there is scarcely 
any essential distinction between such an indirect method and the solution by 
series, except that in the former the first value of the unknown quantity is in a 
measure arbitrary, which is rather to be considered an advantage since a value 
suitably chosen allows the corrections to be made with remariiable rapidity. Let 
UB suppose e to be an approximate value of E, and x expressed in seconds the cor- 
rection to be added to it, of such a value as will satisfy our equation E^ t-\~z. 
Let e Bin e, in seconds, be computed by logarithms, and when this is done, let the 
change of the log sin e for the change of 1" in e itself be taken from the tables ; 
and also the variation of log e sin e for the change of a unit in the number e sin g ; 
let these changes, without regard to signs, be respectively 3., fi, in which it ia 
hardly necessary to remark that both logarithms are presumed to contain an 
equal number of decimals, Now, if e approaches bo near the correct value of £ 
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that the changes of the logarithm of the sine from « to « -f" ^^ ^^^ *^® changes of 
the logarithm of the number from ^sin« to e8m{t-\-x), can be regarded as 
imiform, we may evidently put 

e sin (« -f- 2:) = ^ sin « + — , 

the upper sign belonging to the first and fourth quadrants, and the lower to the 
second and third. Whence, since 

c -f- 2: = M'\- e sin {% -f- x\ we have x = -^ (-^4- ^ sin e — e), 

and the correct value of ^,or 

e -|-a? = JIf -|-^sin€+-^=y(Jlf-|- ^sin« — e), 

the signs being determined by the above-mentioned condition. 

Finally, it is readily perceived that we have, without regard to the signs, 
fiiX-z^lie cos €, and therefore always ji* > ^, whence we infer that in the first and 
last quadrant -Sf -}- e sin € lies between € and c -j" ^^ ^^^ ^^ ^^^ second and third, 
^-\-x between « and M-\- e sin c, which rule dispenses with paying attention to the 
signs. If the assumed value e differs too much from the truth to render the fore- 
going considerations admissible, at least a much more suitable value will be found 
by this method, with which the same operation can be repeated, once, or several 
times if it should appear necessary. It is very apparent, that if the difference 
of the first value c from the truth is regarded as a quantity of the first order, the 
error of the new value would be referred to the second order, and if the operation 
were further repeated, it would be reduced to the fourth order, the eighth order, 
etc. Moreover, the less the eccentricity, the more rapidly will the successive 
corrections converge, 

12. 

The approximate value of J?, with which to begin the calculation, will, in mu-ft 
cases, be obvious enough, particularly where the problem is to be solved fur 
several values of M of which some have been already found. In the absence 
of other helps, it is at least evident that E must fall between M and 3/± e^ (the 
eccentricity e being expressed in seconds, and the upper sign being used in the 
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first and second quadrants, the lower in the third and fourth), wherefore, either 
3f, or its value increased or diminished by any estimate whatever, can be taken 
for the first value of F, It is hardly necessary to observe, that the first calcu- 
lation, when it is commenced with a value having no pretension to accuracy, does 
not require to be strictly exact, and that the smaller tables * are abundantly suffi- 
cient. Moreover, for the sake of convenience, the values selected for e should be 
such that their sines can be taken from the tables without interpolation ; as, for 
example, values to minutes or exact tens of seconds, according as the tables 
used proceed by differences of minutes or tens of seconds. Every one will be 
able to determine without assistance the modifications these precepts undergo if 
the angles are expressed according to the new decimal division. 



13. 

Example. — Let the eccentricity be the same as in article 10. J!/'= 332*'28' 
54".77. There the log e in seconds is 4.7041513, therefore e = 50600" = 14° 3'20'''. 
Now since E here must be less than M, let us in the first calculation put e = 326% 
then we have by the smaller tables 

log sin 8 9.74756 », change for r... W, whence X — CSa. 

log e in seconds . . 4.70415 

4.45171 n; 

hence e sin e = 28295 = 7° 51 35 . change of logarithm fora nnlt of the table which la hm 

M-\-emit 324 37 20 equal to 10 8econda...l6; whence M-1.«. 

differing from e .... 1 22 40 = 4960". Hence, 

yII X 4960" = J240" = 20'40". 

Wherefore, the corrected value of E becomes 324° 37' 20" — 20' 40" = 324° 16'40", 
with which we repeat the calculation, making use of larger tables. 

log sine . . . . 9.7663058n ;l = 29.25 

log« 4.7041513 

4.4704571n u = 147 



* S:ich as those whic^ the illustrious Lalaxdb fumishe'1. 
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« Bin « = — 29543'M8 = — 8° 12'23'a8 
Jf4-«sin« .... 324 1631.59 
differing from 6 . . . 8 .41. 

1 29 25 . 

This difference being multiplied by ——j^ = Tjy-75 gives 2".09, whence, finally, the 

corrected value of i; = 324°16'31".59 — 2".09 = 324''16'29".50, which is exact 
within r.Ol. 

14. 

The equations of article 8 furnish several methods for deriving the true 
anomaly and the radius vector from the eccentric anomaly, the best of which we 
will explain. 

L By the common method v is determined by equation VII., and afterwards 
r by equation IE.; the example of the preceding article treated in this way 
is as follows, retaining for p the value given in article 10. 

ii;=162<'8'14".75 logc 9.3897262 

log tan i^. . . . 9.5082198n log cos r .... 9.8496597 

log tan (45'— iy) . 9.8912427 9.2393859 

logtaniv . . . . 9.6169771 » « cos » = 0.1735345 

J t> = 157° 30' 4r.50 iogjo o"!3954"837 

»=315 123.00 log (1 + e cost;). . 0.0694959 

logr 0.3259878. 

n. The following method is shorter if several places are to be computed, 
for which the constant logarithms of the quantities ^a{l + ^), V^a(l — e) should 
be computed once for alL By equations V. and VL we have 

co8iv^r=coBiU ^a{l — e) 

from which i v and log y/ r are easily determined. It is true in general that if we 
have P sin $ = ^ P cos $ = ^, Q is obtained by means of the formula tan 

Q = ^y and then P by this, P = ^, or by P = ^ : it is preferable to use 
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the former when sin Q is greater than cos Q ; the latter when cos Q is greater than 
sin Q. Comraonly, t!ie problems in which equations of this kind occur (such as 
present theinselves most frequently in this work), involve the condition that P 
should be a positive quantity; in this case, the doubt whether Q shoiikl be taken 
between and 180°, or between 180° and 360", is at once removed. But if such 
a condition does not exist, this decision is left to our judgment 
We have in our example c = 0.2453162. 



log sin i£ . . 


. 9.48670S2 
. 0^588593 


logcosl^B . . . 9.97864S4n 
logv'<i(l — e) . . 0.1501020. 


Hence 






logainiv^r . 
logcoajii^r . 
log cos i r . . 


. 9.T466225 1 
. 0.1286454 nl 
. 9.96o6.515n 


whence, log tan i f = 9.6169771il 

ii> = 167°S0'41".60 
D=316 123.00 



}og,/r .... 0.1629939 
log I- 0.3269878 

m. To these methods we add a third which is almost equally easy and espe- 
ilitlous, and is much to be preferred to the former if the greatest accuracy should 
be required. Thus, ris first determined by means of equation in.,and ailer that, 
V by X Below is our example treated in this manner. 



loge 9.3897262 

logoos£ . . . 9.9094637 

9.2091899 

«cos£= . . . 0.1991544 



log sin £ .... 9.7663366 n 
log,/(l— ecosJ') . 9.9617744 

9.8145622n 
log sin J If . . . . 9.0920396 



log o 0.4224389- 

log(l — ecosj?). 9.9036488 
logr 0.3269877 



logsin J(r- 



■ E). . 8.9066017n 
•j?')=— 4''S7'33".24 

■ E =—9 15 6.48 

ti=316 123.02 



Formula VIII., or XL, is very convenient for verifying the calculation, par> 
ticulariy if v ond r have been determined by the third method. Thus ; 
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log^emi: , . . 9.8627878n logsinJ^v'^ . . . 9.8145622w 
log cos 9 .... 9.9865224 logcosiy . . . . 9.9966567 

9.8493102 « 9.8112189 » 

logsinp .... 9.8493102n log sin i (t> -f J^) . . 9.8112189n 

15. 

Since, as we have seen, the mean anomaly M is completely determined by 
means of v and 9, in the same manner asvlfj M and 9, it is evident, that if all 
these quantities are regarded as variable together, an equation of condition ought 
to exist between their differential variations, the investigation of which will not 
be superfluous By differentiating first, equation VII., article 8, we obtain 

dE dv d9 

sin JS sin v cos 9 ' 

by differentiating likewise equation XII., it becomes 

dM= (1 — e cos JE) dJE — sin -& cos 9 d 9. 
If we eliminate AH from these differential equations we have 

dJf= ^^-7 dv — (sm-Scoscp -h ^^ ^/d9, 

Binw \ ' * CO89 /'' 

or by substituting fon sin JS> 1 — e cos H^ their values from equations VUL, EX, 

aacosqp ancoTip ^ 

or lastly, if we express both coefficients by means of v and 9 only, 

dJf= ^^^^ dv (^ + g cosy) sin V COS* g) j • 

(l-\-ecosvy (l-\'ecosvy '* 

Inversely, if we consider v as a function of the quantities M, <p, the equation has 
this form:— 

000089^^, (2-Hco6^8inr, 
rr ' coB<p '' 

or by introducing E instead of v 
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16. 

The radius vector r is not fully deterraiued by v and y, or by M and 9, but 
depends, besides these, upon p ov a ; its differential, therefore, will conEdst of three 
parts. By differentiating equation U. of article 8, we obtain 

By putting here 

-i~= 2 tan 9 d cp 

(which follows from the differentiation of equation L), and expressing, in con- 
formity with the preceding article, d f by means of d M and d y, we have, after 
making the proper reductions, 

— = — H — tan 9 mnvAM — -cosycoswdy, 



dr = - da-j-otan 9 sinud^ — a cos 9 cosvdy. 

Finally, these formulas, aa well as those which we developed in the preceding 
article, rest upon the euppoaition that v, 9, and M, or rather d y, d 9, and d M, 
are expressed in parts of the radius. If^ therefore, we choose to express the vari- 
ations of the angles v, 9, and M, in aeconds, we must either divide those parts of 
the formulas which contain d v, d9^ or d J^ by 20C264.8, or multiply those which 
contain d r, d^, d a, by the same number. Consequently, tlie formulas of the pre- 
ceding aiiicle, which in this respect are homogeneous, will require no change. 



17. 

It will be satisfactory to add a few words concerning the investigation of the 
greatest equalion of t/ie centre. In the first place, it is evident in itself that the dif- 
ference between the eccentric and mean anomaly is a maximum for /J" = 90°, 
where it becomes = e (expressed in degrees, etc.) ; the radius vector at this point 
^ Oj whence v = 90" -|- 9, and thus the whole equation of the centre ^ 9 -j- e, 
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which, nevertheless, is not a maximum here, since the difference between v and 
U may still increase beyond 9. This last difference becomes a maximum for 
d (t; — ^) = or for d t; = d jE?, where the eccentricity is clearly to be regarded 
as constant With this assumption, since in general 

dv d^ 

it is evident that we should have sin t; = sin ^ at that point where the difference 
between v and JE is a, maximum ; whence we have by equations VIII,, III., 

r = a cos 9, ^cosj&=1 — cos 9, or cos^=-|-tan i(p. 

In like manner cos v = — tan i 9 is found, for which reason it will follow * that 

V = 90** -[- arc sin tan i 9, j& = 90® — arc sin tan i 9 ; 
hence again 

8ini?=v/(l — tan2i9) = ^^, 

so that the whole equation of the centre at this point becomes 

2 arc sin tan iq>-\-2smi(p^ cos 9, 

the second term being expressed in degrees, etc. At that point, finally, where 
the whole equation of the centre is a maximum, we must have dv=:dM, and 
so according to article 15, r = a \/ cos 9 ; hence we have 

1 — C08*(p Ti 1 — \/cos(p 1 — COS Op tan-i^qp 

COSt; = ^, C08ll= ^ ^= ., I ; \ = ^ \ f J 

6 ' e e(l-|-ycosqp) 1+ycosg)' 

by which formula JE can be determined with the greatest accuracy. U being 
found, we shall have, by equations X., XII., 

equation of the centre = 2 arc sin ^'" * ^ ^^° \- e sin JS. 

^ cos cp 

Wc do not delay here for an expression of the greatest equation of the centre by 
means of a series proceeding according to the powers of the eccentricities, which 
several authors have given. As an example, we annex a view of the three 
maxima which we have been considering, for Juno, of which the eccentricity, 
according to the latest elements, is assumed = 0.2554996. 



*It is not necessary to consider those maxima which lie between the aphelion and perihelion^ 
because thej evidently differ in the signs only from those which are situated between the perihelion and 
aphelion. 
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Muimum. 


s 


JE— Jf 


•— £ 


t—M 


E—M 
v—£ 
v — M 


90° 0' (y 

82 32 9 
86 14 40 


14' 88' 2<y.&7 
14 30 54 .01 
14 86 27 .39 


14''4R'11''.48 
14 55 41 .79 
14 53 49 .57 


29° 26' 32'.05 
29 26 35 .80 
29 30 16.96 



18. 
In the PARABOLA, the eccentric anomaly, the mean anomaly, and the mean 
motion, become = ; here therefore these ideas cannot aid in the corapariflon of 
the motion with the time. In the parabola, however, there is no necessity for an 
auxiliary angle in integrating r r d w ,■ for we have 



rrdv = p^= ^^''Ti =^pp (14- tan^ it) 6 tan iv; 
4 cos* 4 p 2 ooe' Jf 'it \ \ * i • > 

and thus, 

/rrdv^ ipp{tan iv-\-i tan^ i v) -j- Constant 

If the time is supposed to commence with the perihelion passage, the Constant 

= ; therefore we have 

taiiit.+ iton'i..= ^"v''^'+''' , 

by means of which formula, t may be derived from r, and v from t, when p and 
ft are known. In the parabolic elements it is usual, instead of p, to make use of 
the radius vector at the perihelion, which is i p, and to neglect entirely the masB 
u. It will scarcely ever be possible to determine the mass of a body, the orbit of 
which is computed as a parabola ; and indeed all comets appear, according to the 
best and most recent observations, to have so little density and mass, that the 
latter can be considered insensible and be safely neglected. 



19. 

The solution of the problem, from the true anomaly to find the time, and, in 
a still greater degree, the solution of the inverse problem, can be greatly abbrevi- 
ated by means of an auxiliary table, such as is found in many astronomical works. 
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But the Barkeiian is by far the most convenient^ and is also annexed to the 
admirable work of the celebrated Olbers, {Ahhandlung iiber die UieUeste und 
hequemde Methode die Bahn eines Cometen zu berechnen: Weimar, 1797.) It contains, 
under the title of the mean motion^ the value of the expression 75 tan i v -(- 25 
tan^iv, for all true anomalies for every five minutes from to 180^ If 
therefore the time corresponding to the true anomaly v is required, it will be 
necessary to divide the mean motion, taken from the table with the argument «>, 

150 h • 

by — T- y which quantity is called the mean daib/ motion ; if on the contrary the 
true anomaly is to be computed from the time, the letter expressed in days will 

150 ib 

be multiplied by — t-> ^^ order to get the mean motion, with which the correspond- 

ing anomaly may be taken from the table. It is further evident that the same 
mean motion and time taken negatively correspond to the negative value of the v ; 
the same table therefore answers equally for negative and positive anomalies. K 
in the place of jt?,we prefer to use the perihelion distance ip = gy the mean daily 

iki/2812 5 

motion is expressed by ^ ^ ' , in which the constant factor Ay/ 2812.5 = 

0.912279061, and its logarithm is 9.9601277069. The anomaly v being found, 
the radius vector wiU be determined by means of the formula already given, 



C08*^V* 



20. 

By the differentiation of the equation 

tan it^-f- i tan® i t; = 2 <*jt?"*, 

if all the quantities v, t, p, are regarded as variable, we have 



j^,=2ip'idt-3tkridp, 



av=^dt^:M-dp, 

rr 2rr^p ^ 
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If the variations of the anomaly v are wanted in seconds, both parts also of 
d V must be expressed in this manner, that is, it is necessary to take for k the value 
3548".188 given in article 6. If, moreover, ip=ig is introduced instead of p, the 
formula will have the following form : 

rr rr^2q ■" 

in which are to be used the constant logarithms 

log * v/ 2 = 3.7005215724, log 3 * v^ * = 3.8766128315. 

Moreover the differentiation of the equation 

p 

furnishes 

— = — + tanit;dt;, 

r p * ' 

or by expressing d & by means of d^ and dp, 

r \p 2rr^p I "^' rr 

By substituting for t its value in v, the coefficient of dj? is changed into 
i-'-^'-^-^=K* + *t^"*«'-t«-'*t;-i8inn.tan«i.)=2!f; 
but the coeflBcient of d < becomes _?1B~ , From this there results 

dr= icost;djt?-f-~7p^^'^ 
or if we introduce q for jt? 

di I ^ sin V ^, 
r = COS t; d J + "i72~ 

The constant logarithm to be used here is log^ v^ ^ = 8.0850664436. 

21. 

In the HYPERB0LA,9 and E would become imaginary quantities, to avoid 
which, other auxiUary quantities miist be introduced in the place of them. We 

have already designated by if/ the angle of which the cosine =-, and we have 
found the radius vector 
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In the same manner^ by adding 1 to both sides, it becomes 
Vn. oos»l>,/r = CM}/'y/jj-p^^^=co8jJ'y/<-f^ 

= » (« + 1) v/(hV„ = » (» + 1) \/*^. 

By dividing VI. by VII. we should reproduce HI. : the multiplication produces 
VllL r sin t; =jt? cotan ^ tan ^= b tan if/ tan F 

= i jt? cotan y (w ) = i itany (ti ). 

From the combination of the equations H. V. are easily derived 

IX. rcost;=i(^ =,) = ih(2e — u ), 

^ r = b(^-l)=ii(e{u + l)-2). 



22. 

By the differentiation of the formula IV. (regarding y as a constant quantity) 
we get 

--^= i(tani(i;4-v) — tani(t; — t/;))dv = ^^— ^dt;; 

hence, 

rrdt;= f^ , du. 

tf tan 1^ ' 

or by substituting for r the value taken from X. 

rrdt; = iitanif/(i^(l-| ) )d«. 

Afterwards by integrating in such a manner that the integral may vanish at the 
periheUon, it becomes 

/rrdt; = JJtany {ie(u ) — logM)=*<v(i^^(14-f*) = *'tanyv^Jv^(14-fA)- 

The logarithm here is the hyperbolic; if we wish to use the logarithm from 
Brigg's system^ or in general from the system of which the modulus = X, and 
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the mass fi (which we can assume to be indeterminable for a body moving in an 
hyperbola) is neglected, the equation assumes the following form : — 

XL i^e—^ logti = -^, 

or by introducing Fy 

X^tani^— logtan(45" + ii^) = ^. 

Supposing Brigg^s logarithms to be used, we have 

log X = 9.6377843113, log X * = 7.8733657527 ; 

but a little greater precision can be attained by the immediate application of the 
hyperbolic logarithms. The hyperbolic logarithms of the tangents are found in 
several collections of tables, in those, for example, which Schulze edited, and still 
more extensively in the Magnus Canon Triangubr. Logariihrmcus of Benjamin Ursin, 
Cologne, 1624, in which they proceed by tens of seconds. 

Finally, formula XI. shows that opposite values of t correspond to reciprocal 
values of w, or opposite values of ^ and v, on which account equal parts of the 
hyperbola, at equal distances from the perihelion on both sides, are described in 
equal times. 

If we should wish to make use of the auxiliary quantity u for finding the 
time from the true anomaly, its value is most conveniently determined by nieans 
of equation IV. ; afterwards, formula 11. gives directly, without a new calculation, 
p by means of r, or r by means of p. Having found w, formula XL will give the 

quantity —3-, which is analogous to the mean anomaly in the ellipse and will be 

denoted by N^ from which will follow the elapsed time after the perihelion transit 
Since the first term of Nj that is ^^^^~ ^ may, by means of formula Vm. be 

made = j-^. — , the double computation of this quantity will answer for testing 
its accuracy, or, if preferred, N can be expressed without m, as follows : — 

XII N=i Xtaxjyp^mv iog ^^^(^ — ^) 

2 COS i (v + 1/;) cos ^{y — \^) ° cos ^ (v -|- 1^) ' 
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hence, log u . . 


. 0.0491129 


u — 


1.1197289 


uu 


1.2537928 



Ez(mple. — Let « = 1.2618820, or y = 37° 35' 0", v == 18° 51' 0", log r 
0.0333585. Then the computation for u,jt>, b,If,ifiaaa follows: — 

logco8i(f — If/) . . 9.99417061 

log cos i (» + y) . . 9.9450577) 

logr 0.0333585 

log 2 c 0.4020488 

logjt> 0.3746356 

logcotan'^/ . . . 0.2274244 

log* 0.6020600 

log J 9.4312985 

log sin r 9.5093258 

logX 9.6377843 

CompL log sin f . . 0.2147309 



First term of iV; 
logu = 



8.7931395 
0.0621069 
0.0491129 



The other calculation. 

log(tt« — 1) . . . 9.4044793 

CompLlogM . . . 9.9S08871 

log X 9.6377843 

logic 9.7999888 

8.7931395 



JV = 0.0129940 

logXA 7.8733658) 

flog* 0.90309001 



logJV 8.1137429 

Difference .... 6.9702758 

log< 1.1434671 

t = 13.91448 



24. 

If it has been decided to carry out the calculation with hyperbolic logarithms, 
it is best to employ the auxiliary quantity F, which will be determined by equa- 
tion III., and thence iV by XI. ; the semi-parameter will be computed from the 
radius vector, or inversely the latter from the former by formula VIII.; the 
second part of iV can, if desired, be obtained in two ways, namely, by means of the 
formula hyp. log tan (45° -|- 1 F), and by this, hyp. log cos } (w — if) — hyp. log 
cos } (f -j- V')' Moreover it is apparent that here where 1 = 1 the quantity N 
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will come out greater in the ratio 1 : X, than if Brigg's logarithms were used. 
Our example treated according to this method is as follows : — 

log tan iy .... 9.5318179 
log tan i t; 9.2201009 

log tan IJ* .... 8.7519188 i i'= 3n3'58".12 

log <J 0.1010188 

log tan J" . . . . . 9.0543366 

9.1553554 
etan^= 0.14300638 

hyp.log tan (45°+ iF) = 0.11308666 

JV= ..*.... 0.02991972 

log it 8.2355814) 

flog J 0.9030900 i 



C. hyp. log cos i{v — i{>) = 0.01342266 
C. hyp. log cos i{v-\-tfi) = 0.12650930 



Difference 



= 0.11308664 



logiV 8.4759575 

Difference 7.3324914 

log< 1.1434661 

t = 13.91445 



25. 

For the solution of the inverse problem, that of determining the true anomaly 
and the radius vector from the time, the axiziliary quantity u or F must be first 
derived from If=Xkb~'t by means of equation XI. The solution of this tran- 
scendental equation will be performed by trial, and can be shortened by devices 
analogous to those we have described in article 11. But we suflFer these to pass 
without further explanation ; for it does not seem worth while to elaborate as 
carefully the precepts for the hyperbolic motion, very rarely perhaps to be exhib- 
ited in celestial space, as for the elliptic motion, and besides, all cases that can 
possibly occur may be solved by another method to be given below. After- 
wards ^ or w will be found, thence v by formula III., and subsequently r will be 
determined either by II. or Vm. ; v and r are still more conveniently obtained 
by means of formulas VI. and VII. ; some one of the remaining formulas can be 
called into use at pleasure, for verifying the calculation. 



28 



BELATIONS FEBTAINING SIMPLY 



[Book I. 



26. 

Example. — Ketaining for e and h the same values as in the preceding example, 
let t = 65.41236 : v and r are required. Using Briggs's logarithms we have 

logt 1.8156598 

log Xkb-i . . . . 6.9702758 

log iV 8.7859356, whence iV= 0.06108514. From this it is 

seen that the equation If=Xeta.nF — log tan (45° -f" i •^) ^ satisfied by 
F= 25**24'27".66, whence we have, by formula IIL, 

logtanijP . . . . 9.3530120 
log tan iy . . . . 9.5318179 

log tan 1 1; .... 9.8211941, and thus i t; = 33° 31' 29".89, and v = 
67° 2' 59".78. Hence, there follows, 

C. log cos i (. + V) . 0.2137476) 

C. log cos i (f — w) . 0.0145197 f 

logl. . . . . 9.9726868 '»«»«"(«•+» ^) • • • •'•"92280 

logr 0-200854L 



27. 

If equation lY. is differentiated, considering u, t^, ^^ as variable at the same 
time^ there results, 



du 
u 



rsint; 



dt/;. 



2co6^(t; — V) <5^ i (*^ 4" V) P * pcosrl) 

By differentiating in like manner equation XL, the relation between the 
differential variations of the quantities ti, xp, iV^ becomes, 

=(»«a+f.)-S<'-+'-=4iS=r^<i^. 



d^ 

X 



or 



Z bu • 6COS1/; ^ 
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Hence, by eliminating d ti by means of the preceding equation we obtain 



or 



[jy rr , l_ /l i ^^ rsinr , 

X ftfttantj; " \ ~^ p/ bcosrp ^' 

dh b tan xp ^ HT /^ I & \ sin r tan xp i 
t; = — = — -aN — (-4- - ) r-^dv 

Xrr \r * p/ cosxp ^ 

Xrr \ ' r/Binxp ^ 



28. 

By differentiating equation X, all the quantities r, b, e, u, being regarded as 
variables, by substituting 

« = — r^ dii/, 

cos' I/; ' ' 

and eliminating diu with the help of the equation between diV^ du, dt//, given in 
the preceding article, there results, 

d^=?dJ+^^^|^^divr^ 

The coefl&cient of d iV is transformed, by means of equation VHI., into . ^.'° ^ ; but 
the coeflBcient of d y, by substituting from equation IV., 

u (sin y — sine;) = sin (y — v\ - (sin t/; -f- sin t;) = sin (i// -j- 1;), 

is changed into 

isini/icostf poo^v ^ 

so that we have 

dr J T I b sin t' 1 nr I P cos v j 

So far, moreover, as 2\r is considered a function of J and t^ we have 

divr=^d<— fI'dJ, 

which value being substituted, we shall have d r, and also d t; in the preceding 
article, expressed by means of d <, d J, d y. Finally, we have here to repeat our 
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previous injunction, that> if the variations of the angles v and y are conceived to 
be expressed, not in parts of the radius, but in seconds, either all the terms con- 
taining d t;, d 1^, must be divided by 206264.8, or all the remaining terms must be 
multiplied by this number. 

29. 

Since the auxiliary quantities 9, JE, M^ employed in the ellipse obtain 
imaginary values in the hyperbola, it will not be out of place to investigate their 
connection with the real quantities of which we have made use : we add therefore 
the principal relations, in which we denote by % the imaginary quantity ^ — 1. 

1 



8m9) = ^ = 



COSI/I 



or 



or 



tan(45^— i9) = y/^==»Y7ipi = ***niV 

tan 9= i cotan(45*' — iy) — i tan(45*' — iy) = 7— 

cos 9 =:»tanif/ 

9 = 90*" -f" * l^g (s^" 9 4" * ^^s 9) = ^O"* — * ^^g **^ (^5*" + i V) 
tan i J&=* tan i i^= •^^^^=V^ 

1^^= \ cotan \E'\'\\a,VL\ E=^ — i cotan F, 

BinJ^=ttan^=*>^ 

cotan J^= i cotan } E — i tan iE= r^, 

. z? • • TT i(uu — 1) 

tan jF = I sm jP = -^ — r-r^ 

„ 1 MW + 1 

COS-& = j^= -s-^— 

f ^= log (cosjF+t sin .F) = logi, 



or 



E =ilogu=ilog{4:5^ -^ i F) 
The logarithms in these formulas are hyperbolic 



%N 

A 
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30. 

Since none of the numbers which we take out from logarithmic and trigo- 
nometrical tables admit of absolute precision, but are all to a certain extent 
approximate only, the results of all calculations performed by the aid of these 
numbers can only be approximately true. In most cases, indeed, the common 
tables, which are exact tb the seventh place of decimals, that is, never deviate 
from the truth either in excess or defect beyond half of an unit in the seventh 
figure, furnish more than the requisite accuracy, so that the unavoidable errors 
are evidently of no consequence: nevertheless it may happen, that in special 
cases the effect of the errors of the tables is so augmented that we may be 
obliged to reject a method, otherwise the best, and substitute another in its place. 
Cases of this kind can occur in those computations which we have just explained ; 
on which account, it will not be foreign to our purpose to introduce here some 
inquiries concerning the degree of precision allowed in these computations by 
the common tables. Although this is not the place for a thorough examination 
of this subject, which is of the greatest importance to the practical computer, yet 
we will conduct the investigation sufficiently far for our own object, from which 
point it may be further perfected and extended to other operations by any one 
requiring it, 

31. 

Any logarithm, sine, tangent, etc. whatever, (or, in general, any irrational 
quantity whatever taken from the tables,) is liable to an error which may amount 
to a half unit in the last figure : we will designate this limit of error by w, which 
therefore is in the common tables = 0.00000005. If now, the logarithm, etc., 
cannot be taken directly from the tables, but must be obtained by means of inter- 
polation, this error may be slightly increased from two causes. In the first place^ it is 
usual to take for the proportional part, when (regarding the last figure as unity) it 
is not an integer, the next greatest or least integer ; and in this way, it is easily 
perceived, this error may be increased to just within twice its actual amount. But 
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we shall pay no attention to this augmentation of the error, since there is no 
objection to our affixing one more than another decimal figure to the propor- 
tional part, and it is very evident that, if the proportional part is exact, the intei^ 
polated logarithm is not liable to a greater error than the logarithms given 
directly in the tables, so far indeed as we are authorized to consider the changes 
in the latter as uniform. Thence arises another increase of the error, that this 
last assumption is not rigorously true; but this also we pretermit, because the 
effect of the second and higher difTerences (especially where the superior tables 
computed by Taylor are used for trigonometrical functions) ia evidently of no 
importance, and may readily be taken into account, if it should happen to turn 
out a little too great In all cases, therefore, we will put the maximum unavoid- 
able error of the tables =:oj, assuming that the argument (that is, the number the 
logarithm of which, or the angle the sine etc. of which, is sought) is given with 
strict accuracy. But if the argument itself is only approximately known, and 
the variation w' of the logarithm, etc. (which may be defined by the method of 
differentials) is supposed to correspond to the greatest error to which it is liable, 
then the maximum error of the logarithm, computed by mean.'i of the tables, can 
amount to w -j- w'. 

Inversely, if the argument corresponding to a given logarithm is computed 
by the help of the tables, the greatest error is equal to that change in the argu- 
ment which corresponds to the variation w in the logarithm, if the latter is cor- 
rectly given, or to that which corresponds to the variation w -j- w' in the loga- 
rithm, if the logarithm can be erroneous to the extent of w'. It will hardly be 
necessary to remark that w and oi' must be affected by the same sign. 

If several quantities, correct within certain limits only, are added together, 
the greatest error of the sum will be equal to the sum of the greatest individual 
errors aJIected by the same signj wherefore, in the subtraction also of quantities 
approximately correct, the greatest error of tlie difference will be equal to the 
Bum of the greatest individual errors. In the multiplication or division of a 
quantity not strictly correct, the maximum error ia increased or diminisbed iu the 
Bame ratio a» the quantity itself 



SbCT. 1.] TO POSITION IN THK ORBIT. 33 



32. 

Let us proceed now to the application of these principles to the most useful 
of the operations above explained. 

I. K 9 and E are supposed to be exactly given in using the formula VII., 
article 8, for computing the true anomaly from the eccentric anomaly in the 
elliptic motion, then in log tan (45'' — iy) and log tan i -&, the error w maybe 
committed, and thus in the difference = log tan i t?, the error 2a>; therefore the 
greatest error in the determination of the angle i v will be 

doid^t; Set) sin V 

dlogtanfr 21 ' 

X denoting the modulus of the logarithms used in this calculation. The error, 
therefore, to which the true anomaly v is liable, Expressed in seconds, becomes 

^^^ 206265 = 0".0712 sin e;, 

if Brigg's logarithms to seven places of decimals are employed, so that we may 
be assinred of the value of v within 0".07 ; if smaller tables to five places only, are 
used, the error may amount to 7'M2. 

II. If e cos E is computed by means of logarithms, an error may be committed 
to the extent of 

3 0) e cos E 

therefore the quantity 

1 — ecosE. or - , 

will be liable to the same error. In computing, accordingly, the logarithm of this 
quantity, the error may amount to (1 -f- ^) w? denoting by d the quantity 

1 — ecosE 

taken positively : the possible error in log r goes up to the same limit, log a being 
assumed to be correctly given. If the eccentricity is small, the quantity d is 
always confined within narrow limits; but when e differs but little from 1, 
1 — ecosE remains very small as long as jF is small ; consequently, d may 
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increase to an amount not to be neglected : for tliia reason formula III., article 8, 
is less suitable in this case. The quantity S may be expressed thus also, 

wliich formula shows etill more clearly when the error {l-\-6)o) may be neglected. 

in. lu the uae of formula X-, article 8, for the computation of the true from 
the mean anomaly, the log*/- is liable to the error {i -j- i J) lo, and so the log 
Bin itpamEiI' to that of (f + J "^ ) w ; hence the greatest possible error in the 
determination of the angles v — £ or c is 

^'(7 + .T)tan *(*; — £•), 
or expressed in seconds, if seven places of decimals are employed, 

(0".166 + 0".024 d) tan l(y — £}. 
When the eccentricity ia not great, t! and tan i{v — E) will be small quantities, 
on account of which, this method fidmits of greater accuracy than that which 
we have considered in I. : the latter, on the other band, will be preferable 
when the eccentricity is very great and approaches nearly to unity, where (T and 
t«n i(v — £) may acquire very conwideralile values. It will always be easy to 
decide, by means of our formulas, which of the two methods is to be preferred. 

IV. In the determination of the mean anomaly from the eccentric by means 
of formula XII., article 8, the error of the quantity e sin E, computed by the help 
of logarithms, and therefore of the anomaly itself, M, may amount to 



which limit of error ia to be multiplied by 206265" if wanted expressed in 
seconds. Hence it is readily inferred, that in the inverse problem where £ is to 
be determined from M by trial, E may be erroneous by the quantity 
3 fti r »> 



' . 20G265': 



, 206265", 



oven if the equation i7 — c siu i^ ^ .iU" should be satisfied with all the accuracy 
which the tables admit 



Sect. 1.] 



TO POSITION IN THE ORBIT. 



35 



The true anomaly therefore computed from the mean may be incorrect in 
two ways, if we consider the mean as given accurately; first, on account of the 
error committed in the computation of v from H, which, as we have seen, is of 
slight importance ; second, because the value of the eccentric anomaly itself may 
be erroneous. The effect of the latter cause will be expressed by the product of 

the error committed in H into t-^, which product becomes 

?J!?i^. ^i^. 206265^^ = ^^'?^^"^ 206265^^ z=z(^^^^+^^^^^"^^) 0^0712, 

A dM Xr \ 1 — ee / ^ 

if seven places of decimals are used. This error, always small for small values of 
e, may become very large when e differs but little from unity, as is shown by the 
following table, which exhibits the maximum value of the preceding expression 
for certain values of e. 



e 


maxIninTn error. 


e 


maximam error. 


e 


maximum error. 


0.90 
0.91 
0.92 
0.93 


0^.42 
0.48 
0.54 
0.62 


0.94 
0.95 
0.96 
0.97 


0^.73 
0.89 
1 .12 
1 .50 


0.98 
0.99 
0.999 


2^.28 

4.59 

46.23 



V. In the hyperbolic motion, if v is determined by means of formula HI., 
article 21, from F and y accurately known, the error may amount to 

^-^p^. 206265''; 

but if it is computed by means of the formula 



tan^t;= ^-";y^"^^ 



+ 
u and 1// being known precisely, the limit of the error will be one third greater, 

that is, 



4 01 sin t^ 



. 206265" = 0".09 sin » 



for seven places. 

VI. If the quantity 



Xht 



= iV 



is computed by means of formula XI., article 22, with the aid of Briggs's logar 
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hhtajiip(l±SetBaiF)o3 hhtanxp(l-\-3e8ecF)€i) 

Xrr Xrr ' 

* 

if the auxiliary quantity u has been employed ; on the other hand, if F has been 
used, this effect becomes, 

bbtSLR%p(l±3etBinF)m w i (1 -f- « cos v)* • 3 c sin v(l -|- « cos v) 

Xrr ;L ( tan*^ — tan*tp 

If the error is to be expressed in seconds, it is necessary to apply the factor 
206265". It is e^ddent that this error can only be considerable when i/; is a small 
angle, or ^ a little greater than 1. The following are the greatest values of this 
third expression, for certain values of ^, if seven places of decimals are employed: 



!• 



e 




1.8 


0*.84 


1.2 


0.54 


1.1 


1 .31 


1.05 


3.03 


1.01 


34 .41 


1.001 


1064 .65 



To this error arising from the erroneous value of ^ or w it is necessary to 
apply the error determined in V. in order to have the total uncertainty of v. 

YJH. If the equation XI., article 22, is solved by the use of hyperbolic loga- 
rithms, F being employed as an auxiliary quantity, the effect of the possible 
error in this operation in the determination of t^, is found by similar reasoning 
to be, 

(l-[-«co8r)^ai' 1 3 6 8int^(l -}-«cost?) ai 
tan^tp — Xt&n^xff ' 

where by co' we denote the greatest uncertainty in the tables of hyperbolic logar 
rithms. The second part of this expression is identical with the second part of 
the expression given in VII.; but the first part in the latter is less than the first 
in the former, in the ratio X ci' : w, that is, in the ratio 1 : 23, if it be admissible 
to assume that the table of Ursin is everywhere exact to eight figures, or 

0)' = 0.000000005. 




The methods above treated, both for the determination of the true anomaly 
from the time and for the determination of the time from the true anomaly,* do 
not admit of all the precision that might be required in those conic sections of 
which the eccentricity differs but little from unity, that is, in ellipses and hyper- 
bolas which approach \ery near to the parabola; indeed, unavoidable errors, 
increasing as the orbit tends to resemble the parabola, may at length exceed all 
limits. Larger tables, constructed to more than seven figures would undoubtedly 
diminish this uncertainty, but they would not remove it, nor would they prevent 
its surpassing all limits as soon ae the orbit approached too near the parabola. 
Moreover, the methods given above become in this case very troublesome, since a 
part of them require the use of indirect tiials frequently repeated, of which 
the tediousness is even greater if we work with the larger tables. It certainly, 
therefore, will not be superfluous, to furnish a peculiar method by means of 
which the uncertainty in this case may be avoided, and sufficient precision may 
be obtamed with the help of the common tables. 



34. 

The common method, by which it is usual to remedy these inconvenieQces, 
rests upon the following principles. In the ellipse or hyperbola of which e is the 
eccentricity, p the semi-parameter, and therefore the perihelion distance 

let the true anomaly v correspond to the time t after the perihelion; in the 
parabola of wliieh the semi-parameter ^ 2 y, or the perihelion distance ^ q, let 
the true anomaly w correspond to the same time, supposing in each case the 
mass /^ to be either neglected or eq.ual. It is evident that we then have 



" Sin« the time coDloins ili« factor a' or *', the greater the valnes of o = ° , or J = .. P , 
tlte more the error id Mot N will be ii 
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J(l+cco8t;)«' J(l+co8ii^)»— V/^-V^y> 

the integrals commencing from t; = and «; = 0, or 

(l+cco8t;)V2 J (l+cosw7)2 

Denoting ^-^ by a, tan ivhy6y the former integral is found to be 

v/(14-a). (d + i68(i_2a)_^^6(2a_3aa) + }^^(3aa — 4a8) — etc.), 

the latter, tan i w -\- itan^ i w. From this equation it is easy to determine w 
by a and v^ and also e; by a and w by means of infinite series : instead of a may 
be introduced, if preferred, 

1 — ^ = 7-7— =a. 

Since evidently for a = 0, or d = 0, we have t» = «?, these series will have the 
following form : — 

«; = t; 4- d «;' 4- dde;'' + (J8t;''' 4- etc. 

where t/, v"^ v% etc. will be functions of v^ and w\ vf\ w"\ functions of w. When 
d is a very small quantity? these series converge rapidly, and few terms suffice for 
the determination of w from Vy or of v from w, t is derived from w, or w from ty 
by the method we have explained above for the parabolic motion. 

35. 

Our Bessel has developed the analytical expressions of the three first coeffi- 
cients of the second series vf, w'\ vl"y and at the same time has added a table con- 
structed with a single argument w for the numerical values of the two first tJif 
and vf\ ( Von Zach MonatUche Correspondemy vol. XII., p. 197). A table for the 
first coefficient w\ computed by Simpson, was already in existence, and was 
annexed to the work of the illustrious Olbers above commended. By the use 
of this method, with the help of Bessel's table, it is possible in most cases to 
determine the true anomaly from the time with sufficient precision; what remains 
to be desired is reduced to nearly the following particulars : — 



40 EELATIONS PERTAINING SIMPLY [BoOK L 

I. In the inverse problem, the determination of the time, that is, from the 
true anomaly, it is requisite to have recourse to a somewhat indirect method, and 
to dei-ive w from v hy trial. In order to meet thia inconvenience, the first aeries 
should be treated in the same manner as the second: and since it may be readily 
perceived that — 1/ \s the same function of 1; as ?/ of u; so that the table for uf 
might answer for t/ the sign only being changed, nothing more is required than 
a table for r", by which either problem may be solved with equal precision. 

Sometimes, undoubtedly, cases may occur, where the eccentricity differs but 
little from unity, such that the general methods above explained may not appear 
to afford sufficient precision, not enough at least, to allow the effect of the third 
and higher powers of d in the peculiar method just sketched out, to be safely 
neglected. Cases of this kind are poasible in the h^-perbolic motion especially, in 
which, whether the fonner methods are chosen or the latter one, an error of 
several seconds is inevitable, if the common tables, constructed to seven places of 
figures only, are employed. Although, in truth, such cases rarely occur in prac- 
tice, something might appear to be wanting if it were not possible in all cases to 
determine the true anomaly within 0".l, or at least 0".2, without consulting the 
larger tables, which would require a reference to books of the rarer sort We 
hope, therefore, that it will not seem wholly superfluous to proceed to the exposi- 
tion of a peculiar method, which we have long had in use, and which will also 
commend it~self on this account, that it is not limited to eccentricities differing but 
little from unity, but in this respect admits of general application. 



36. 

Before we proceed to explain this method, it will be proper to observe that 
the uncertjvinty of the general methods given above, in orbtts approaching the 
form of the parabola, ceases of itself when E or F increase to considerable mag- 
nitude, which indeed can take place only in large distances from the sim. To 
bhow which, we give to 

3„,,yinr_ 206265", 

the greatest possible error in the ellipse, which we find in article 32, IV., the 
following form, 
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3 oic^(l — ee). sinE 
}.ll—eco8jEy • 



206265''; 



from which is evident of itself that the error is always circumscribed within 
narrow limits when U acquires considerable value, or when cos JE recedes further 
from unity, however great the eccentricity may be. This will appear still more 
distinctly from the following table, in which we have computed the greatest 
numerical value of that formula for certain given values of JEy for seven decimal 
places. 



JE= 



10*^ 

20 

30 

40 

50 

60 



maximum error = 



3''.04 
.76 
.34 
0.19 
.12 
.08 



The same thing takes place in the hyperbola, as is immediately apparent, if the 
expression obtained in article 32, VII., is put into this form, 



a>co8^(cos^4-3esmi^)\^(gg — 1) 206265'' 
X(e — C03 Fy 



The following table exhibits the greatest values of this expression for certain 
given values of F. 



F 


« 


maximum error. 


10*> 


1.192 


0.839 


8^66 


20 


1.428 


0.700 


1.38 


30 


1.732 


0.577 


0.47 


40 


2.144 


0.466 


0.22 


60 


2.747 


0.364 


0.11 


60 


3.732 


0.268 


0.06 


70 


5.671 


0.176 


0.02 



When, therefore, E or F exceeds 40"" or 50"" (which nevertheless does not easily 
occur in orbits differing but little from the parabola, because heavenly bodies 
moving in such orbits at such great distances from the sun are for the most part 
withdrawn from our sight) there will be no reason for forsaking the general 
method. For the rest, in such a case even the series which we treated in article 

6 
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34 might converge too slowly ; and therefore it is by no means to be regarded 
as a defect of the method about to be explained, that it is specially adapted 
to those casea in which E or F has not yet increased beyond moderate values. 



37. 

Let us resume in the elliptic motion the equation between the eccentric 
anomaly and the time, 

a* 
where we suppose E to be expressed in parts of the radius. Henceforth, we 
shall leave out the factor y'(l -(-/*) ; if a case should occur where it is worth 
while to take it into account, the symbol t would not express the time itself after 
perihelion, but this time multiplied hy \J{\-\-^), We designate in future by q the 
perihelion distance, and in the place of E and sin £, we introduce the quantities 

E — m.nE, and E~ ^ {E— sin E) = A -^+ ^siuE: 
the careful reader will readily perceive from what folloW8,our reason for selecting 
particularly these expressions. In this way our equation assumes the following 
form: — 

Aa long as £ is regarded as a quantity of the first order, 

will be a quantity of the first order, while 

!•— sin^^i^^ — x^J^' + KuVir-^'— «t«-. 
will be a quantity of the third order. Putting, therefore, 

iA = E' — ^E*- 
will be a quantity of the second order, and 

5-=l + jAo£*-etc. 
will differ from unity by a quantity of the fourth order. But hence our equation 
becomes 
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£{2{l-e)A^+^{l-^9e)A*)=kt(}^) 



[1] 



By means of the common trigonometrical tables, ^^r ^ + i^r sin J? may be com- 
puted with sufficient accuracy, but not jE' — sin E when -^ is a small angle; in this 
way therefore it would not be possible to determine correctly enough the quan- 
tities A and B. A remedy for this difficulty would be furnished by an appro- 
priate table, from which we could take out with the argument H^ either B or the 
logarithm of B ; the means necessary to the construction of such a table will 
readily present themselves to any one even moderately versed in analysis. By 
the aid of the equation 



20 B 



= >JA, 



.^A can be determined, and hence t by formula [1] with all desirable precision. 

The following is a specimen of such a table, which will show the slow increase 
of logjP; it would be superfluous to take the trouble to extend this table, for 
further on we are about to describe tables of a much more convenient form. ' 



E 


logs 


E 


\ogB 


E 


log-B 


0*> 


0.0000000 


25° 


0.0000168 


50° 


0.0002675 


5 


00 


30 


0349 


55 


3910 


10 


04 


35 


0645 


60 


5526 


15 


22 


40 


1099 






20 


69 


45 


1758 







38. 

It will not be useless to illustrate by an example what has been given in the 
preceding article. Let the proposed true anomaly ^ 100", the eccentricity 
= 0.96764567, log q = 9.7656500. The following is the calculation for E, B, 
A, and t : — 

logtanii; 0.0761865. 



log^i 



1 — « 



+ • 



9.1079927 



log tan } E 



9.1841792, whence J i? = 8" 41' 19^.32, and E — 
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17°22'SS'.64. To this value of £ correnponds log B= 0.0000040; nest is found 
in parts of tlio raaius,£= 0.30S2928, sin E= 0.2986643, whence /, B+ ^j sin £ 
= 0.1614150, the logorithm of which = 9.1801689, and so log ^4* = 9.1801649. 
Thence is derived, by means of formula [1] of the preceding article. 



-lis! 



I<>gf7(fll^ ■ • • 2.«80614 log 
logi* 9.1801649 log 



2S(I- 



(ri)'. 



.! 



3.7601038 
7.5404947 



log 43.56386 = 
19.98014 



1.6391263 log 19.98014 = 



63.54400 = ^ 
If the same example is treated according to the common method, e sin £ in 
seconds is found := 59610".79 = 16''33'30".79, whence the mean anomaly := 
49'7".85 = 2947".85. And hence from 



log A (i^^')3 = 1.6664302 



18 derived t = 63.54410. The difference, which is here only yuiffu part of a day, 
might, by the errors concurring, easily come out three or four times greater. 
It is further evident, that with the help of such a table for log B even the inverse 
problem can he solved with all accuracy, E being determined by repeated trials^ 
so that the value of i calculated from it may agree with the proposed value. 
But this operation would be very troublesome: on account of which, we will now 
:^how how an ausiUary table may be much more conveniently arranged, indefinite 
trials he altogether avoided, and the whole calculation reduced to a numerical 
operation In the highest degree neat and expeditious, which seems to leave 
nothing to be desired. 

39. 

It is obvious that almost one half the labor which those trials would require, 
rould be saved, if there were a table so arranged that \ogB could be immedi- 
ately taken out with the argument A Three operations would then remain; 
the first indirect, namely, the determination of ,^ bo as to satisfy the equation 
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[1], article 37 ; the second, the. determination of E from A and j&, which may be 
done durectly, either by means of the equation 

or by this, 

sin^=2.&(^*— |il*); 

the third, the determination of v from E by means of equation VII., article 8. 
The first operation, we will bring to an easy calculation free from vague trials ; 
the second and third, we will really abridge into one, by inserting a new quantity 
C in our table by which means we shall have no need of Ej and at the same 
time we shall obtain an elegant and convenient formula for the radius vector. 
Each of these subjects we will follow out in its proper order. 

First, we will change the form of equation [1] so that the Barkerian table 
may be used in the solution of it For this purpose we will put 

il* = tani«;y/^^;, 
from which comes 

denoting by a the constant 

75*V(i+il). 

If therefore B should be known, w could be immediately taken from the Barkerian 

ft f 

table containing the true anomaly to which answers the mean motion ^ ; A will 
be deduced from w by means of the formula 

^= /Standi tt^, 
denoting the constant 

Now, although B may be finally known from A by means of our auxiliary table, 
nevertheless it can be foreseen, owing to its differing so little from unity, that if 
the divisor B were wholly neglected from the beginning, to and A would be 
affected with a slight error only. Therefore, we will first determine roughly w 
and Ay putting -B = 1 ; with the approximate value of Ay we will find B in our 
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auxiliary table, with which we will repeat more exactly the same calculation ; 
most frequently, precisely the same value of B that had been found from the 
approximate vnhie of A will correspond to the value of A thus corrected, so that a 
second repetition of the operation would be superfluous, those cases excepted in 
which the value of jff may have been very considerable. 

Finally, it is hardly necessary to observe that, if the approximate value of B 
should in any other way whatever be known from the beginning, (which may 
always occur, when of several places to be computed, not very distant from each 
other, some few are already obtained,) it is better to make use of this at once in 
the first approximation: in this manner the expert computer will very often not 
have occasion for even a single repetition. We have arrived at this most rapid 
approximation from the fact that B differs from unity, only by a difference of the 
fourth order, and is multiplied by a very small numerical coeflBcient, which advan- 
tage, as will now be perceived, was secured by the introduction of the quantities 
E — %in E,^ E-^-^ sin E, in the place of E and sin E. 

40. 

Since, for the third operation, that is, the determination of the true anomaly, 
the angle E is not required, but the tan i E only, or rather the log tan k -£"> that 
operation could be conveniently joined with the second, provided our table sup- 
plied directly the logarithm of the quantity 



which differs from unity by a quantity of the second order. We have preferred, 
however, to arrange our table in a somewhat different manner, by which, not- 
withstanding the small extension, we have obtained a much more convenient 
interpolation. By writing, for the sake of brevity, T instead of the tan' j E, the 
value oi A, given in article 37, 

lJ(.g— Bin.g> 



u easily changed to 



9B-f-Mn^ ' 



. _ r— g p+iT'— y r*-|-j.^r*^eic. 
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in which the law of progression is obvious. Hence is deduced, by the inversion 
of the series, 

Putting, therefore, 

C will be a quantity of the fourth order, which being included in our table, we 
can pass directly to v firom A by means of the formula, 

denoting by y the constant 

In this way we gain at the same time a very convenient computation for the 
radius vector. It becomes, in fact, (article 8, VI.), 

41. 

Nothing now remains but to reduce the inverse problem also, that is, the 
determination of the time from the true anomaly, to a more expeditious form of 
computation : for this purpose we have added to our table a new column for T. 
Ty therefore, will be computed first from v by means of the formula 

then A and log £ are taken from our table with the argument T^ or, (which is 
more accurate, and even more convenient also), C and log B, and hence A by 
the formula 

l + tT * 
finally t is derived from A and B by formula [1], article 37. If it is desired to 
call into use the Barkerian table here also, which however in this inverse problem 



■48 



RELATIONS PERTAINING SMPLT 



[Book I. 



has lesa effect in facilitating the calculation, it is not necessary to pay any regard 
to A, but we have at once 

taniw = tanii>Y/-(|l|^jrj, 
and hence the time t, by multiplying the mean motion corresponding to the true 
anomaly, w, in the Barkerian table, by — . 



42. 

We have constructed with sufficient fulness a table, such as we have just 
described, and have added it to this work, {Table I.). Only the first part pertains 
to the ellipse; we will explain, further on, the other part, which includes the 
hyperbolic motion. The argument of the table, which is the quantity A, proceeds 
by single thousandths from to 0.300; the log B and C follow, which quantities 
it must be understood are given in ten millionths, or to seven places of decimals, 
the ciphers preceding the significant figures being suppressed; lastly, the fomiih 
column gives the quantity T computed first to five, then to six figures, which 
degree of accuracy is quite sufficient, since this column is only needed to get the 
values of log B and C corresponding to the argument T, whenever t is to be 
determined from v by the precept of the preceding article. As the inverse prob- 
lem which is much more frequently employed, that is, the determination of v and 
r from /, is solved altogether without the help of T, we have preferred the quan- 
tity A for the argument of our table rather than 7". which would otherwise have 
been an almost equally suitable argument, and would even have facilitated a little 
the construction of the table. It will not be unnecessary to mention, that all the 
numbers of the table have been calculated from the beginning to ten places, and 
that, therefore, the seven places of figures which we give can be safely relied upon; 
but we cannot dwell here upon the analytical methods used for this work, by a 
full explauQtion of which we should be too much diverted from our plan. 
Finally, the extent of the table ia abundantly sufficient for all ca.ses in which it 
is advantageous to pursue the method just explained, since beyond the limit 
j4 = 0.3, to which answers T^ 0.392374. or ff^64''7', we may, as has been 
shown before, conveniently dispense with artificial methods. 
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43. 

We add, for the better illustration of the preceding investigations, an example 
of the complete calculation for the true anomaly and radius vector from the time, 
for which purpose we will resume the numbers in article 38. We put then e = 
0.9674567, log q = 9.7656500, t = 63.54400, whence, we first derive the constants 
log o = 0.03052357, log /3 = 8.2217364, log y = 0.0028755. 

Hence we have log at=z 2.1083102, to which corresponds in Barker's table 
the approximate value of w = 99° 6' whence is obtained A = 0.022926, and from 
our table log B = 0.0800040. Hence, the correct argument with which Barker's 

table must be entered, becomes log ^ = 2.1083062, to which answers w = 99° 6' 

13".14 ; after this, the subsequent calculation is as foUows : — 

logtan^iw . . . 0.1385934 log tan i w 0.0692967 

log^ 8.2217364 logy 0.0028755 

logil . . . . . 8.3603298 i Comp. log(l— iA-\-C). 0.0040143 

A= 0.02292608 log tan i y 0.0761865 

hence log B in the same manner as before ; iv= 50° 0' 0" 

C= . 0.0000242 v= 100*0 

l — ^A-{-C= . 0.9816833 logy 9.7656500 

l-\-}A-\-C= . 1.0046094 . 2 Comp. log cos i r . . . 0.3838650 

\og{l—iA-\-0). . . . 9.9919714 

CAog{l-]- } A -]- 0) . . . 9.9980028 

logr 0.1394892 

If the factor B had been wholly neglected in this calculation, the true anomaly 
would have come out affected with a very slight error (in excess) of 0".l only. 

44. 

It will be in our power to despatch the hyperbolic motion the more briefly, 
because it is to be treated in a manner precisely analogous to that which we 
have thus far expounded for the elliptic motion. 

7 
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We present the equation between the time t and the auxiliary quantity u in 
the following form : — 

in which the logarithms are hyperboUc, and 

aV(« — i) + i*(rlog« 
is a quantity of the first order, 

^{u—\) — \ogu 

a quantity of the third order, when log v, m&y be considered as a small quantity 
of the first order. Putting, therefore, 

6(i(«_l)_logu) ^(u-l)-\-^\ogu 

? = 4:A, s-T-l = -0> 

A will be a quantity of the second order, but B will diflFer from unity by a differ- 
ence of the fourth order. Our equation will then assume the following form : — 

B{2(e-l)A^-\-^{l-^9e)A^) = kt(^-^f [2] 

which is entirely analogous to equation [1] of article 37. Putting moreover, 

T will be a quantity of the second order, and by the method of infinite series 
will be found 

Wherefore, putting 

^=l-\-iA-\-0, 

will be a quantity of the fourth order, and 

^— i — ^f • 
Finally, for the radius vector, there readily follows from equation Vll., article 21, 

q (l^ ^A +a)q 
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45. 

The latter part of the table annexed to this work belongs, as we have remarked 
above, to the hyperbolic motion, and gives for the argument A (common to both 
parts of the table), the logarithm of B and the quantity to seven places of 
decimals, (the preceding ciphers being omitted), and the quantity T to five and 
afterwards to six figures. The latter part is extended in the same manner as 
the former to -4 = 0.800, corresponding to which is r= 0.241207, tt = 2.930, 
or = 0.341, i^=+52°19'; to extend it further would have been superfluous, 
(article 36). 

The following is the arrangement of the calculation, not only for the determi- 
nation of the time from the true anomaly, but for the determination of the true 
anomaly from the time. In the former problem, T will be got by means of the 
formula 

with T our table will give log B and C, whence will follow 

finally t is then found from the formula [2] of the preceding article. In the last 
problem, will first be computed, the logarithms of the constants 

75^v/(i + |«) 

a 5g — 5 

A will then be determined from t exactly in the same manner as in the elliptic 

motion, so that in fact the true anomaly w may correspond in Barker's table to 

the mean motion -g, and that we may have 

A=^^ tan^ i to ; 

the approximate value of A will be of course first obtained, the factor B being 
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either neglected, or, if the means are at hand, beiny estimated j our table will 
then futnish the approximate value of ^, with which the work will be repeated; 
the new value of B resulting in this maimer will scarcely ever suffer sensible cor- 
rection, and thus a second repetition of the calculation will not be necessary. O 
will be taken from the table with the corrected value of A, which being done we 
fihall have, 

_ rtani«. (l+f.i+0)g 

-V(i4-M-i-(?) 



tan iw = 



From this it is evident, that no difference can be perceived between the formulas 
for elliptic and hyperbolic motions, provided that we consider )?, A, and T, in the 
hyperboUc motion as negative quantities. 



46. 

It will not bfe unprofitable to elucidate the hyperbolic motion also by BOme 
examples, for which purpose we will resume the numbers in article^ 23, 26. 

I. The data are e = 1.2618820, log q = 0.0201667, = is" 61' 0" : (is 
required. We have 

2Iogt«nJi' . ■. . . 8.44C2018 log? V.60S8S76 

loglrii 9.0636367 '"«(!+<')• • • 0.0000002 

_._!±i C.log(l — ^r) . 0.0011099 

logr ....... 7.5038376 ^^ 

r= 0.00319034 

logB= O.OOOOOOl 

0= 0.0OO0005 

'"KItI?^)- • • 2-S866444 log ^^-iD (-i^)' . . . 2.S843682 

logyl* 8.7624738 log 4* 6.2574214 

log 13.77684= . . 1.1391182 log 0.138605= 9.1417796. 

0.13861 
13.91446 = t. 
n. e oaA q remaining as before, there is given t = 66.41236 ; v and r are 
require<l. We find the logarithms of the constants, 
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log a = 9.9758345 
log /9 = 9.0251649 
log Y — 9.9807646. 

Next we have log ai=z 1.7914943, whence by Barker's table the approximate 
value of w= 70° 31' 44", and hence ^ = 0.052983. To this A in our table 

answers log B = 0.0000207 ; from which, log -^ = 1.7914736, and the Corrected 

value of «>= 70*'31'36".86. The remaining operations of the calculation are as 
foUows : — 



2 log tan ^ w . . . 9.6989398 

log /3 9.0251649 

log^ 8.7241047 

A= 0.05297911 

log B as before, 

g=z . . 0.0001252 

l-\-iA+C= , . 1.0425085 

l — }A-\-C= . . 0.9895294 



log tan iw 9.8494699 

logy 9.9807646 

iC.log(l + |^+C) . 9.9909602 

log tan i» 9.8211947 

it;= ... 33°31'30".02 
v= ... 67 3 .04 

logy 0.0201657 

2 Clog cos ir . . . . 0.1580378 
^og{l +iA-\-G) . . 0.0180796 
C.log(l — ^^4-C) . . 0.0045713 



logr 0.2008544 

Those which we found above (article 26), r = 67'2'59".78, log r = 0.2008541, 
are less exact, and v should properly have resulted = 67° 3' 0".00, with which 
assumed value, the value of t had been computed by means of the larger tablea 



SECOND SECTION. 

RELATIONS PERTAIKISG SIMPLY To POSITION IN SPACE. 



47. 

In the first eection, the motion of heavenly bodies in their orbits is treated 
without regard to the position of these orbit* in space. For determining this 
position, by which the relation of tiie places of the heavenly body to any other 
point of space can be assigned, there is manifestly required, not only the position 
nf the plane in which the orbit lies with reference to a certain known plane {as, 
for example, the plane of the orbit of the earth, the ecUptic), but also the position 
of the apsides in that plane. Since these things may be referred, most advanta- 
geously, to spherical trigonometry, we conceive a spherical surface described 
with an arbitrary radius, about the aun as a centre, on whicli any plane passing 
through the sun will mark a great circle, and any right line drawn from the 
Kiiu, a point For planes and right lines not passing through the sun, we draw 
through the sun parallel planes and right lines, and we conceive the great circles 
and points in the surface of the sphere corresponding to the latter to represent 
the former. The sphere may also be supposed to be described with li radius 
infinitely great, in which parallel planes, and also parallel right lines, are repre- 
sented in the same manner. 

Except, therefore, the plane of the orbit coincide with the plane of the ecliptic, 
the great circles corresponding to those planes (which we will simply call the orbit ., 
nnd the ecliptic) cut each other in two points, which are called iiodts ; in one rfl 
these nodes, the body, seen from the sun, will pass from the southern, through tho 
ecliptic, to the northern hemisphere, in the other, it will return from the latter to 
the Ibrmerj the former is called the aecending^ the latter the descetuling node. We 
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fix the positions of the nodes in the ecliptic by means of their distance from the 
mean vernal equinox [longitude) counted in the order of the signs. Let, in fig. 1, 
S be the ascending node, AQ B part of the ecliptic, CQD part of the orbit ; 
let the motions of the earth and of the heavenly body be in the directions from A 
towards B and firom C towards By it is evident that the spherical angle which Q B 
makes with Q B can increase from to 180°, but not beyond, without Q ceasing 
to be the ascending node : this angle we call the incUnaiion of the orbit to the 
ecliptic. The situation of the plane of the orbit being determined by the longi- 
tude of the node and the inclination of the orbit, nothing further is wanted 
except the distance of the perihelion from the ascending node, which we reckon 
in the direction of the motion, and therefore regard it as negative, or between 
180'' and 360°, whenever the perihelion is south of the ecliptic. The following 
expressions are yet to be observed. The longitude of any point whatever in 
the circle of the orbit is counted from that point which is distant just so far back 
from the ascending node in the orbit as the vernal equinox is back from the same 
point in the ecliptic : hence, the longitude of the perihelion will be the sum of the 
longitude of the node and the distance of the perihelion from the node ; also, the 
true longitude in orbit of the body will be the sum of the true anomaly and the 
longitude of the perihelion. Lastly, the sum of the mean anomaly and longitude 
of the perihelion is called the mean longitude : this last expression can evidently 
only occur in elliptic orbits. 

48. 

In order, therefore, to be able to assign the place of a heavenly body in space 
for any moment of time, the following things must be known. 

I. The mean longitude for any moment of time taken at will, which is called 
the epoch : sometimes the longitude itself is designated by the same name. For 
the most part, the beginning of some year is selected for the epoch, namely, noon 
of January 1 in the bissextile year, or noon of December 31 preceding, in the 
common year. 

II. The mean motion in a certain interval of time, for example, in one mean 
flolar day, or m 365, 365i, or 36525 days. 
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m. The semi-asis major, which indeed might he omitted when the mass of 
the body ia known or can be neglected, since it is already given by the mean 
motion, (article 7); both, nevertheless, are usually given for the sake of con- 
venience. 

IV. Eccentricity. V. Longitude of the perihelion. VI. Longitude of the 
ascending node, VII. Inclination of the orbit. 

These seven things are called the e/emaits of the motion of the body. 

In the parabola and hyperbola, the time of passage through the perihelion 
serves in place of the first element; instead of II., are given what in these 
species of conic sections are analogous to the mean daily motion, (see article 
19 ; in the hyperbolic motion the quantity Xkb~', article 23). In the hyperbola, 
the remaining elements may be retained the same, but in the parabola, where 
the major axis is infinite and the eccentricity =3 1, the perihehon dl'^tance alone 
will be given in place of the elements III. and IV. 



According to the common mode of speaking, the inclination of the orbit, 
which we count from to 180°, is only extended to 90", and if the angle made 
by the orbit with the arc 8 -B exceeds a right angle, the angle of the orbit with 
the arc Q A, which is its complement to 180% is regarded as the inclination of 
the orbit; in this case then it will be necessary to add that the motion is retrograde 
(as if, in our fiigure. EQ F should represent a part of the orhitj, in order that it 
may he distinguished from the other case where the motion is called direct. The 
longitude in orbit is then usually so reckoned that in Q it may agree with the 
longitude of this point in the ecliptic, but decrease in the direction Q F; the initial 
point, therefore, from whi<:b longitudes are counted contrary to the order of 
motion in the direction Q F, is just so far distant from 8, as the vernal equinox 
from the same Q in the direction Q A. Wherefore, in this case the longitude of 
the perihelion will be the longitude of the node diminished by the distance of 
the perihelion from the node. In this way either form of expression is easily con- 
verted into the other, but we have preferred our own, for the reason that wc 
might do away with the distinction between the direct and retrograde motion, 
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and use alwajrs the same formulas for both, while the common form may fre- 
quently require double precepta 



50. 

The most simple method of determining the position, with respect to the 
ecliptic, of any point whatever on the surface of the celestial sphere, is by means 
of its distance from the ecliptic {laiitude)^ and the distance from the equinox of 
the point at which the ecliptic is cut by a perpendicular let fall upon it, {hngi- 
tude). The latitude, counted both ways from the ecliptic up to 90°, is regarded as 
positive in the northern hemisphere, and as negative in the southern. Let the 
longitude X, and the latitude /S, correspond to the heliocentric place of a celestial 
body, that is, to the projection upon the celestial sphere of a right line drawn 
from the sun to the body ; let, also, u be the distance of the heliocentric place 
from the ascending node (which is called the argument of the latitude^ i be the 
inclination of the orbit, Q the longitude of the ascending node ; there will exist 
between », t^, /3, A, — 8, which quantities will be parts of a right-angled spherical 
triangle, the following relations, which, it is easily shown, hold good without any 
restriction : — 

1. tan(l — a) = cos»tantt 

11. tan p = tan i sin {X — Q) 

III. sin /S = sin i sin u 

IV. cos w = cos /3 cos {X — Q). 

When the quantities i and u are given, X — Q will be determined from them by 
means of equation I, and afterwards /9 by II. or by III., if /? does not approach 
too near to + 90° ; formula IV. can be used at pleasure for confirming the cal- 
culation. Formulas I. and IV. show, moreover, that X — Q and u always lie in 
the same quadrant when i is between 0° and 90° ; X — Q and 360° — w, on the 
other hand, will belong to the same quadrant when i is between 90° and 180°, or, 
according to the common usage, when the motion is retrograde : hence the ambi- 
guity which remains in the determination of X — Q by means of the tangent 
according to formula I., is readily removed. 

8 
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The follovring formulas are easily deduced from the combmation of the pre- ' 
ceding: — 

V. »ii(« — X-f 8} = 2BinM«einwco3(X— Q) 

VI. gin{« — 1+C) = tan 4iainj?co3(; — Q) 

VII. 8in(u — Jl-|- Q)^ tan iitani? coflw 

VHI. sin (« + ;L— Q ) = 2 cost' J ( sin u cos (l — Q) 

IX. 8in(u-f-<L — Q) = cotan i isin j? cos(il — Q) 

X ain (w -f- 31 — Q) = cotan i i tan (i cos k, 

The angle « — il -|- Q, when i is leas than 90°, or u -|- ). — Q, when i ia more 

than 90°, called, according to common usage, the reduction to the ecbpHr, if>, in fact, 

the difference between the heliocentric longitude X and the longitude in orbit, 

which last is by the former usiige SJ + «, by ours Q -[- u. When the inclination 

is email or differs but little from 180°, the same reduction may be regarded aa a 

([uantity of the second order, and in this case it will be better to compute first jU 

by the formula III., and afterwards X by VII. or X„ by which means a greater 

precision will be attained than by formula I. 

If a perpendicular is let fall from the place of the heavenly body in space 
upon the plane of the ecliptic, the distance of the point of intersection from the 
.■<un is called the ciirtaie dklaitce. Designating this by /, the radius vector likewise 
by r, we «liall have 

XI. / = rC08jS. 

61. 

As an example, we will continue further the calculations commenced in arti- 
cles 13 and 14, the numbers of which the planet Juno furnished. We had 
found above, the true anomaly 3 15^1' 23".02, the logarithm of the radius vector 
O.SS6'J877: now let i= 13' 6' -HMO, the distance of the perihelion from the 
node =241'10'20".67, and consecjuently o = 190ni'43".69 ; finally let a = 
171° 7'48''.73. Hence we have : — 
log tan u .... 9.4630673 log sin (1—2). . . . 9.4348C91n 

log COS.' .... 9.9885200 log tan i 9.3672305 

log tan (1—8). . 9.4615839 log tan ^ 8.8020996b 
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X—Q— 195°47'40".25 

Xz= 6 55 28.98 

logr . . . . . . 0.3259877 

log cos /3 9.9991289 



/?= — 3°3r40".02 

log cos /5 9.9991289 

log cos X— a ... 9.9832852n 

9.9824141n 
log cos « 9.9824141n. 



log/ 0,3251166 

The calculation by means of formulas IIL, VIL would be as follows : 



log sin tt .... 9.4454714n 
log sin t 9.3557570 

log sin /J .... 8.8012284n 
/3= — 3''37'40".02 



log tan i» 9.0604259 

log tan /J 8.8020995W 

log cost* 9.9824141 w 

log sin (tt — X -f a ) . 7.8449395 

tt_X-|-a= 0''24' 3".34 

X — a = 195 47 40 .25. 



52. 

Regarding i and u as variable quantities, the differentiation of equation III., 
article 50, gives 

cotan |9 d/3 = cotan tdt -|- cotan udu, 
or 

XII. d/5=sin(X — a)dt-|-sin«cos(3l — a)dtt. 

In the same manner, by differentiation of equation I. we get 

XIII. d(X— a) = — tan/5cos(X— a)d» + ^dtt. 

Finally, from the differentiation of equation XI. comes 

d/=cos/J dr — rsin/9d/3, 
or 

XIV. d/ = cos/5dr — rsin/3 8in()l — a)di — r sin /S sin » cos (1 — a)dtt. 

In this last equation, either the parts that contain d» and dtt are to be divided by 
206265", or the remaining ones are to be multiplied by this number, if the 
changes of i and u are supposed to be expressed in minutes and seconds. 
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53. 

The position of any point whatever in space is most conveniently deter- 
mined by means of its distaDces from three planes cutting each other at right 
angles Aasuming the plane of the ecliptic to he one of these planes, and denot- 
ing the distance of the heavenly body from thia plane by z, taken positively on 
the north side, negatively on the gouth, we Bhall evidently have z^r* tan (S = 
r sin^ ^ r sin (' sin K. The two remaining planes, which we also shall consider 
drawn through the sun, will project great circles upon the celestial sphere, which 
will cut the ecliptic at right angles, and the poleH of which, therefore, will lie in 
the ecliptic, and will be at the distance of 90° from each other. We call that pole 
of each plane, lying on the side from which the positive distances are counted, 
the positive pole. Let, accordingly, N and A'"-|-90° be the longitudes of the 
positive poles, and let distances from the planes to which they respectively 
belong be denoted by x and y. Then it will be readily perceived that we have 
^ = r'coa(;L— iV) 

^ r coe ^ COS (il — 8 ) cos {N — 8 ) -j- r cos /i sin (X — S ) sin (N — 8 } 
^=r'8in{i— iV) 
^rcos/J sin {X — 8)cos(iV — 8) — rcos/K cos{X — 8) sin (.A'' — 8), 
which values are transformed into 

a: ^ r cos {N — 8 ) coa h -|- r cos i sin (JV — 8 } sin a 

y i^ r cos 1 cos {N — 8 ) sin w — r sin [N — 8 ) cos w. 

If now the positive pole of the plane of z ia placed in the ascending node, so that 

N-^ 8, we shall have the most simple expressions of the coordinates x,^, «, — 



= r COB ( sin « 
= r sin tain u. 



But, if thiM supposed condition does not occur, the formulas given above will 
still acfjuire a form almost equally convenient, by the introduction of four 
am^liary quantities a, b, A, B, m determined as to have 
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cos (i\r — Q) = a8mA 
coBt sin (N — Q ) = a cos A 
— sin {N — Q ) = i sin jB 
cos i cos {N — a ) = i cos jB, 

(see article 14, XL). We shall then evidently have 

07 = ra sin (m -]- A) 

ff = rb sin(tt-|-^) 
= r sin I sin 24. 

64. 

The relations of the motion to the ecliptic explained in the preceding article, 
will evidently hold equally good, even if some other plane should be substituted 
for the ecliptic, provided, only, the position of the plane of the orbit in respect 
to this plane be known ; but in this case the expressions longitude and latitude 
must be suppressed. The problem, therefore, presents itself: IVom the knoum 
position of the plane of the orbit and of another new plane in respect to the ecKptic^ to 
derive the position of the plane of the orbit in respect to the new plane. Let w 8 , 8 8', 
n Q' be parts of the great circles which the plane of the ecliptic, the plane of the 
orbit, and the new plane, project upon the celestial sphere, (fig. 2). In order 
that it may be possible to assign, without ambiguity, the inclination of the second 
circle to the third, and the place of the ascending node, one direction or the other 
must be chosen in the third circle, analogous, as it were, to that in the ecliptic 
which is in the order of the signs; let this direction in our figure be from n toward 
8'. Moreover, of the two hemispheres, separated by the circle w8', it will be 
necessary to regard one as analogous tb the northern hemisphere, the other to 
the southern ; these hemispheres, in fact, are already distinct in themselves, since 
that is always regarded as the northern, which is on >the right hand to one moving 
forward* in the circle according to the order of the signs. In our figure, then, 8, 
», 8 ', are the ascending nodes of the second circle upon the first, the third upon 
the first, the second upon the third; 180° — w8 8', 8w8', n8'8 the inclina- 

* In the inner surface, that is to saj, of the sphere represented bj onr figare. 
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tiouH of the eecond to the first, the third to the first, the second to the third. 
Our problem, therefore, depends upon the solution of a spherical triangle, in 
which, from one side and the adjacent angles, the other parts are to be deduced. 
We omit, as sufBciently well known, the common precepts for this case given 
in spherical trigonometry : another method, derived from certain equations, which 
are ssought in vain in our works on trigonometry, is more conveniently employed. 
The following are these equations, which we shall make frequent use of in future: 
a, h, c, denote the sides of the spherical triangle, and A, B, C, the angles oppo- 
site to them respectively : — 

, Bini(ft-.)_ sini(.B-g> 



jj »_i!ii \<'^r^ __ 'i 









ni^ 



Although it is necessary, for the sake of brevity, to omit here the demonstrfttion 
of these propositions, any one can easily verify them in triangles of which neither 
the sides nor the angles exceed 180°. But if the idea of the spherical triangle is 
conceived in its greatest generality, so that neither the sides nor the angles are 
confined within any limits whatever (which affords several remarkable advan- 
tages, but requires certain preliminary explanations), cases may exist in which it 
is necessary to change the signs in all the preceding equations; since the former 
signs arc evidently restored as soon as one of the angles or one of the sides ib 
increased or diminkhed 360', it will always be safe to retain the signs as we 
have given them, whether the remaining parts are to be determined from a side 
and the adjacent angles, or fronn an angle and the adjacent sides ; for, either 
the values of the quantities sought, or those differing by 360° from the true val- 
ues, and, therefore, equivalent to them, will be obtained by our formulasL We 
rewTVe for another occasion a fuller elucidation of this subject: because, in the 
meantime, it will not be difficult, by a rigorous induction, that is, by a complete 
enumeration of all the cases, to prove, that the precepts which we shall base upon 
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these formulas, both for the solution of our present problem, and for other pur- 
poses, hold good in all cases generally. 

55. 

Designating as above, the longitude of the ascending node of the orbit upon 
the ecliptic by Q, the inclination by %; also, the longitude of the ascending node 
of the new plane upon the ecliptic by w, the inclination by c ; the distance of the 
ascending node of the orbit upon the new plane from the ascending node of the 
new plane upon the ecliptic (the arc nQ^ in fig. 2) by C, the inclination of the 
orbit to the new plane by »'; finally, the arc from Q to Q' in the direction of the 
motion by J : the sides of our spherical triangle will be Q — n, 8 ', Jy and the 
opposite angles,*', 180° — », e. Hence, according to the formulas of the preceding 
article^ we shall have 

sin i r sin i ( Q' -f- ^) = sin i ( 8 — n) sin i (i -f- «) 
sin ii^coai{Q' -{'J) = cosi{Q — n)sin i(» — c) 
cosii'sin i(8' — J) = sin i (8 — w)cosi (e-f"*) 
cosit'cos i (8' — J) =cos i (8 — n)cosi{i — c). 

The two first equatioi^s will furnish i {Q' -\- J) and sin i/; the remaining two, 
i(8' — ^)andcosii'; from i(8'-f z/) and i{Q'—J)wm follow 8'and^; 
from sin i if and cos i { (the agreement of which will serve to prove the calcula- 
tion) will result {. The uncertainty, whether i{Q' -\-J) and i {Q' — J) should 
be taken between and 180° or between 180° and 360°, will be removed in this 
manner, that both sin i T, cos i i\ are positive, since, from the nature of the case, ^' 
must fall below 180^. 

56. 

It will not prove unprofitable to illustrate the preceding precepts by an 
example. Let 8 = 172° 28' 13". 7, »=34°38'r.l; let also the new plane be 
parallel to the equator, so that n = 180° ; we put the angle e, which will be the 
obliquity of the ecliptic = 23°27'55''.8. We have, therefore, 
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log sin 1(Q — n) 
logsin J (t-f-e) ■ 
log cos i {(' -f- e) . 
!L;i. I' WT have 
logsinii'sin i (9' + ^} 
iogaia ii'coai (Q'-^J) 



— 7°31'46".3 

68 5 66 .9 

11 10 5.S 

. . 8.8173026n 

. . 9.6862484 

. . 9.9416108 



i(a— «)= - 

1 (■ + ') = 

}(■■-«) = 

log cos i ( Q — n) 

logsini(t — e) , 

log cos i ((' — e) . 
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-3'46'53".16 
29 2 58 .46 
5 35 2 .65 
. . 9.9990618 
. . 8.9881405 
. . 9.9979342. 



8.603.5510)1 log COB J i' sin i( 8'—^) 8.7589134n 
8.9872023 logcos*i"oos j (8'— ^) 9.9969960 



whence J (8'+./)= 341°49'19".01 whence i ( a' — .^) = 366°41'81".43 

log sin ii' 9.0094368 log cos i>' 9.9977202. 

Thus we obtain J i' = 6" 61' 66".445, >' = ir 43' 52".89, a' = 388'' 30'50".43, 
^ ^ — 14" 52' 12".42. Finally, the point n evidently corresponds in the celestial 
sphere to the autumnal equinox ; for which reason, the distance of the ascending 
node of the orbit on the equator from the vernal equinox {its ri</hi ascctmon) 
will be 1.5S°30'.50".43. 

In order to illustrate article 53, we will continue this example still further, 
and will develop the formulas for the coordinates with reference to the three 
planes patwing through the sun, of which, let one be parallel to the equator, and 
let the positive poles of the two others be situated in right ascension 0° and 90°: 
let the distances from these planes be respectively z, x, ff. If now, moreover, 
the distances of the heliocentric place in the celestial sphere from the points 8, 
8',are denoted respectively by h, (/, we shall havew'^H — ^=«-)-14°52'12''.42, 
and the quantities which in article 63 were represented hy i, JV — 8 , u, will here 
be i', 180° — Q',i/. Thus, from the formulas there given, follow, 

logosinA .... 9.968719711 logjsinj .... 9.6638068 
logacos.^ .... 9.554S380n log}cos.B .... 9.9695619ii 



whence A = 248°65'22".97 

log a 9.9987923 

t have therefore, 



whence .B= 168° 6' 64".97 

log* 9.9920848. 
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a? = ar sin (tt'+248» 55' 22".97) = ar sin (ti + 263M 7' 3o".39) 
ff = hr Bin {i/ -}- 15S 5 54 .97) = irsin(M-|- 172 58 7.39) 
g = cr sin u' = cr sin (w -f- 14 52 12 .42) 

in which log e = log sin »' = 9.3081870. 

Another solution of the prohlem here treated is found in Von ZacA's MorudUche 
Correspondem, B. IX. p. 385. 

57. 

Accordingly, the distance of a heavenly body from any plane passing through 
the sun can be reduced to the form ^r sin [v -f- K\ v denoting the true anomaly; 
k will be the sine of the inclination of the orbit to this plane, K the distance 
of the perihelion from the ascending node of the orbit in the same plane. So far 
as the position of the plane of the orbit, and of the line of apsides in it> and also 
the position of the plane to which the distances are referred, can be regarded as 
constant^ k and K will also be constant In such a case, however, that method 
will be more frequently called into use in which the third assumption, at least, is 
not allowed, even if the perturbations should be neglected, which always affect 
the first and second to a certain extent This happens as oft^n as the distances 
are referred to the equator, or to a plane cutting the equator at a right angle 
in given right ascension: for since the position of the equator is variable, owing to 
the precession of the equinoxes and moreover to the nutation (if the true and not 
the mean position should be in question), in this case also k and K will be subject 
to changes, though undoubtedly slow. The computation of these changes can be 
made by means of differential formulas obtained without difficulty: but here 
it may be, for the sake of brevity, sufficient to add the differential variations 
otiy Q' and Jy so far as they depend upon the changes of 8 — n and c. 

^{ =L sin € sin 8'd (Q — n) — cos Q'dc 

J ^ / sin t cos ^ J / -^ X , sin ' T 

d a = — ^-ir- d ( a — w) 4- -— ^ d c 



jy J sin ^ cos a J / r> \ i sm a j « 

sin I ^ * • smt 



Finally, when the problem only is, that several places of a celestial body with 

9 
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respect to such variable planes may be computed, which places embrace a mod- 
erate interval of time (one year, for example), it will generally be most con- 
venient to calculate the quantities a, A, b, B, c, C, for the two epochs between 
which they fall, and to derive from them by simple interpolation the changes for 
the particular times proposed. 



Our formulas for distances from given planes involve v and r ; when it is 
necessary to determine these quantities first from the time, it will be possible to 
abridge part of the operations atlll more, and thus greatly to lighten the labor. 
These distances can be immediately derived, by means of a very simple formula, 
from the eccentric anomaly in the ellipse, or from the auxiliary quantity F or it 
in the hyperbola, so that there will be no need of the computation of the true 
anomaly and radius vector. The expression kr sin [v -\- K) is changed ; 

L For the elUpae, the symbols in article 8 being retained, into 
oicosy cos^sinjE^+a^sin^(cos£' — c). 
Determining, therefore, /, X, i, by means of the equations 
ak sin E ^ Ism L 
ak cos if cos K ^l cos Z 
— eak 8in^= — el sinX^X, 
our expression passes into / sin (.ff -|- X) -f- i, in which I, X, X will be constant, so 
far as it is admissible to regard k, K,e sa constant ; but if not, the same precept* 
which we laid down in the preceding article will be sufficient for computing their 
changes. 

We add, for the sake of an example, the transformation of the expre.'*sion for 
X found in article 56, in which we put the longitude of the perihelion = 121° 17' 
34".4, if = W 13' 31".97, log a = 0.4423790. The distance of the perihelion from 
the ascending node in the ecliptic, therefore, = 308''49'20''.7 :=« — v ; hence 
K= 212''36'56".09. Thus we have, 
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log a A 0.4411713 log/ sin X .... 0.1727G00n 

logsin^ .... 9.7315887« log/cosZ .... 0.3531154w 
log a ^- cos 9 . . . 0.4276456 whence L = 213°25'5r^30~ 

log cos ^ .... 9.9254698« log/= 0.4316627 

logX= 9.5632352 

X= +0.3657929. 

II. In the hyperbola the formula krrni^v-^K)^ by article 21, passes into 
X -f- ju tan -F-|- V sec -F, if we put ^ i A sin K=l X, bk tan i// cos K=fi^ — J A sin ^ 
= v;' it is also, evidently, allowable to bring the same expression under the form 

cosF 

If the auxiliary quantity u is used in the place of jP, the expression Arsin (r-j-Jf) 
will pass, by article 21, into 

in which a, /?, y, are determined by means of the formulas 

a = X = ehk sin K 

/? = i (v + ju) = — i ^A^ sin {K—vf) 
y=.\{y — /i) = — ^ ehk mi (^+ Vf\ 

III. In the parabola, where the true anomaly is derived directly from the time, 
nothing would remain but to substitute for the radius vector its value. Thus, 
denoting the perihelion distance by q^ the expression Ar sin {y -f- JT) becomes 

^^sin (r-|-J5r) 
cos* \ V 

59. 

The precepts for determining distances from planes passing through the sun 
may, it is evident, be applied to distances from the earth ; here, indeed, only the 
most simple cases usually occur. Let R be the distance of the earth from the sun, 
L the heliocentric longitude of the earth (which differs 180° from the geocentric 
longitude of the sun), lastly, JC, J", Z, the distances of the earth from three planes 
cutting each other in the sun at right angles. Now if 
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I. The plane of 2^ is the ecliptic itself, and the longitudes of the poles of the 
remaining planes, the distances from which are X, Y, are respectively i\^ and 
iV-i-90°; then 

X=Itco8(L—N}, Y=Il^n{l — N), Z=0. 

n. If the plane of Z is parallel to the equator, and the right ascensions of the 
poles of the remaining planes, from which the distances are X, Y, are respectively 
Q" and 90°, we shall have, denoting by e the obliquity of the ecliptic, 

X^R cos X, T^R cos e ein X, Z^ R ain e sin X, 

The editors of the most recent solar tables, the illustrious Vos Zach and de 
Lambre, first began to take account of the latitude of the sun, which, produced 
by the perturbations of the other planets and of the moon, can scarcely amount 
to one second. Denoting by B the heliocentric latitude of the earth, which will 
always be equal to the latitude of the sim but affected with the opposite sign, we 
shall have, 

In Cue n. 

= R cos B cos L 

- R cos B cos E sin X — R sin B ain « 

= H cos B fiin e sin L-\- RfivaB cos t. 

It will always be safe to substitute 1 for cos B, and the angle expressed in parts 
of the radius for sin B. 

The coordinates thus found are referred to the centre of the earth. If |, t], f, 
ai"e the distances of any point whatever on the surface of the earth from three 
planes drawn through the centre of the earth, parallel to those which were drawn 
through the sun, the distances of this point from the planes passing through the 
sun, wilt evidently be X-\-^, Y-\- tj, Z -\- l : the values of the coordinates |, tj, l, 
arc easily determined in both cases by the following method. Let ^ be the radius 
of the terrestrial globe, (or the frine of the mean horizontal parallax of the sun,) 
X the longitude of the point at which the right line drawn from the centre of the 
earth to the point on the surface meets the celestial sphere, (i the latitude of the 
same point, a the right ascension, d the declination, and we shall have, 



In Cam L 

X=Ri:mBcM(Z—J!f) 
F= /J COB S sin (i — i\r) 
Z=IlBmB 
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Id CbmI. 
{ = ^COSj3 C08(Jl — JV) 

ij = ^ COS (3 son (I — N) 



la Cue IT. 

g ^ p C09 d COS a 
ij ^ p COS tf sin a 
C = p sin tf . 



This point of the celestial sphere evidently corresponda to the zenith of the 
place on the surface (if the earth is regarded as a sphere), wherefore, its right 
ascension agrees with the right ascension of the mid-heaven, or with the sidereal 
time converted into degrees, and its declination with the elevation of the- pole ; 
if it should be worth while to take account of the spheroidal figure of the earth, 
it would be necessary to adopt for S the corrected elevation of the pole, and for 
p the true distance of the place from the centre of the earth, wliich are deduced 
by means of known rules. The longitude aud latitude X and /? will be derived 
from a and 8 by known rules, also to be given below ; it is evident that l. coin 
cides with the longitude of the nonoffesimal, and 90° — j3 with its altitude. 

GO. 

If X, y, z, denote the distances of a heavenly body from three planes cutting 
each other at right angles at the sun; X, V, Z, the distances of the earth (either 
of the centre or a point on the surface), it is apparent that x — X,y — Y, z — Z, 
would be the distances of the heavenly body from three planes drawn through 
the earth parallel to the former; and these distances would have the same relation 
to the d istance of the body from the earth and \\b geocentric place^[^^'aX\^^G place 
of its projection in the celestial sphere, by a right line drawn to it from the earth), 
which x,y, 2, have to its distance from the sun and the heliocentric place. Let A 
be the distance of the celestial body from the eai-th; suppose a pei-pendicular in 
the celestial sphere let fall from the geocentric place on the great circle which 
corresponds to the plane of the distances 3, and let a be the distance of the 
intersection from the positive pole of the great circle which corresponds to the 



" In the broader Bcnse ; for properly this expreasion refers to ttiat c 
dnwn from llie cenire of the earth. 
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plaue of the distances x; and, finally, let h be the k'nt^th of this perpendicular, or 
the distance of the geocentric place from the great circle corresponding to the 
distances ?. Then b will be the geocentric latitude or declination, according as the 
plane of the distances z is the ecliptic or the equator ; on the other hand, « -(- iV 
will bo the geocentric longitude or right ascension, if iV denotes, in the former 
case, the longitude, in the latter, the right ascension, of the. pole of the plane of 
the distances x. Wherefore,we shall have 

z — X=J cos h cos a 
g — T-= J cos b sin a 

The two first equations will ^ve a and ^^cosS; the latter quantity (which must 
be positive) combined with the third equation, will give b and J. 



61. 

We have given, in the preceding articles, the easiest method of detemmiing 
the geocentric place of a heavenly body with respect to the ecliptic or equator, 
either free from parallax or affected by it, and in the same manner, either free 
from, or affected by, nutation. In what pertains to the nutation, all the diflerence 
will de[)end upon this, whether we adopt the mean or true position of the e<]uator; 
us in tlie former cose, we should count the lougitudea Svnxa the mean equinox, 
in the Litter, from tlie true, just as, in the one, the mean obliquity of tlie ecliptic 
is to be used, in the other, the true obliquity. It appears at once, that the greater 
the number of abbreviations intro^luped into the computation of the coUrdiuatej*, 
the mure the preliminary operations which are required ; on which account, the 
superiority of the method above explained, of deriving the coordinates immedi- 
ately fi-om the eccentric anomaly, will show itself ef^pccially when it is necessary 
to determine many geocentric places. But when one place only is to be com- 
puted, or very few, it would not be worth while to undertake the labor of calcu- 
lating so nmny auxiUary quanlitieij. It will be pivferalile in such a east* not to 
depart from the common method, according to which the true anomaly and indlus 
vector are deduced from the eccentric anomaly ; hence, the heliocentric place 
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with respect to the ecliptic ; hence, the geocentric longitude and latitude ; and 
hence, finally, the right ascension and declination. Lest any thing should seem 
to be wanting, we will in addition briefly explain the two last operations. 

62. 

Let X be the heliocentric longitude of the heavenly body, /3 the latitude ; / the 
geocentric longitude, b the latitude, r the distance from the sun, J the distance 
from the earth ; lastly, let L be the heliocentric longitude of the earth, B the lat- 
itude, B its distance from the sun. When we cannot put ^ = 0, our formulas 
may also be applied to the case in which the heliocentric and geocentric places 
are referred, not to the ecliptic, but to any other plane whatever ; it will only be 
necessary to suppress the terms longitude and latitude : moreover, account can 
be immediately taken of the parallax, if only, the heliocentric place of the earth 
is referred, not to the centre, but to a point on the surface. Let us put, moreover, 

r cos /?==/, J cosb = J\ EcosB =z R . 

Now by referring the place of the heavenly body and of the earth in space to 
three planes, of which one is the ecliptic, and the second and third have their 
poles in longitude N and iV-j" 90°, the following equations immediately present 
themselves: — 

r'cos{l — N) — Rco&{L — N) = J'QO%{l — N) 
r'&m{X — N) — R^m{L — N)=J'mi{l—N) 
/tan(i —RismB =z/'tanA, 

in which the angle iV is wholly arbitrary. The first and second equations will 
determine directly / — N and J\ whence b will follow from the third ; from b 
and J' you will have J. That the labor of calculation may be as convenient as 
possible, we determine the arbitrary angle JV in the three following ways: — 
L By putting N= X, we shalTmake 

r' r' 

■^8m(A. — Z) = F, ^coa{X — L) — l=Q, 
and / — Z, ^, and J, will be found by the formulas 
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tan(/ — X) = -^ 

/t P Q 









R 8in(/— Z) 


cos(/ L) 








tanf — ^ 


tanJ9 
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1 shall have, 
















t«n (/ — i 
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L)=Q, 



sin (/ — X) cos (/ — X) 

tan (i — -p- tan 5 
tanJ = -, . 

A 

T 

nX By putting N= i (^ + X), / and J' will be found by means of the 
equations 

tan(/— i (X + X)) = ^±J tan i (X — Z) 

jf _ (/ + iy) sin^ (;i~Z) _ (T^ — E')co9i{X — L) 
~ 8in(/— i(A + Z)) "" co3(/— i(A + Z)) ' 

and afterwards J, by means of the equation given above. The logarithm of the 
fraction 

r^ — JRf 
is conveniently computed if -7- is put = tan f, whence we have 

^;^ = tan(45° + f). 

In this maimer the method HL for the determination of / is somewhat shorter 
than L and IE.; but^ for the remaining operations, we consider the two latter 
preferable to the former. 
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63. 

For an example, we continue further the calculation carried to the helio- 
centric place in article 51. Let the heliocentric longitude of the earth, 
24° 19' 49".05 = X, and log ^ = 9.9980979, correspond to that place; we put 
the latitude =0. We have, therefore, ;l — X = — 17° 24' 20".07, log iT = i?, 
and thus, according to method K, 

log:^ .... 9.6729813 log{l—Q) . . . . 9.6526258 

logsin(X — Z) . 9.4758653» 1—^= 0.4493925 

logcos(;i — X) . 9.9796445 Q=z 0.5506075 

logP . . . . 9.1488466 » 
logQ . . . . 9.7408421 

Hence l—X = — 14°21'6".75 whence /= 352° 34' 22".23 

log ^p^ ... . 9.7546117 whence log ^' . . . 0.0797283 
log tan /3 . . . 8.8020996 » log cos J 9.9973144 

log tan J . . . 9.0474879» log J 0.0824139 

b = — 6°21'55".07 

According to method IH., from log tan f = 9.6729813, we have f = 25°13'6".31, 
and thus, 

log tan (45° + • • • 0.4441091 
logtani(X — Z) . . . 9.1848938n 

logtan(/— U— iZ) . 9.6290029n 

l—n—iL = — 23° 3' 16".79 ) ^j^g^^g ; = 352° 34' 22^.225. 
U+iZ= 15 37 39 .015/ 

64. 

We further add the following remarks concerning the problem of article 62. 
L By putting, in the second equation there given, 

N=X, N=L, N=l, 
10 
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^ sin (X — X) = J' Hin {I— X) 
Tf sm (i — i) =z J' sin ( ^ — X) 
/ sin {t— X) = li' ein {I— L) . 

The fii-st or the second equation can be conveniently used for the proof of the 
calculation, if the method 1 or H of article G2 has been employed. In our 
example it is as follows : — 

. 9.4758653n /_X=— 3r45'26".82 
. 9.7546117 



log sin (X — X) 
1 ^ 



9.7212536n 
log8in(/— X) . . . 9.7212536fl 
n. The sun, and the two points in the plane of the ecliptic which are the 
projections of the place of the heavenly body and the place of the eai-th foira a 
plane triangle, the aides of which are J', Jf, /, and the opposite angles, either 
l—L,l—X, 180° — ;+X, or L—k, I— I, and 180° — X + /; from this the 
relations given in I. readily follow. 

III. The sun, the true place of the heavenly body in space, and the true place 
of the earth will form another triangle, of which the sides will be J, R, r : if, 
therefore, the angles opposite to them respectively be denoted by 

^,7; 180° — ^—t; 

we shall have 

AaS sm7'_ sb(.S'+7') 

^ — S — r 

The plane of this triangle will project a great circle on the celestial sphere, in 
which will he situated the heliocentric place of the earth, the heliocentric place 
of the heavenly body, and its geocentric place, and in such a manner tliat the 
distance of the second from the first, of tlie third from the second, of the third 
from the first, counted in the same direction, will be respectively, S, T, >S'-f- ^■ 

IV. The following differential equations are derived from known differential 
variations of the parta of a plane triangle, or with equal faciUty from the formu- 
las of article 62: — 
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dJ' =—r'8in{X — t)dX-{-co8{X — r)d/ 

J, / cos 5 sin 5 sin (i — j i i r'cos*6 ,„ i co8*6/. » /< «. .\ i / 

d*= ^ ^-^ -M^-|____d/3-|--^(taii/3 — cos(X — /)tanA)d/, 

in which the terms which contain d/ dJ^ are to be multiplied by 206265, or the 
rest are to be divided by 206265, if the variations of the angles are expressed in 
seconds. 

V. The inverse problem, that is, the determination of the heliocentric from 
the geocentric place, is entirely analogous to the problem solved above, on which 
account it would be superfluous to pursue it further. For all the formulas of 
article 62 answer also for that problem, if, only, all the quantities which relate to 
the heliocentric place of the body being changed for analogous ones referring to 
the geocentric place, L -|- 180° and — B are substituted respectively for L and B^ 
or, which is the same thing, if the geocentric place of the sun is taken instead of 
the heliocentric place of the earth. 

65. 

Although in that case where only a very few geocentric places are to be 
determined from given elements, it is hardly worth while to employ all the 
devices above given, by means of which we can pass directly from the eccentric 
anomaly to the geocentric longitude and latitude, and so also to the right ascen- 
sion and declination, because the saving of labor therefrom would be lost in 
the preliminary computation of the multitude of auxiliary quantities; still, the 
comljinjition of the reduction to the ecliptic with the computation of the geocen- 
tric longitude and latitude will afford an advantage not to be despised. For if the 
ecliptic itself is assumed for the plane of the coordinates s, and the poles of 
the planes of the coordinates 2r,y, are placed in 8, 90° -f- Q, the coordinates are 
very easily determined without any necessity for auxiliary quantities. We have. 



x = r cos n 
y=. r cosmnz* 
2f = r sin i sin u 



X=li'co8{L—Q) 
F=irsin{L—Q) 
Z=Ii'tsinB 



X — X=J'C09{1—Q) 

ff—¥=J'mi{l—Q) 
z — ^=-^'tani. 



t 
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When jB = 0, then Jifz=RyZ=0. According to these formulas our example is 
solved as follows : — 

X— 8 = 213'12'0".32. 

logr 0.3259877 log If 9.9980979 

log cos tt 9.9824141 » log cos (X— ft) . . 9.9226027« 

log sin tt 9.4454714?j logsin(Z— a) . . 9.7384353» 

logo: 0.3084018» logX 9.9207006>i 

logr sine* . . . . 9.7714591 » 

log cose 9.9885266 

log sin » 9.3557570 

logy 9.7599857w logF 9.7365332n 

log« 9.1272161« Z= 

Hence follows 

log(;r— X) . . . 0.0795906 n 
log(y_r) . . . 8.4807165 n 
whence (/— a )= 18r26'33".49 I— 852°34'22".22 

log J' 0.0797283 

log tan* 9.0474878n b= —62155.06 



66. 

The right ascension and declination of any point whatever in the celestial 
sphere are derived from its longitude and latitude by the solution of the spherical 
triangle which is formed by that point and by the north poles of the ecliptic and 
equator. Let e be the obliquity of the ecliptic, I the longitude, b the latitude, a 
the right ascension, d the declination, and the sides of the triangle will be e, 
90" — b, 90° — ^ ; it will be proper to take for the angles opposite the second 
and third sides, 90° -|- a, 90° — I, (if we conceive the idea of the spherical triangle 
in its utmost generality) ; the third angle, opposite «, we will put = 90° — JS. We 
shall have, therefore, by the formulas, article 54, 
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sin (45^ — i (J) sin i (^ + a) = sin (45" + i /) sin (45" — * (« + *)) 
sin (45" — i d) cos i (^ + a) = cos (45" + i /) cos (45" — i (e — J)) 
cos (45"— i d) sin i {E— a) = cos (45" + H) sin (45" — i (c — A)) 
cos (45"— h S) cos * (j&— a) = sin (45" + i I) cos (45" — H« + *)) 

The first two equations will give i(JE'-|-a) and sin (45" — id); the last two, 
i {E — a) and cos (45" — id); from i (i;'-|- «) and i (^ — a) will be had a, and, 
at the same time, E ; from sin (45" — i d) or cos (45" — i d), the agreement of 
which will serve for proving the calculation, will be determined 45" — id, and 
hence d. The determination of the angles h{E-\-a\ i(E — a) by means of 
their tangents is not subject to ambiguity, because both the sine and cosine of the 
angle 45" — id must be positive. 

The difierentials of the quantities a, d, from the changes of /, i, are foimd 
according to known principles to be, 

J 8in -&C08 h -t y cmE ^ y 
da = ?— d/ z-d J 

cos COS 

d d = COS ^ COS* Al-^-BmEAh. 

67. 

Another method is required of solving the problem of the preceding article 
&om the equations 

cos € sin / = sin c tan h -f- cos / tan a 

sin d = cos c sin i -[" sin e cos i sin / 
cos h cos /= cos a cos d. 

The auxiliary angle 6 is determined by the equation 

. . tan ft 

tanfl= -r-T, 

ami ' 

and we shall have 

, cos (b + 6) tan / 

tana= — —^—^ 

cos^ 

tan d = sin a tan (« -f" ^)> 
to which equations may be added, to test the calculation, 

> cos 5 cos / ^ COS (« + d) COS ft sin / 

cosd = ,orcosd = — ^ ' /. . 

COS ce ' COS sin a 
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This ambiguity in the determination of a by the second equation ia removed by 
this consideration, that cos « and cos I must have the same sign. 

This method ia less expeditious, if, besides c and (J, E also is required : tbe most 
convenient fonnula for determining this angle will then be 

cosi^^ — ' - "" - ^ ^'""^ ■ 
cos 6 coBO 

But E cannot be correctly computed by this fonnula when + cos E diflers but 
little from unity ; moreover, the ambiguity remams whether E should be taken 
between and 180*, or between 180° and 360°. The inconvenience is rarely 
of any importance, particularly, since extreme precision in the value of ii^ is not 
required for computing differential ratios; but the ambiguity b easily removed 
by the help of the equation 



coaJcostf sin-F= 



h sin 9, 



which shows that E must be taken between and 180°, or between 180° and 
360°, according as cos e is greater or less than sin h sin 9 : this test is evidently not 
necessary when either one of the angles h, S, does not exceed the limit 66° 32' ; 
for in that case sin E ia always positive. Fhially, the same equation, in the case 
above pointed out, can be applied to the more exact determination of E, if it 
appears worth while. 



The solution of the inverse problem, that is, the determination of the longi- 
tude and latitude from the right ascension and declination, is based upon the same 
spherical triangle ; the formulas, therefore, above given, will he adapted to this 
purpose by the mere interchange of h with rf, and of/ with — a. It will not be 
imacceptable to add these formuliw also, on account of their frequent use: 

According to the method of article 66, we have, 

Bin (45° — i J) sin i (£ — /) =cos(45° + J a) sin (45°— i (i +iJ)) 
ain (45° — * h) cos \ {E— I) = sm (45° + i «) cos (45° — i (t — d)) 
cos (45° — * A) sin J (-^H- = «in (45° + J «) sin (45" — i (« — S)) 
cob{45°— * *)C08 i (jF-)- /) =008(45° + J a) COB (45°— 4 (e + <J}). 



Sect. 2.] to position m space. 79 

As in the other method of article 67, we will determine the auxiliary angle f 
by the equation 



and we shall have 



, y tan d 

tant = -: — , 

em a' 



^^^cos(C-«)tan« 

cosf 



tan J = sin /tan (C — «). 
For proving the calculation, may be added, 

7 COS d COS a cos (t — e) cos d sin a 

cos = 7 — = ^^ y-:—i . 

cos^ cos {; sine 

For the determination of ^, in the same way as in the preceding article, the fol- 
lowing equations will answer : — 

t;. sin e cos a sin e cos / 
COsII= r- = J— 

C086 coso 

cos b COS dsml!= cos « — sin i sin d . 
The differentials of /, i, will be given by the formulas 

dy sin j^cos d -I , cos j^ -, ^ 
/= 1 — da H rda 

cos6 ' cos6 

db = — cos-&cos<yda -{-sin^d^. 

69. 

We will compute, for an example, the longitude and latitude from the right 
ascension 355°43'45".30 = a, the declination — 8° 47' 25" = <J, and the obliquity 
of the ecliptic 23° 27' 59".26 = «. We have, therefore, 45' + i « = 222° 51' 52".65, 
45° _ i (e -f (J) = 37° 39'42".87, 45° — i (e — d) = 28° 52' 17".87 ; hence also, 

logcos(45°H-ia) . . 9.8650820» log sin (45° + i a) . . 9.8326803n 
log sin (45° — i (e + (J)) 9.7860418 log sin (45° — i (e — d)) 9.6838112 
logcos(45°— i(« + <J)) 9.8985222 log cos (45° — i (e — d)) 9.9423572 

logsin(45° — ii)sini(^— ?) . . 9.6511238 « 
logsin(45° — i*)cosJ(^— /) . . 9.7750375n 

whence i {H— I) = 216°56'5".39 ; log sin (45° — ib) = 9.8723171 
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logco»(4o°— JJ)sini(£ + i) . . 9.51649]6ii 
logcos(43°— lJ)co»i(-S+q . . 9.7636042» 
wLeuce J (jB + /) = 209° S0'49".94 : log cos (45" — J S) = 9.8239669. 

Therefore, we have £= 426°26'65".33, ;= — 7°26'16".46, or, what amounts 
to the Bame thing, £ = 66"26'55".33, ;=352°34'44".55; the angle 45° — i J, 
obtained trom the logarithm of the sine, is 48°10'58".12, from the logarithm of 
the cosine, 48°10'58".17, from the tangent, the logarithm of which is their differ- 
ence, 48°10'68".14; hence 4 ;=— 6°21'66".28. 

According to the other metho J, the calculation is as follows : — 
logtani) .... 9.1893062>i C.logcosf .... 0.8626190 
log sin o . . . . 8.8719792n log cos (J — «) . . 9.8789703 
logtanf. . . . 0.3173270 logtano .... 8.8731869n 

C= 64°17'6".83 logtani 9.1147762)1 

C — <= 40 49 7.57 /= 362°34'44".50 

log sin i 9.1111232)1 

Iogtan(C — •) . . 9.9363874 

logtani 9.0476106n 

b= — 6°21'66".26. 

For determining the angle E we have the double calculation 

log sin « . . . . 9.6001144 log aim 6,6001144 

log cos o . . . . 9.9987924 log cos/ 9.9963470 

Clog cos J . . . 0.0026869 Clog cos* .... 0.0051313 

log cos £ . . . 9.6016927 log cos i' 9.6015927 

whence E= 66° 26' 66".35. 



70. 

Something is still to be added concerning the •parallax and ahcrrtdion, that 
nothing requisite for the computation of geocentric places may be wanting. 
We have already described, above, a method, according to which, the place 
alS}cted by parallax, that is, corresponding to any point on the euriace of the 
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earth, can be determined directly with the greatest facility ; but as in the com- 
mon method, given in article 62 and the following articles, the geocentric place is 
commonly referred to the centre of the earth, in which case it is said to be free 
from parallax, it will be necessary to add a particular method for determining the 
parallax, which is the difference between the two places. 

Let the geocentric longitude and latitude of the heavenly body with reference 
to the centre of the earth be X, /3 ; the same with respect to any point whatever 
on the surface of the earth he l^b ; the distance of the body from the centre of 
the earth, r; from the point on the surface, J; lastly, let the longitude X, and the 
latitude -B, correspond to the zenith of this point in the celestial sphere, and let 
the radius of the earth be denoted by JR. Now it is evident that all the equations 
of article 62 will be applicable to this place also, but they can be materially 
abridged, since in this place if expresses a quantity which nearly vanishes in 
comparison with r and J. The same equations evidently will hold good if X, ^ Z 
denote right ascensions instead of longitudes, and /3, i, jB, declinations instead of 
latitudes In this case I — X, J — /3, will be the parallaxes in right ascension and 
declination, but in the other, parallaxes in longitude and latitude. If, accord- 
ingly, if is regarded as a quantity of the first order, I — X, J — fi^ J — r, will be 
quantities of the same order ; and the higher orders being neglected, from the 
formulas of article 62 will be readily derived : — 

J J ^ i?cosi?8in(l — L) 

rcos^ 

n. &-<? = ^"^f^^^ (tan<9cos(X^i:)-tan^) 
m. J — r = — JR cos Bsinp f cotan (i cos (X — X) + tan B) . 
The auxiliary angle A being so taken that 

tan 6 = — ^, 

cos {X — //) ' 

the equations 11. and HL assume the following form : — 

jy , ^ H COS Bcos (l — L) sin {§ — 6) B Bin B sin (B — d) 

" rcosd r sin ^ 



J?co8igco3(;i— Z)co9( j3— ^) BsmBcos(p — d) 

11 



cosd Bin^ 
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Furtlier, it ia evident, that in I. and II., in order that / — Jl and b — /9 may he 
had in seconds, for II, must be taken the mean parallax of the sun in seconds ; 
but in in., for Ji, must be taken the same parallax divided by 206265". Finnllv, 
when it is required to determine in the inverse problem, the place free from 
parallax from the place affected by it, it will be admissible to use J, I, b, instead 
of r, X, fi, in the values of the parallaxes, without loss of precision. 

Example. — Let the right ascension of the sun for the centre of the earth 
be220°46'44".65=J,thedeclination,— 15"4B'43'.94=(!, the distance. 0.0304311 
^ r: and the sidereal time at any point on the surface of the earth expressed 
in degrees, 78° 20' 38" ^= L, the elevation of the pole of the point, 46" 27'57" ^ B, 
the mean solar parallax, 8".6 = R. The place of the sun as seen from this point, 
and its distance from the same, are required. 

\ogR 0.93460 log if 0.93460 



logcosS 9.84693 

C.logr 0.00418 

Clog cos (» .... 0.01679 
log5in(l — X) . . . 9.78508 
log (;— 4) . . . . 0.68648 
1—1.= +3".86 

;= 220°46'48'.51 

log tan .8 0.00706 

log cos (I — Z) . . . 9.8990911 

log tan i 0.10707n 

«= 127° 57' 0" 

(J — «= —143 46 44 



log sin .8 9.85299 

C.logr 0.00418 

Clog sin 1) 0.10317 

log8in((i — «) . . . 9.7716211 
|og(J_(i) . . . . 0.66636 » 
J — (9= — 4".64 

J= — 16"49'48'.58 

|og(S_/S) .... 0.66636 » 
log cot ((3 — «) . . . 0.13622 

logr 9.99682 

logl' 4.68667 

log(r— ^) . . . . 6.48297i 
r — J= —0.0000304 

J= 0.9904616 



7!. 

Tlie aljerration of the fixed stars, and also that part of the aberration of com- 
ets and planefs due to the motion of the earth alone, arises from tlie fiiot, that 
the teh'scope is carried along with the earth, while the ray of light is passing 
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along ita optical axis. ■ The observed place of a heavenly body (which is called 
the apparent, or affected by aberration), is determined by the direction of the 
optical axis of the telescope set in such a way, that a ray of light proceeding 
from the body on ita path may impinge upon both extremities of its axis: but this 
direction differs from the true direction of the ray of light in space. Let us con- 
sider two moments of time i, i, when the ray of light touches the anterior ex- 
tremity (the centre of the objectrglasa), and the posterior (the focua of the object- 
glass) ; let the position of these extremities in space be for the first moment a, fi ; 
for the last moment «',&'. Then it is evident that the straight line ah' is the true 
direction of the ray in space, but that the straight line ah or a'fi' (which may be 
regarded as parallel) corresponds to the apparent place : it is perceived without 
difficulty that the apparent place does not depend upon the length of the tube. 
The difference in direction of the right Hues h'a, ha, is the aberration such as exists 
for the fixed stars : we shall pass over the mode of calculating it, as well known. 
This difference is stiU not the entire aberration for the wandering stars : the 
planet, for example, whQst the ray which left it is reaching the earth, itaelf 
changes its place, on which account, the direction of this ray does not correspond 
to the true geocentric place at the time of ob.servation. Let us suppose the ray 
of light which impinges upon the tube at the time t to have left the planet at the 
time T ; and let the position of the planet in space at the time T be denoted by 
P, and at the time t by p ; lastly, let A be the place of the anterior extremity of 
the axis of tlie tube at the time T. Then it is evident that, — 

Ist. The right line AP shows the true place of the planet at the time T; 

2d. The right line ap the true place at the time t ; 

3d. The right line ba or b'a' the apparent place at the time t or f (the differ- 
ence of which may be regarded as an infinitely small quantity) ; 

4th. The right line b'a the same apparent place freed from the aberration of 
the fixed stars. 

Now the points P, a, V, lie in a straight line, and the parts Pa, ab', will be 
proportional to the intervals of time t — T,tf — t, if light moves with an imi- 
fomi velocity. The interval of time f — T ia always very small on account of 
tiie immeuee velocity of light ; within it, it is allowable to consider the motion 
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of the earth as rectilinear and its velocity as uniform: so also A, o, a' will lie iu a 
stmij^ht line, and the parts Aa, ad wUl likewise be proportional to the intervals 
i — T, t — /. Hence it ia readily inferred, that the right linea AP, h'a' are paral- 
lel, and therefore that the first and third places are identical. 

The time / — T, within which the light traverses the mean distance of the 
earth from the sun which we tnke for unity, will be the product of the distance 
Pa into 493*. In this calculation it will be proper to take, instead of the dis- 
tance Pu, either PA or pa, since the diflFerence can be of no importflnce. 

Fmm these principles follow three methods of determining the apparent place 
of a planet or comet for any tune /, of which sometimes one and sometimes 
another may be preferred, 

I. The time in which the light is passing from the planet to the earth may be 
subtracted from the given time; thus we shall have the reduced time T, for which 
the true place, computed in the usual way, will be identical with the ajiparent 
place for t. For computing the reduction of the time t — 7", it is requisite to 
know the distance from the earth ; generally, convenient helps will not be want^ 
ing for this purpose, b». for example, an ephemeris hastily calculated, otherwise it 
will be sufficient to determine, by a preliminary calculation, the true distance for 
the time t in the usual manner, avoiding an unnecessary degree of precision. 

II. The true place and distance may be computed for the instant t, and, 
from this, the reduction of the time / — T, and hence, with the help of the daily 
motion (in longitude and latitude, or in right a-scension and declination), the re- 
duction of the true place to the time T. 

III. The heliocentric place of the earth may be computed for the time t ; and 
the heliocentric place of the planet for the time T : then, from the combination 
of these in the usual way, the geocentric place of the planet, which, inci'eased 
by the aberration of the fixed stars ^to be obtained by o well-known method, or 
to be tAkeu from the tables), will furnish the apparent place sought 

The second method, which is commonly used, is preferable to the dthers, 
because there is no need of a double calculation for determining the distance, 
but it labors under this inconvenience, that it cannot be used except several 
places near each other are calculated, or are known from observation; otherwise 
it would not be admissible to consider the diunial motion as given. 
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The dlHaJvantage with which the first and third methods are incumbered, ia 
evidently removed when several places near each other are to be computed. 
For, as 800U as the distances are known for some, the distances next following 
may be deduced very conveniently and with sufficient accuracy by means of 
familiar methods. If the distance is known, the first method will be generally 
preferable to the third, because it does not require the aberration of the fixed 
stars ; but if the double calculation is to be resorted to, the third is recommended 
by this, that the place of the earth, at least, is retained in the second calculation. 

What is wanted for the invei'se problem, that is, when the true is to be derived 
from the apparent place, readily suggests itself. According to method L, you will 
retain the place itself unchanged, but will convert the time i, to which the given 
place corresponds as the apparent place, into the reduced time 7", to which the 
same wUl correspond a» the true place. According to method IL, you will retain 
the time i, but you wUl add to the given place the motion in the time i — 7", as 
you would wish to reduce it to the time i -f- (' — ^)- According to the method 
in., you will regard the given place, free from the aberration of the fixed stars, 
as the true place for the time T, but the true place of the earth, answering to 
the time /, is to be retained as if it also belonged to 7'. The utility of the third 
method wUl more clearly appear in the second book. 

Finally, that nothing may be wanting, we observe that the place of the sun is 
affected in the same maimer by aberration, as the place of a planet : but since 
both the distance from the earth and the diurnal motion are nearly constant, the 
aberration itself has an almost constant value equal to the mean motion of 
the sun in 493', and so = 20".25; which quantity is to be subtracted from the 
true to obtain the mean longitude. The exact value of the aberration ia in the 
compound ratio of the distance and the diurnal motion, or what amounts to the 
same thing, in the inverse ratio of the distance ; whence, the mean viUue must be 
diminished in apogee by 0".34, and increased by the same amount in perigee. 
Our solar tables already include the constant aberration — 20".25; on which 
account, it will be necessary to add 20".25 to the tabular longitude to obtain the 
tfue. 
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72. 

Certain problems, which are in frequent use in the determination of the orbita 
of planets and comets, will bring this section to a close. And first, we will revert 
to the parallax, from which, in article 70, we showed how to free the observed 
place. Such a reduction to the centre of the earth, since it supposes the distance 
of the planet from the earth to be at least approximately known, cannot be made 
when the orbit of the planet is wholly unknown. But, even in this case, it is pos- 
sible to reach the object on account of which the reduction to the centre of the 
earth is made, since several formulas acquire greater simplicity and neatness 
from this centre lying, or being supposed to lie, in the plane of the ecliptic, 
than they would have if the observation should be referred to a point out of the 
plane of the ecliptic. In this regard, it is of no importance whether the obser- 
vation be reduced to the centre of the earth, or to any other point in the plane 
of the ecliptic. Now it is apparent, that if the point of mtersection of the 
plane of the ecliptic with a straight line drawn from the planet through the true 
place of observation be chosen, the observation requires no reduction whatever, 
since the planet may be seen in the same way from all points of this line:* where- 
fore, it will be admissible to substitute this point as a fictitious place of observa- 
tion instead of the true place. We determine the situation of this point in the 
following manner : — 

Let X be the longitude of the heavenly body, fi the latitude, // the distance, 
all referred to the true place of observation on the surface of the earth, to 
the zenith of which corresponds the longitude I, and the latitude A; let, more- 
over, n be the semidlameter of the earth, L the heliocentric longitude of the cen- 
tre of the earth, B its latitude, A' it** distance from the sun ; lastly, let L' be the 
heliocentric longitude of the fictitious place, Jf its distance from the sun, J -\-^ 



* If the nicest accuracy abould be wMtted, it would be necesetuy to aJd lo or subtract from ibc giv«D 
time, the inlerviil of linii; in whit h light pnsaca from the Irne place of obseiratioD to the Gcdlious or froin 
the latlfr to the furmcr. if we are treating of places affected b^' aberration : but thia ditFerence can 
Karcely be of aay imporliuice unlcM the buitude sbould be very gmalL 
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its distance from the heavenly body. Then, N denoting an arbitrary angle, the. 
following equations are obtained without any difficulty : — 

^ cos (Z'— iVT) + <y cos /? cos (X — iV^) = JK cos 5 cos (Z— iV^) -f jr cos J cos (/— iV^) 
iJ' sin (Z'— iV^) + d cos /S sm (X — iV^) = i? cos 5 sin (Z— iV') + jr cos * sin (/— iV^) 

Putting, therefore, 

L {R Bm B •■\' n Anh) cotan P =lif 
we shall have 

n. -R' cos (Z' — If) = if cos j5 cos (Z — JV) + n cos 5 cos {I — IT) — /i cos (X — JV) 
m. i2'sin(Z'— -^)==ifcosj5sin(Z— JV^) + 7rcosism(/— iVT)— ^sin(X— iV^) 

IV. <y=-^. 

From equations IL and IIL, can be determined Rf and Z', from IV., the inter- 
val of time to be added to the time of observation, which in seconds will be 
= 493 d. 

These equations are exact and general, and will be applicable therefore when, 
the plane of the equator being substituted for the plane of the ecliptic, Z, Z', ^ X, 
denote right ascensions, and By i, |S declinations. But in the case which we are 
specially treating, that is, when the fictitious place must be situated in the eclip- 
tic, the smallness of the quantities B, tt, Z' — Z, still allows some abbreviation of 
the preceding formulas. The mean solar parallax may be taken for n ; jB, for 
an B ; 1, for cos j?, and also for cos (Z' — Z); Z' — Z, for sin (Z' — Z). In this 
way, making iV== Z, the preceding formulas assume the following form : — 

I. fi= [RB -[- ^ sin h) cotan /3 

n. J?' = if -|- ;r cos i cos (/ — Z) — ^cos(X — Z) 

■pry w Y^ ^ C08 h sin (/ — L) — jtc sin (X — L) 

Here By Uy ll — Z are, properly, to be expressed in parts of the radius ; but it is 
evident, that if those angles are expressed in seconds, the equations L, IH. can be 
retained without alteration, but for 11. must be substituted 

nf p 1^ ^ COS ft COS (/ — L) — fica&Q, — Z) 

— • '■ 206265'' • 
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Lastly, in the formula HL, E may always be used in place of the denominator If 
without sensible error. The reduction of the time, the angles being expressed 
in seconds, becomes 

206265*. COS /»• 



73. 

Ezampk. — Lei X = 354° 44' 54", /J = — 4° 59' 32", ;=24°29', i = 46°53', 
X'= 12° 28' 54", 5 = + 0".49, B = 0.9988839, n = 8".60. The calculation is as 
follows : — • 



logi? 9.99951 

logB 9.69020 

log BR 9.68971 

Hencelog(5i?4-;tsini) . 0.83040 
logcotan/? .... 1.05873 n 

log^ 1.88913 n 

logff ' 0.93450 

log cos i 9.83473 

logl" 4.68557 

log cos (/—X) . . . 9.99040 

5.44520 
number + 0.0000279 

Hence is obtained iT = iJ + 0.0003856 

log Tt cos J 0.76923 

log Bin (/—X) . . . 9.31794 
C.logi?' . . . '. . 0.00032 



log 71 0.93450 

log sin 5 9.86330 

log Ji sin* .... 0.79780 



logjtt 1.88913n 

logl" 4.68557 

logcos(X — Z) . . . 9.97886 

6.55356 n 
number — 0.0003577 

0.9992695. Moreover, we have 

log ft 1.88913n 

logsin(X— X) . . 9.48371 n 
C.logi?' 0.00032 



0.08749 



1.37316 



number + I'M 



number + 23".61 
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Whence is obtained L'z=zL — 22".39. Finally we have 

log/t 1.88913« 

Clog 206265 .... 4.68557 

log 493 2.69285 

Clog cos /J 0.00165 

9.26920 n, 
whence the reduction of time = — 0*.186, and thus is of no importance. 

74. 

The other problem, to deduce the heUacentric place of a heaven^ body in Us orbit 
from the geocentric place and the situation of the plane of the orUt, is thus far sunilar to 
the preceding, that it also depends upon the intersection of a right line drawn 
between the earth and the heavenly body with the plane given in position. The 
solution is most conveniently obtained from the formulas of article 65, where the 
meaning of the symbols was as follows : — 

L the longitude of the earth, R the distance from the sun, the latitude B we 
put =0, — since the case in which it is not = 0, can easily be reduced to this by 
article 72, — whence J?' = if, / the geocentric longitude of the heavenly body, b 
the latitude, /I the distance from the earth, r the distance from the sun, u the 
argument of the latitude, Q the longitude of the ascending node, i the inclination 
of the orbit Thus we have the equations 

L rcosw — if cos (X — a) = z^cos Jcos(/ — Q) 
n. r cost sin M — if sin (i — 8) =z^cos J 8in(/ — Q) 
ni. rsinesinw = z^sini. 

Multiplying equation I. by sin (X — 8 ) sin 5, 11. by — cos (i — ) sin J, IH by 
— sin (Z — Z) cos by and adding together the products, we have 

cos t^ sin {L — Q ) sin i — sin w cos z cos {L — Q> ) sin J — sin u sin i sin {L — t) cos J=0, 

whence 

IV. tanw= 8m(Z-a)siii5 ^ 

cost cos (Z — 8 ) sin ft -|- sin t sin {L — /)cos& 

12 
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Multiplying likewise I. by sin (/ — Q ), H. by — cos (/ — Q ), and adding together 
the products, we have 

y ^_. i?8in( Z — /) 

sin u cos t cos (/ — Q) — co3U8in(/ — Q)' 

The ambiguity in the determination of u by means of equation IV., is removed 
by equation HI., which shows that w is to be taken between and 180°, or be- 
tween 180° and 360° according as the latitude b may be positive or negative ; 
but if i = 0, equation V. teaches us that we must put u = 180°, or w = 0, accord- 
ing as sin (Z — /) and sin (/ — Q) have the same or different signs. 

The numerical computation of the formulas IV. and V. may be abbreviated in 
various ways by the introduction of auxiliary angles. For example, putting 

we have 

BinJjan(Z — Q)^ 

putting 



we have 



tan t sin (L — /) . ^ 

.y' ^/ =tanJg^ 

. cos -5 sin ft tan (Z-^Q) 

tan t^ — '• — / u I — n * — • 

8in(-o-|-6) cos* 



In the same manner the equation V. obtains a neater form by the introduction 
of the angle, the tangent of which is equal to 

.. tan(/ — Q) 

COS e tan t/, or — ^^ — r^^. 

' cost 

Just as we have obtained formula V. by the combination of L,IL, so by a combinsr 
tion of the equations IL, HL, we arrive at the following : — 

^^ BBm(L-Q) . 

sin u (cos t — sin t sin (/ — Q) cotan 6) ' 

and in the same manner, by the combination of equations L, IIL, at this ; 

i?cos(Z— a) 



r = 



cos u — sin u sin t cos (/ — Q) cotan 6' 
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both of which, in the same manner as V., may be rendered more simple by the 
introduction of auxiliary angles. The solutions resulting from the preceding 
equations are met with in Von Zach MonatUche Correspondem^ VoL V. p. 540, col- 
lected and iQustrated by an example, wherefore we dispense with their further 
development in this place. If, besides u and r, the distance J is also wanted, it 
can be determined by means of equation IIL 

75. 

Another solution of the preceding problem rests upon the truth asserted in arti- 
cle 64, HL, — that the heliocentric place of the earth, the geocentric place of the 
heavenly body and its heliocentric place are situated in one and the same great 
circle of the sphere. In fig. 3 let these places be respectively T, G, H; further, 
let S be the place of the ascending node ; QT, QH, parts of the ecliptic and 
orbit ; GP the perpendicular let fall upon the ecliptic from Gj which, therefore, 
will be = J. Hence, and from the arc PT=Z — /will be determined the angle T 
and the arc TG. Then in the spherical triangle Q HT are given the angle S2 = e, 
the angle Ty and the side QI'=X — Q, whence will be got the two remaining 
sides QH= u and TK Finally we have ffG=TG— TH, and 

R sin TG . E sin TH 

^~ smffG ^ ^ ~ sinffG * 

76. 

In article 52 we have shown how to express the differentials of the heliocen- 
tric longitude and latitude, and of the curtate distance for changes in the argu- 
ment of the latitude w, the inclination /, and the radius vector r, and subsequently 
(article 64, IV.) we have deduced from these the variations of the geocentric 
longitude and latitude, I and b : therefore, by a combination of these formulas, d I 
and db will be had expressed by means of dw, de^ dQ, dr. But it will be worth 
while to show, how, in this calculation, the reduction of the heliocentric place 
to the ecliptic, may be omitted in the same way as in article 65 we have 
deduced the geocentric place immediately from the heliocentric place in orbit. 
That the formulas may become more simple, we will neglect the latitude of 
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the earth, which of course can have no sensible effect in differential formulaa 
The following formulas accordingly are at hand, in which, for the sake of brevity, 
we write (o instead of / — Q, and also, as above, J' in the place of J cos b. 

A' cos 01 = r cos u — R cos (Z — Q ) z= J 
z/' sin 0) = r cos / sin w — if sin (i — Q ) = i^ 
A' tan i = rsintsinw = C; 
from the differentiation of which result 

cos 01. d J' — z/'sinai.da) = d5 
miia A J' •\- A' 0.0^ ia Aia '=^ ^iri 



tanJ.dJ'+ -,di = dC. 

' C086 



Hence by elimination, 



01= ^^- ^ 

T , — cos 01. sin ^.d I — sin ai sin (.dj^-f- cos ^.d2[' 

A 

If in these formulas, instead of 5? ^> C> their values are substituted, di» 
and dJ will appear represented by dr, dw, d«l, dQ; after this, on account of 
d/=da)-f'd^? ^^ partial differentials of I and h will be as follows : — 

L A' \T-\ = — sin 0) cos u -[- cos (asmu cost 
n. — ( T-) = sin 01 sin w -|- cos (o cos u cos % 

TTT ^7^^\ • • • 

IIL —(—.)= — cosoismwsmt 

V. Ay—J = — coso) cos t^ sin ^ — sinoisinucostsind-j-sinusinicosd 

VL — (t-) = cos (osmusmb — sin oi cos u cos ismb-\- cos t< sin t cos b 

Vn. — ( -p) = sin 01 sin w sin / sin i -|- sin w cos i cos b 

yUL ^f tq) = sin J sin (Z — Q — o>) = sin i sin (i — /). 
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The formulas IV. and VilL already appear in the most convenient form for cal- 
culation; but the formulas L, TTT.^ Y.^SLre reduced to* a more elegant form by 
obvious substitutions^ as 



m* (t')= — cos 0) tan J 



V* yj^ = — — cos(ii — ^ sin J^ — — , cos (i — ^ sin J cos J. 

Finally, the remaining formulas H, VI, VH., are changed into a more simple form 
by the introduction of certain auxiliary angles : which may be most conveniently 
done in the following maimer. The auxiliary angles My N, may be determined 
by means of the formulas 

tan-3f= — ?, tan i\r= sin 0) tan I = tan Jlf cos (0 sin I . 

cost ' 

Then at the same time we have 

cos* N 1 -f- tan* M cos* t -j- tan* a 

now, since the doubt remaining in the determination of My N^hy their tangents, 
may be settled at pleasure, it is evident that this can be done so that we may 
have 

cos Jf I 

— ^ = + cosa), 

cosiv ' ' 

and thence 

sinilT 



. ;>-. = + sin t . 

siniif ■ 

These steps being taken, the formulas H, VL, VH, are transformed into the fol- 
lowing : — 

TT * (—\ »" sin w cos (if — u) 

Vdtt/ jfBinM 

VL* y^ = ^■(^^'^ CO sint cos(J!f — w)cos(iV — h)-{-mi{M — u) sin (iV — J)) 

VTT * (^ ^^ r sin u COS % cos (N — h) 

\d f / ^ cos jST 
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These transformationB, so far as the formulas IL and Vu. are concerned, will detain 
no one, but in respect to formula VX,some explanation will not be snperfluous. 
From the substitution, in the first place, of M — (M — u) for u, in formula Vl., 
there results 

' '^C03{^ — u) [cos a an Mmih — sintucost'coaJfsinA + sinicosJfcosi) 
-u)(coB0)C08Jlf8inJ4'*'"^"' cos^8inJl/'BinS — animiMcosb). 
Now we have 

COS at sin jtf"= COB* I cos (u sin M-\- sin' t coa to sin M 
= ffln 0* cos » cos Jf -^- sin' I cos ft) sin Jtf; 
whence the former part of that expression is tranafonned into 

sin I cos {J/ — «) (md j cosw sin Msaub ~\- cos^cosi) 
^ sin 1 cos {M — u) (cos u* sin JVsin J -f- cos w cos jVcos b) 
^co8tU8inico8(jW" — w) cos (iV — b). 
Likewise, 

coa jV^ cos* 01 cos jV -|- sin' ctf cosiV"^ cos w cos M-\- sin w cos i sin M; 
whence the latter part of the expression is transformed into 

— ein(M — w) (cosiVani — sin iV^cosi) := sin (M — w) sin {N — b). 
The expression VL* follows directly from this. 

The auxiliary angle M can also be used in the transformation of formula L, 
which, by the introduction of M, assumes the Ibrm 

*■ \Ar}—~ J' sin iff 

from the comparison of which with formula L* is derived 

— li sin (L — /} sin M^ r sio w sin (M — ■ w) ; 
hence also a somewhat more simple form may be given to formula 11.*, that is, 

a** (J^}= — ^8in(X— Ocotan(^— u). 

That formula VL* may be still further abridged, it is necessary to introduce 
a new auxiliary angle, which can be done in two ways, that is, either by putting 
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cosoisint' ^ ooBcsBint' 

fix)m which results 

VL** /d^\ _ rain (M—u) cos (N—h—P) _ rain (^T—b) cos (M—u—Q ) 
\du/ jdsiaP ^sinQ 

The auxiliary angles M^N^P^ Qy are, moreover, not merely fictitious, and it would 
be easy to designate what may correspond to each one of them in the celestial 
sphere ; several of the preceding equations might even be exhibited in a more 
elegant form by means of arcs and angles on the sphere, on which we are less 
inclined to dwell in this place, because they are not sufficient to render superflu- 
ous, in nimierical calculation, the formulas above given. 

» 

77. 

What lias been developed in the preceding article, together with what we 
have given in articles 15, 16, 20, 27, 28, for the several kinds of conic sections, 
will fiimish all which is required for the computation of the diflFerential variar 
tions in the geocentric place caused by variations in the individual elements. 
For the better illustration of these precepts, we will resume the example treated 
above in articles 13, 14, 51, 63, 65. And first we will express dl and di in terms 
of dr, dt(, de^ dS, according to the method of the preceding article; which cal- 
culation is as follows : — 

logtanw . 8.40113 logsinw . 8.40099» log tan (Jlf — w) 9.41932» 
logcost . 9.98853 logtant . 9.36723 logcoswsint . 9.35562w 

logtanJlf. 8,41260 logtaniV^ , 7.76822» log tan P . . 0.06370 
M = r28'52'' iVr=179°39'50'' P= 49nri3'' 

Jlf— w=165 17 8 N—b^lS6 146 iV^— J— P= 136 50 32 
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L* 

log sm(X-0 9.72125 
logR . . 9.99810 

C.log^' . 9.92027 

. 9.63962 
. 9.67401 



n.** 

(*)... 9.63962 
log cot( Jlf— «) 0.58068 n 

. 0.22030 



(*) • 
C. log r 




log(rD . 9.31363 



IV. 



log-i? 



9.91837 



log coa(L—t) 9.92956 
(**) . . 9.84793 



v.* 

(**) . . . 
log sin h cos b 
C. log r . . 



9.84793 

9.04212« 

9.67401 



=log(a^-l) log© ■ • 



8.56406 



vn.* 

log rsmucos»9.75999n 
log cos(iV— J) 9.99759 n 

C.log^. . 9.91759 
Clog cos iV 0.00001 n 



vm 

(*)... 9.63962 
log sin d cos d 9.04212 ra 

logM) . 8.68174n 



">«© 



9.67518n 



TIL* 



log cos 0) 

log tan b 



9.99986 n 
9.04749 n 



■osOO 



. . 9.04735» 



VI** 



log-^ 



. . . 0.24357 

log sin (J!f— a) 9.40484 

log coB{N—b-P) 9.86301 w 
C. log sin P . 0.12099 



%© 



9.6324111 



These values collected give 

d/= + 0.20589 dr + 1.66073 dti — 0.11152 dt + 1.70458 dQ 
d J = + 0.03665 dr — 0.42895 du — 0.47335 di— 0.04805 dQ. 

It will hardly be necessary to repeat here what we have often observed, namely, 
that either the variations d^di, dw, de^dQ, are to be expressed in parts of the 
radius, or the coefficients of dr are to be multiplied by 206265", if the former are 
supposed to be expressed in seconda 

Denoting now the longitude of the perihelion (which in our example is 
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52°18'9'^.30) by JT, and the true anomaly by Vy the longitude in orbit will be 
u-\-Q=V'\- ITy and therefore du = dv-{'dIT — dQ, which value being sub- 
stituted in the preceding formulas^ d / and d b will be expressed in terms of d r, 
dvy dITydQ, di Nothing, therefore, now remains^ except to express dr and dt;, ac- 
cording to the method of articles 15, 16, by means of the differential variations 
of the elliptic elements.* 

We had in our example, article 14, 

log^ = 9.90355 = log (Ir) 

log^ 0.19290 ^^g'* 0A22U 

logtany . . . . 9.40320 



log cos 9 .... 9.98652 



log sine; .... 9.84931 n 



log(^) • • . . 0.17942 7777 

*^^^^^ , log(f^). . . . 9.67496n 

2 — e cos ^ = 1.80085 ^ ^'^^ 

ee= 0.06018 ^^S^ 0.42244 

L74067 log cos 9 .... 9.98662 

log 0.24072 log cos i> .... 9.84966 

log^-^ 0.19290 log(^ .... 0.25862» 

log sin J? . . . . 9.76634 « 
log^) . . . . 0.19996 » 

Hence is collected 

dv = -\- 1.51154 AM— 1.58475 dy 

dr = — 0.47310 dJIf— 1.81393 d9+ 0.80085 do; 

which values being substituted in the preceding formulas, give 

d/= + 2.41287 dM— 3.00531 dtp + 0.16488 da + 1.66073 d77 

— 0.11152 d« + 0.04385 dQ 

d J = — 0.66572 iM-\- 0.61331 dy + 0.02925 da — 0.42895 dH 

— 0.47335 di + 0.38090 da. 



• It will be perceived, at once, that the symbol My in the following calculation, no longer expresses 
our auxiliary angle, but (as in section 1) the mean anomaly. 

13 
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If the time, to which the computed place corresponds, is supposed to be 
distant n days from the epoch, and the mean longitude for the epoch is 
denoted by N, the daily motion by t, we shall have M^^-\- nr — IT, and thus 
dM=diN-\-nir — dU. In our example, the time answering to the computed 
place is October 17.41507 days, of the year 1804, at the meridian of Paris: if, 
accordingly, the beginning of the year 1805 is taken for the epoch, then 
n = — 74.58493; the mean longitude for that epoch was 41''52'21".61, and the 
diurnal motion, 824".7988. Substituting now in the place of d J/ its value in 
the formulas just found, the difl'erential changes of the geocentric place, expressed 
by means of the changes of the elements alone, are as follows: — 

d/= 2.41287 AN— 179.96 dr — 0.75214 d/7— 3.00531 dy -f- 0.16488 da 
— 0.11152 di-f- 0.04385 da, 

di z^ — 0.G6572 dA'4- 49.65 dT + 0.23677 d/7+ 0.61331 dy + 0.02935 da 
— 0.47336 di+ 0.38090 de. 

If the mass of the heavenly body is either neglected, or is regarded aa 
known, t and a will be dependent upon each other, and so either dT or da may 
be eliminated from our formulas. Thus, since by article 6 we have 



Ta' = iv'(14-/i), 



we have also 



in which formula, if dr is to be expressed in parts of the radius, it will be neces- 
sary to express r in the same manner. Thua in our example we have 

log I 2.91635 

logl' 4.685.57 

log J 0.17609 

C.logo . . . . 9.67756 

logll 7.35557n, 

or, di = — 0.0022676 d», and da = — 440.99 d r, which value being subBtituled 
in our formulas, the final form at length becomes : — 
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d/= 2.41287 dN— 252.67 dr — 0.75214 d77.— 3.00531 dy 

— 0.11152 d/+ 0.04385 da, 
dJ = — 0.66572 diV^+ 36.71 dT + 0.23677 d 7/+ 0.61331 dy 

— 0.47335 de + 0.38090 dQ. 

In the development of these formulas we have supposed all the differentials d^ 
dby dNy dTy dITy d(py diy dQ to be expressed in parts of the radius, but, mani- 
festly, by reason of the homogeneity of all the parts, the same formulas will 
answer, if all those differentials are expressed in seconds. 



THIRD SECTION. 



RELATIONS BETWEEN SEVERAL PLACES IN ORBIT. 



78. 

The discussion of the relations of two or more places of a heavenly body in 
its orbit as well as in space, furnishes an abundance of elegant propositions, such 
as might easily fill an entire voliune. But oiu* plan does not extend so far as to 
exhaust this fruitful subject, but chiefly so far as to supply abundant facilities for 
the solution of the great problem of the determination of imknown orbits from 
observations : wherefore, neglecting whatever might be too remote from our pur- 
pose, we will the more carefully develop every thing that can in any manner 
conduce to it We will preface these inquiries with some trigonometrical propo- 
sitions, to which, since they are more commonly used, it is necessary more fre- 
quently to recur, 

L Denoting by Ay By Cy any angles whatever, we have 

smilsin(C'— 5) + sin5sin(il — C^) + sinC^sm(5 — il) = 
cosilsin ( (7— 5) -f cos5 sin (^ — C) -f- cos (78in(5 — il) = 0. 

n. If two quantities p, P, are to be determined by equations such as 

pmi^A — P)=a 
psm{B — P) = hy 

it may generally be done by means of the formulas 

p sin {B — A) sin {H— P)=b sin {ff— A) — a sin (ff— B) 

p sin {B — A) cos{H— P) = b cos{E'— A) — acosiff— B)y 

in which i7 is an arbitrary angle. Hence are derived (article 14, IL) the angle 
H — P, and p sin (P — ^1) ; and hence P and p. The condition added is gen- 

(100) 
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erally that p must be a positive quantity, whence the ambiguity in the deter- 
mination of the angle JJ — Pby means of its tangent is decided; but without 
that condition, the ambiguity may be decided at pleasure. In order that the 
calculation may be as convenient as possible, it will be expedient to put the arbi- 
trary angle H either = A or =iB or = i (il -|- B). In the first case the equa- 
tions for determining P and^ wiU be 

pain (A — P)=ay 
In the second case the equations will be altogether analogous ; but in the third 



case, 



^8in(M+i5-P)== *:te 



2 COS ^(B— A) 

m 

pcoB{iA-\-iB-P) = ^J-J'_^y 

And thus if the auxiliary angle C is introduced, the tangent of which = t , P will 
be found by the formula 

tan ( i ilH- i ^ — P) = tan (45° + f ) tan i (P — il) , 

and afterwards p by some one of the preceding formulas, in which 

in. If p and P are to be determined from the equations 

p cos {A — P) = «> 
pco8{B — P)=h, 

every thing said in II. could be immediately applied provided, only, 90° -|- ^ 
90° + B were written there throughout instead of A and B : that their use may 
be more convenient, we can, without trouble, add the developed formulas. The 
general formulas will be 

p sin (B — A) sm {H—P) = — h cos(JJ— ^) + acos(JJ— P) 
p pin (P — A) cos {H— P)— J sin {H— ^) — a sin {H— B) . 
Thus for n=z il, they change into 
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p COS {A — P) = a. 
For H= B, they acquire a similar form ; but for H=^ i{A-\-B) they become 
pAn(iA+iB-P) = ^=J-j^ 

f^on{iA + iB-P) = ^^^y 

80 that the auxiliary angle C being introduced, of which the tangent = -,, it 
becomes 

tan{i4+J5 — P)=tan(C — 45°) cotan 1{B — A). 
Finally, if we deeb-e to determine p immediately from a and b without previ- 
ous computation of the angle P, we have the formula 

p^m{B — A) = y^(aa-\-bh — '2.ah cos {B — A)), 
as well in the present problem as in II. 

79. 

For the complete determination of the conic section in its plane, three things 
are required^ the place of the perihelion, the eccentricity, and the semi-pai'ameter. 
If these are to be deduced from given quantities depending upon them, there 
must be data enough to be able to form three equations independent of each 
other. Any radius vector whatever given in magnitude and position furnishes 
one equation: wherefore, three radii vectores given in magnitude and position are 
requisite for the determination of an orbit; but if two only are had, either one 
of the elements themselves must be given, or at all events some other quantity, 
with which to form the third equation. Thence arises a variety of problems 
which we will now investigate in succession. 

Let r, /, be two radii vectores which make, with a right line drawn at plensure 
from the sun in the plane of the orbit, the angles N, iV, in the direction of the 
motion ; further, let II be the angle which the radius vector at perihelion mak**s 
with the same straight line, so that the true anomalies iV — 11, N' — II may 
answer to the radii vectores r, r ; lastly, let e be the eccentricity, and p the semi- 
parameter. Then we have the equations 
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L=i^ecos{.y—n) 

from which, if one of the quantities p^ e, 11^ is also ^ven, it will be possible to 
detennine the two remaining ones. 

Let us first suppose the semi-parameter /? to be given, and it is evident that 
the determination of the quantities e and IT from the equations 

^cos(iV^— 77) = ^— 1 

^cos(iV^'— 77) = ^— 1, 

can be performed by the rule of lemma HL in the preceding article. We have 
accordingly 

tan (iVr- 77) = cotan {JT-N)-- ^,^-Ll£^^_. 

tan ( i iV+ i i^' - 17) = (^^H^l^H^ii^i^p^. 

r -|-r — 

^ P 

80. 

If the angle 77 is given, p and e will be determined by means of the equations 

rr^ (cos (y— JT) — cos (IT— JT)) 

^~ rco6{y—n)-'r^ix>s(N'—n) 

f' — r 



r cos (J^— il) — / cos (i\r' — 17) ' 

It is possible to reduce the common denominator in these formulas to the form 
a cos {A — 77), so that a and A may be independent of 77. Thus letting H de- 
note an arbitrary angle, we have 

rcos(iV^— 77)— /cos(iV^'— 77)===(rcos(iV^— jET)— /cos(ir— jET)) 

— (rwi\N—H)—f^fixi \n'—H)) sin (iT— 77) 

and so 

= a cos {A — 77), 

if a and A are determined by the equations 

rcos(iVr— £r) — /cos(i^'— -ff) = acos(^— ^ 
rsinJiVT— ^) — /sin(V— ir) = a8in(il— ^. 
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In this way we have 

" a cos (^ — 27) 

_ / — r 

a cos (^ — 77) * 

These fonnulas are especially convenient when p and e are to be computed for 
several values of 17 ; r, /, iV, IST continuing the same. Since for the calculation 
of the auxiliary quantities a, j4, the angle H may be taken at pleasure, it will be 
of advantage to put H=- \ {N-\- N'\ by which means the formulas are changed 
into these, — 

(/ — r) cos * (iT — iV^) = — a cos {A — \ N— i N') 

And so the angle A being determined by the equation 

tan (^ — i iVT— i i^') = ^ tan i (iV^'— iVT), 
we have immediately 

^~ cos i (N' — ^ cos (A^ny 

The computation of the logarithm of the quantity ,_ may be abridged by a 
method already frequently explained. 

81. 

If the eccentricity e is given, the angle IT will be found by means of the 
equation 

COS(^ II)— ecosH^-^ ' 

afterwards the auxiliary angle A is determined by the equation 

tan (i4 — i N— i N') = ^^ tan i {N' — N): 

The ambiguity remaining in the determination of the angle A — IT by its cosine 
is founded in the nature of the case, so that the problem can be satisfied by two 
different solutions ; which of these is to be adopted, and which rejected, must be 
decided in some other way ; and for this purpose the approximate value at least 
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of IT must be already known. After TT is found, p will be computed by the 
formulas 

;) = r (1 + « cos (TV— /7 )) = / (1 + e COB ( TV' — 77)), 
or by this, 

f— ■ ^-.r 



82. 

Finally, let us suppose that there are given three radii veetores r, r', r", which 
make, with the right line drawn from the sun in the plane of the orbit at pleasure, 
the angles N, JV, N". We shall have, accordingly, the reraaining eymbols being 
retained, the equations 

£ = l + ecos(iV— J7) 



(L) 



zl + eco9(iV"— 77} 



^:= 1 -j-eC09(i\^"- 



■n) 



from which p, IT, e, can be derived in several different ways. If we wish to 
compute the quantity^ before the rest, the three equations (I.) may be multipHed 
respectively by sin (iV" — N'), — sin (^" — N), sin (TV' — iV), and the products 
being added, we have by lemma L, article 78, 

_ ain (jy — N') — Bin {N' — N)-\- ain {N' — N) 

" i an ( JV"— JV) — -i Bin (iV — JV) + :^- sin {iV' — iV) * 

This expression deserves to be considered more closely. The numerator evidently 
becomes 

2 8in i (iV — iV) cos i (iV" — iV) — 2 sin i C-^" — JV) cos ( J iV" + J iV' — JV) 
= 4Bin i (JV — JV) sin i (JV — iV) sin i(JV— JV). 
Putting, moreover, 

/r"sin(JV' — iV')=B, r/'sinCJV — JV) = «', r r' sin (JV — JV) = n", 
it is evident that kn, in' i n", are areas of triangles between the second and third 
radius vector, between the first and third, and between the first and second. 

u 
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Hence it will readily be perceived, that in the new formula, 

_ iimii2r—2r)Bini(N' — N^Ain^iN'~ir).r/^ 

P— „_„' + „• 

the denominator is double the area of the triangle contained between the ex- 
tremities of the three radii vectores, that ia, between the three places of the 
heavenly body in apace. When these placea are Uttle distant from each other, 
this area will always be a very small quantity, and, indeed, of the third order, 
if JV — N, N" — N' are regarded as pmall quantities of the first order. Hence 
it is readily inferred, that if one or more of the quantities r, r, r", N, N', N", are 
affected by erroi-s never so slight, a very great error may thence arise in the de- 
termination oi p; on which account, this manner of obtaining the dimensions of 
the orbit can never admit of great accuracy, except the three heUocentric places 
are distant from each other by considerable intervals. 

As soon as the semi-parameter jp ia found, e and 11 will be determined by the 
combination of any two whatever of the equations L by the method of article 79. 

83. 

If we prefer to commence the solution of this problem by the computation 
of the angle 11, we make use of the following method. From the second of 
equations I, we subtract the third, from the fii'st the third, from the first the eeo- 
ond, in which manner we obtain the throe following new equations : — 



(D.) 



nJ(JV_A) 



= -tm{iN'-\-iN" — n) 



•AT" 



^=i.m{J.V+Jir- 



H). 



Any two of these equations, according to lemma IT., article 78, will ^ve IT and -, 
whence by either of the equations (I.) will he obtained likewise e and p. If we 
Delect the third solution given in urticle 78, 11., the combination of the first equ»- 
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tion with the third gives rise to the following mode of proceeding. The auxil- 
iary angle C may be determined by the equation 



tanC = - 



n^jN'-IT) 



ni(jr-if) 



and we shall have 

tan (1 N-\~ iN'-\- i N" — IT) = tan (45° + C) tan i (N"—N). 
Two other solutions wholly analogous to this will result from changing the second 
place with the lirst or thii-d. Since the formulas for - become more complicated 
by the use of this method, it will be better to deduce e and/>, by the method of 
article 80, from two of the equations (I.). The uncertainty in the detei-mination 
of IT by the tangent of the angle i JV-\- i JV' -\~ i N" — 77 must be so decided 
that e may become a positive quantity: for it is manifest that if values 180° dif- 
ferent were taken for 77, opposite values would result for e. The sign of p, how- 
ever, is free from this uncertainty, and the value of p cannot become negative, 
unless the three given points lie in the part of the hyperbola away from the sun. 
a case contrary to the laws of nature which we do not consider in this place. 

That which, after the more difficult substitutions, would arise from the apph- 
cation of the first method in article 78, 11., can be more conveniently obtained in 
the present case in the following manner. Let the first of equations 11. be multi- 
plied by cos J (iV — N'), the thii-d by cos i {N' — N), and let the product of 
the latter be subtracted from the former. Then, lemma L of article 78 being 
properly applied,* will follow the equation 

i(y — ^)cotani(i\^" — iV') — i(~^)cotani(JV'- 



-J\^) 



= - sin J {N" — N) cos (iiV^-|- jiV" — 77). 

By combining which with the second of equations IT. 77 and - will be found ; thus, 
IT by the formula 



•Pottiii6thatia,m the second fonniila,J=:i(J\^—jr),fi=i^+ii^—i7, C=J(.y— JT). 
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tan(JiV+ iiT'—il) 



[Book L 



(l _^)cotan } (i^"— iV) — (^— l) cotan i (N'—N)' 

Hence, also, two other wholly analogous fonnulas are obtained hy interchanging 
the second place with the first or third. 

84. 

Since it is possible to determine the whole orbit by two radii vectores given 
in magnitude and position together with one element of the orbit, the time also 
in which the heavenly body moves from one radius vector to another, may be 
determined, if we either neglect the mass of the body, or regard it as known : 
we shall adhere to the former case, to which the latter is easily reduced. Hence, 
inversely, it is apparent that two radii vectores given in magnitude and position, 
together with the time in which the heavenly body describes the intermediate 
space, determine the whole orbit. But this problem, to be considered among the 
most important in the theory of the motions of the heavenly bodies, is not so 
easily solved, since the expression of the time in terms of the elements is tran- 
scendental, and, moreover, very complicated. It is so much the more worthy of 
being carefully investigated; we hope, therefore, it will not be disagreeable to 
the reader, that, besides the solution to be given hereafter, which seems to leave 
nothing further to be desired, we have thought proper to preserve also the one 
of which we have made frequent use before the former suggested itself to me. 
It is always profitable to approach the more difficult problems in several ways, 
and not to despise the good although preferring the better. We beglu with ex- 
plaining this older method. 



85. 

We will retain the symbols r, r', JV^, jV, p, c, IT with the same meaning, with 
which they have been taken above; we will denote the difference iV' — 3' by J, 
and the time in which the heaveidy body moves from the former place to the 
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latter by t. Now it is evident that if the approximate value of any one of the 
quantities^,*;, 77, is known, the two remaining ones can be determined from them, 
and afterwards, hy the methods explained in the first section, the time corre- 
sponding to the motion from the first place to the second. If this proves to be 
equal to the given time t, the a.ssuraed vahie otp, e, or IT, is the true one, and the 
orbit is found; but if not^ the calculation repeated with another value differing u 
little from the first, will show how great a change in the value of the time corre- 
sponds to a small change in the values of ^, c> J7; whence the con-ect value will 
be discovered by simple interpolation. And if the calculation is repeated anew 
with this, the resulting time will either agree exactly with that given, or at least 
differ very little from it, so that, by applying new corrections, as perfect an agree- 
ment can be attained as our logarithmic and trigonometrical tables allow. 

The problem, therefore, is reduced to this, — for the case in which the orbit is 
still wholly unknown, to determine an approximate value of any one of the quan- 
tities p, e, Jl. We wUl now give a method by which the value of p is obtained 
with such accuracy that for small values of A it will require no further correc- 
tion ; and thus the whole orbit will be determined by the first computation with 
all the accuracy the common tables allow. This method, however, can hardly 
ever be used, except for moderate values of J, because the determination of 
an orbit wholly unknown, on account of the very intricate complexity of the 
problem, can only be undertaken with observations not very distant from each 
other, or rather with such as do not involve very considerable heliocentric 
motion. 



Denotmg the indefinite or variable radius ■vector corresponding to the true 
anomaly v — 77 by p, the area of the sector described by the heavenly body in 
the time t will be l/^» {* d v, this integral being extended from v ;= iV to c ;= N', 
and thus, (i being taken in the meaning of article 6), X'i v'/'^^AH"^"- Nt>w it 
is evideut fmm the founihis developed by Cotes, that if 9 a: expresses any 
function whatever of x, the continually approximating value of the integral 
f(fxAx taken from* = 11 to*^t( + z/ is pven by the formulas 
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i^(9.tt + 3y(M + iz/) + 39(M + J^) + 9(« + ^)),etc. 

It will be sufficient for our purpose to stop at the two first formulas. 
By the first formula we have in our problem, 



if we put 



/99dv = M(rr + //) = ^, 



- = tan(45° + ai). 



Wherefore, the first approximate value of ^ p^ which we will put = 3 a, will be 

dp = -— -^1— . = 3a. 

By the second formula we have more exactly 

/9 9 d V = J z/ (r r + // + 4 i2i2), 
denoting by R the radius vector corresponding to the middle anomaly 

Now expressing p by means of r, jB, /, Ny N-^- i /l^ N-{- A according to the for 
mula given in article 82, we find 

4 sin* \AfATi\A 

(y + ■^) sin M — ^sin z^ 
and hence 

By putting, therefore, 

28m'^^^(r/co3 2tti) ^ 

cos ttl ' 

we have 

P cos -J A^ (r / cos 2 oi) 

COS 01 (1 ) 

whence is obtained the second approximate value of >J p^ 



Sect. 3.] places m orbit. Ill 

# 

/ I 2 a cos* 1^008^2 01 , 



C08^a.(l-^)« (l-'-f 



if we put 

rt /cos ^ 2i COS 2 ai\2 
\ cos w / 

Writing, therefore, n for ^jt>, tt will be determined by the equation 

which properly developed would ascend to the fifth degree. We may put 
7t ^q -\- fly 80 that q is the approximate value of tt, and [i a very small quantity, 
the square and higher powers of which may be neglected : from which substitu- 
tion proceeds 

(?-«)(i-^)"+f*((i-^)«+^^(i-^))=«, 



or 



and so 



jr 






a^-K^y — d) (aqq'\'^9q — 5aS)q 



{qq — 9){q* + Sdq — ^ad) 

Now we have in our problem the approximate value of tt, namely, 3 a, which 
being substituted in the preceding formula for y, the corrected value becomes 

24SaU + Sa{9aa — d) (9aa-\'7S) 

^~ (9aa — d) {27 aa + 5 d) 

Putting, therefore, 

27aa~^^ (l — Sp)a~^^ 

the formula a^umes this form, 

and all the operations necessary to the solution of the problem are comprehended 
in these five formulas : — 

I. -^ = ton (45" + oi) 



112 RELATIONS BETWEEN SEVERAL [BoOK L 



die<cos2oi 



yrj 2 sin* J ^y^ (rr' cos 2 w) ^ 

27 a a cos CO "^ 

j^ 2co6'^^cos*2tti 

^^- (l_3|3)cos*a> ^ 

a(l+y + 21^ _ . 
^- 1 + 5/3 — Vi^- 

If we are willing to relinquish something of the precision of these formulas^ it 
will be possible to develop still more simple expressions. Thus, by making cos (a 
and cos 2 cu = 1, and developing the value of y//? in a series proceeding according 
to the powers of J, the fourth and higher powers being neglected, we have, 

in wluch ^ is to be expressed in parts of the radius. Wherefore, by making 

Art' , , 

we have 



VI ,=/(i-j^^ + ^0- 



In like manner, by developing y^jt? in a series proceeding according to the powers 
of sin J J putting 

—kr'=yp 

we have 



vn. ^p={i + ^2^^^ 



or 

Vm jt>=/'-t-i8mMv/r/. 

The formulas VIL and VLLL agree with those which the illustrious Euler has 
given in the Theoria motus planetarum d cometamm^ but formula VI., with that which 
has been introduced in the Recherches et calcub sur la vraU orhiie eSiptique de la 
comete de 1769, p. 80. 
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87. 

The following examples will illustrate the iise of the preceding precepts, while 
from them the degree of precision can be estimated. 

L Let log r = 0.3307640, log / = 0.3222239, J=r 34' 53".73 = 27293".73, 
t = 21.93391 days. Then is found w = — 33'47".90, whence the further compu- 
tation is as follows : — 



logJ . . . . 4.4360629 

logr/ . . . . 0.6529879 

C.log3>t . . . 5.9728722 

C.log<. . . . 8.6588840 

Clog cos 2 01 . 0.0000840 

loga . . . . 9.7208910 

log2 . . . . 0.3010300 

2 log cos M . 9.9980976 

2 log cos 2 w . 9.9998320 

Clog (1 — 3/3) 0.0008103 

2 C log cos 0) . 0.0000420 



i log r/ cos 2 0) 
2 log sin i // 

C log a a 

Clog cos CD . 



log /J 



1 + 7 + 21,9 = 



0.3264619 
7.0389972 
8.8696662 
0.5582180 
0.0000210 



6.7933543 



0.0006213757 



3.0074471 



logy . 

y = 

21/9 = 



0.2998119 
1.9943982 
0.0130489 



log 0.4781980 

log« 9.7208910 

C log (1 + 5 /5) . 9.9986528 

\ogyJp .... 0.1977418 

logjp 0.3954836 



This value of logjp differs from the true value by scarcely a single unit in the 
seventh place-: formula VI., in this example, gives logj? = 0.3954822; formula 
Vn. gives 0.3954780 ; finally, formula Vm., 0.3954754. 

n. Let log r= 0.4282792, log /= 0.4062033, J=62° 55'16".64, ^=259.88477 
daya Hence is derived w = — 1° 27' 20".14, log a = 9.7482348, /3 = 0.04635216, 
y = 1.681127, log yj p = 0.2198027, logp = 0.4396054, which is less than the true 
value by 183 units in the seventh place. For, the true value in this example is 
0.4396237 ; it is found to be, by formula VL, 0.4368730 j from formula VIL it 

15 



114 RELATIONS BETWEEN SEVERAL [BoOK L 

results 0.4159824 ; lastly, it is deduced from formula VUL, 0.4051103 : the two 
last values differ so much from the truth that they caimot even be used as ap- 
proximationa 

88. 

The exposition of the second method will afford an opportimity for treating 
fully a great many new and elegant relations ; which, as they assume different 
forms in the different kinds of conic sections, it will be proper to treat separately ; 
we wiU begin with the ELUPSK 

Let the eccentric anomalies J?, JE\ and the radii vectores r, /, correspond to 
two places of the true anomaly v, v\ (of which v is first in time) ; let also p 
be the semi-parameter, ^ = sin y the eccentricity, a the semi-axis major, t the 
time in which the motion from the first place to the second is completed ; finally 
let us put 

Then, the following equations are easily deduced from the combination of for- 
mulas v., VL, article 8 : — 

[1] i sin^ = sin/. yr/, 
[2] b8mG = miF.^r/j 
p cos^ = (cos i V COS it/. {l-\-e)-\' sin iv ami v\ (1 — e)) ^r/, or 

[3] p cos^ =: (cos/-[- ^ cos-P) y^r /, and in the same way, 
[4] p cos G = (cos F-j-e cos/) y/ r /. 

From the combination of the equations 3 and 4 arise, 

[5] cos/. ^r/= (cos^ — e cos G) a, 
[6] cos F,^r/= (cos G — e cos^) a. 

From formula DI., article 8, we obtain 

[7] / — r^2aemiffsiiiGy 
/-j-r = 2 a — 2a^co8^cos6r = 2asin'y-(- 2 cos/cos yy^r/j 

whence, 

ron ^ r + /— 2 cos/cos ^^r/ 
LhJ a= 2-g^.^ . 
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Let us put 

[9] v/t+v/-7 _ 

"- ■■ 2006/ — 1 + -^'» 

and then will 

ri01 J— ^ (^+8'P*iy) cos/^r/ . 

also 

in which the upper or lower sign must be taken, as sin y is positive or negative. 
Formula XTT., article 8, furnishes us the equation 

^=^'— ^sin^'— ^-}-^sm^=2^ — 2^sin^cos<7 

= 2y — sin2^-|-2cos/siny^^. 

If now we substitute in this equation mstead of a its value from 10, and put> for 
the sake of brevity, 

[11] "1 — ^1 i = ^^ 

we have, after the proper reductions, 

[12] +^ = (/ + sm«Jy)*+(/+Bm«iy)*(^^^^^), 

in which the upper or lower sign is to be prefixed to m, as sin y is positive or 
negative. 

When the heliocentric motion is between 180'' and 360% or, more generally, 
when cos/ is negative, the quantity m determined by formula 11 becomes im- 
aginary, and / negative ; in order to avoid which we will adopt in this case, instead 
of the equations 9, 11, the following: — 



v/t+Vz_i 



[9*] JL_L JLJ_=1_2X, 

^ -* 2 COS/ ' 

[11*] -I ^ — i=^> 

2* (_ cos/)* (rry 
whence for 10, 12, we shall obtain these, 
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ri()*-| ^__ — ^{L—%in^\g)Qosf^J rf^ 
L J ^ sin*^ ' 

[12*] +JJf=-(£_8m«i^)*4.(Z-sin«Jy)*(^^^^), 
in which the doubtful sign is to be determined m the same manner as before. 

89. 

We have now two things to accomplish ; firsts to derive the imknown quan- 
tity g as conveniently as possible from the transcendental equation 12, since it 
does not admit of a direct solution ; second, to deduce the elements themselves 
from the angle g thus found. Before we proceed to these, we will obtain 
a certain transformation, by the help of which the computation of the auxiliary 
quantity / or Z is more expeditiously performed, and also several formulas after- 
wards to be developed are reduced to a more elegant form. 

By introducing the auxiliary angle a>, to be determined by means of tha 
formula 

y^V = taii-(45° + a,), 
we have 

i/y4.i/-J.===2 + (tan(45° + c«) — cotan(45° + cii)y = 2 + 4te^^ 
whence are obtained 

, sin* J/ I tan* 2 « j sin* J/ tan*2oi 

cosy* ' cos/ ' cos/ cos/ 

90. 

We will consider, in the first place, the case in which a value of g not very 
great, is obtained from the solution of the equation 12, so that 

2 g — sin 2 ^ 
sin*^ 

may be developed in a series arranged according to the powers of sin i g. The 
numerator of this expression, which we shall denote by JT, becomes 

•^ sin* \g — ^ sin* i y — f sin^ i y — etc ; 
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and the denominator, 

SmJ0?iff — 12sin^iy4"3sm'^i^+ etc 

Whence X obtains the form 

1+ 1 sin^ iy + 11 sin* i <7 + etc. 

But in order to obtain the law of progression of the coefficients, let us differen- 
tiate the equation 

XBijo?ff = 2ff — sin2y, 

whence results 

3 Xco^g rnr^ff -f- sin'^^= 2 — 2 cos 2y = 4 sin*^ j 

if 



putting, moreover, 



We have 



whence is deduced 



and next, 



sin* iff = ^9 



5^ = ism^, 



d^ 8 — eXcoay 4 — 3X(1 — 2x) 

da; Mn*y 2a; (1 — x) * 

(2« — 2ara:)|^=4— (3 — 6ar)X 



I^ therefore, we put 

X = |(l-|-a a? + /9 ;c ;c + y ip* 4- «> a?* + etc.) 

we obtain the equation 

|(a;c + (2/3 — a);r;cH-(3y — 2/5)a;«4-(4* — 3y)«*+etc.) 

= (8 — 4a)ar + (8o — 4/3)a:ar + (8/3 — 4y)«» + (8y — 4<J):c*+etc. 

which should be identical Hence we get 

«=f,/5 = f«,y=¥/»>«>=Hyetc., 

in which the law of progression is obvious. We have, therefore, 

^ . , 4.6 , 4.6.8 , 4.6.8.10 . , 4.6.8.10.12^ . .^ 

-^=^ + 875^+37577^'^+ 8:3T7Tr^+ 8.5.7.9.11 ^+ ^^ 

This series may be transformed into the following continuous fraction : — 
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1+A^ 



5.7 



T 5.8 
1-779^ 



1 X 

9.11 



7.10 
11.13^ 



"^~13:T5^ 



^"15717^ 



1 — etc. 
The law according to which the coefficients 

6 2 5.8 1.4 



, etc. 



5' 5.7' 7.9' 9.11 

proceed is obvious; in truth, the «'* tenn of this series is, when n is even, 

n — 3. n 



2n + 1.2n + 3' 

when n is odd, 

n + 2.n + 5 
2n+1.2^ + 8* 

the further development of this subject would be too foreign from our purpose. 
If now we put 

o— =z — l 



, . 5.8 
1-7:9^ 



1.4 
9Tll^ 



1 — etc. 
we have 



X- — ^- 
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and 

or 

t B"^V— I (2^ — sm2^) (1 — f Bin'^y) 

^~ A(2i^-8in2^) 

The numerator of this expression is a quantity of the seventh order, the denomi- 
nator of the third order, and 5, therefore, of the fourth order^ if y is regarded as 
a quantity of the first order, and 2? as of the second order. Hence it is inferred 
that this formula is not suited to the exact numerical computation of $ when g 
does not denote a very considerable angle: then the following formulas are 
conveniently used for this purpose, which diflfer from each other in the changed 
order of the numerators in the fractional coefficients, and the first of which is 
derived without difficulty from the assumed value of a? — |.* 

1— A« 



rW^ 



1-i^ftr^ 



1-Hf* 



etc., 



or, 



A*^ 



1 — i|a? — irtr* 



H* 



^^ 



70 ^ 



'^ 



^^ 



1 — etc. 
In the third table annexed to this work are found, for all values of x from 
to 0.3, and for every thousandth, corresponding values of \ computed to 
seven places of decimala This table shows at first sight the smallness of \ for 



* The derivation of the latter supposes some less obvioos transformations, to be explained on another 
occasion. 



120 RELATIONS BETWEEN SEVERAL [BoOK L 

moderate values of g ; thus, for example, for E' — ^ = lO"", or y = S"", when 
a: = 0.00195, is 1=0.0000002. It would be superfluous to continue the table fur- 
ther, since to the last term a?=0.3 corresponds g = 66*" 25', or E'—E= 132^ 50^. 
The third column of the table, which contains values of \ corresponding to nega- 
tive values of x^ will be explamed further on in its proper place. 

91. 

Equation 12, in which, in the case we are treating, the upper sign must evi- 
dently be adopted, obtains by the introduction of the quantity \ the form 

Putting, therefore. 



m 



V('+^) = P 



and 



[14] 1:?^.=*, 



the proper reductions being made, we have 

[16] H = fc^». 

If, accordingly, h may properly be regarded as a known quantity, y can be de- 
termined from it by means of a cubic equation, and then we shall have 

[16] x^'^ — l. 

Now, although h involves the quantity |, still unknown, it will be allowable to 
neglect it in the first approximation, and for h to take 

mm 



since \ is undoubtedly a very small quantity in the case we are discussing. 
Hence y and x will be deduced by means of equations 15, 16 ; \ will be got 
from X by table DI., and with its aid the corrected value of h will be obtained by 
formula 14, with which the same calculation repeated will give corrected values 
of y and x : for the most part these will diflfer so little from the preceding, that \ 
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taken again from table IIL,«will not differ from the first value ; other^vise it would 
be necessary to repeat the calculation anew until it underwent no further change. 
When the quantity x shall be found, ff will be got by the formula sin^ iff=zx. 

These precepts refer to the first case, in which cos/ is positive ; in the other 
case, where it is negative, we put 



^iL-x) = ^. 



and 



["•] L^==' 



whence equation 12* properly reduced passes into this, 

Y and H can be determined, accordingly, by this cubic equation, whence again x 
will be derived from the equation 

[16*] :r = i-^. 

In the first approximation 

MM 



L— 

will be taken for iT; S will be taken from table lU. with the value of x derived 
from H by means of the equations 15*, 16*; hence, by formula 14*, will be had 
the corrected value of Hy with which the calculation will be repeated in the same 
manner. Finally, the angle y will be determined from x in the same way as in 
the first case. 

92. 

Although the equations 15, 15*, can have three real roots in certain cases, it 

will, notwithstanding, never be doubtful which should be selected in our problem. 

Since h is evidently a positive quantity, it is readily inferred from the theory 

of equations, that equation 15 has one positive root with two imaginary or two 

negative. Now since 

m 



16 
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must necessarily be a positive quantity, it is evident that no uncertainty remains 
here. So far as relates to equation 15*, we observe, in the first place, that L is 
necessarily greater than 1 ; which is easily proved, if the equation given in article 
89 is put under the form 

Moreover, by substituting, in equation 12*, 7^ {L — z) in the place of M, we 
have 

and so 

and therefore F>- J. Putting, therefore, F= J -|- T\ V will necessarily be a 
positive quantity; hence also equation 15* passes into this, 

^^_l_ 2 r r +{1 — /T) r + jV — I ■&= o, 

which, it is easily proved from the theory of equations, cannot have several posi- 
tdve roots. Hence it is concluded that equation 15* would have only one root 
greater than i,-f which, the remaining ones being neglected, it will be necessary 
to adopt in our problem. 

93. 

In order to render the solution of equation 15 the most convenient possible 
in cases the most frequent in practice, we append to this work a special table 
(Table 11,), which gives for values of h from to 0.6 tlie corresponding loga- 
rithms computed with great care to seven places of decimals. The argument 
h, from to 0.04, proceeds by single ten thousandths, by which means the 
second differences vanish, so that simple interpolation suffices in this part 
of the table. But since the table, if it were equally extended throughout, 
would be very voluminous, from h = 0.04 to the end it was necessary to proceed 
by single thousandth'* only ; on which account, it will be necessary in this latter 
part to have regard to second differences, if we wish to avoid errors of some units 
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in the seventh figure. The smaller values, however, of h nre much the more fre- 
quent in practice. 

The solution of equation 15. when h exceeds the limit of the table, as also 
the solution of 15*, can be performed without difficulty by the indirect method, 
or by otlier methods sufficiently known. But it will not be foreign to the pur- 
pose to remark, that a small value of g cannot coexist with a negative value of 
cos/, except in an orbit considerably eccentric, as will readily appear from equa- 
tion 20 given below in article 95.f 

94. 

The treatment of equations 12, 12*, explained in articles 91, 92, 93, rests upon 
the supposition that the angle g is not very large, certainly within the limit 66° 25', 
beyond which we do not extend table III. When this supposition is not correct, 
these equations do not require so many artifices ; they can be most securely 
and conveniently solved by trial without a change of form. Secureb/, since the value 
of the expression 

2g — sin2g 



in which it is evident that 2 y is to be expressed in parts of the radius, can, for 
greater values of ^,be computed with perfect accuracy by means of the trigonomet- 
rical tables, wliich certainly cannot be done as long as ^ is a small angle : con- 
vmcntlg, because heliocentric places distant from each other by so great an interval 
will scarcely ever be used for the determination of an orbit wholly unknown, while 
by means of equation 1 or 3 of article 88, an approximate value of g follows 
with almost no labor, from any knowledge whatever of the orbit : lastly, fi-om an 
appro-ximate value of g, a corrected value will always be derived with few trials, 
satisfying with sufficient precision equation 12 or 12*. For the rest, when two 
given heliocentric places embrace more than one entire revolution, it is necessary 
to remember that just as many revolutions will have been completed by the eccen- 
tric anomaly, so that the angles J?' — E, v' — w, either both lie between and 360°, 



f Tliul e<)aation shows, that if vxf ia negative, 9 must, at least, be greater tlian 9 
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or both between similar multiples of the whole circumference, and also / and g 
together, either between and 180°, or between similar multiples of the semicir- 
cuinference. If, finally, the orbit sliouhl be wholly unknown, and it should not 
appear whether the heavenly body, in passing from the first radius vector to the 
second, had described a part only of a revolution or, in addition, one entire revo- 
lution, or several, our problem would sometimes admit several diiferent solutions: 
however, we do not dwell here on this case, which can rarely occur in practice. 

95. 

We pass to the second matter, that is, the determination of the elements from 
the angle g when found. The major seraiaxis is had here immediately by the 
formulas 10, 10*, instead of which the following can also be used : — 

[17] „=^^'i!L~{-V^- Mii 

[n«] 



"4j,jr 



— "JMitcmf^T 



The minor Bemiaxis b^^ap is got by means of equation 1, whicli being 
combined with the preceding, there results 

[18] P = {F^^^' 

[18"] M^'^i!^'- 

Now the elliptic sector contained between two radii vectores and the elliptic arc 
is ikt^^p, also the triangle between the same radii vectores and the chord 
i rr sin 2/: wherefore, the ratio of the sector to the triangle is as^: 1 or T: 1. 
This remark is of the greatest importance, and elucidates in a beautiful manner 
both the equations 12,12*: for it ia apparent from tliis, that in equation 12 the 
partsm,{/-]-2') , JC{/-j-2r)', and in equation 12''' the parts iV,(X — *) , A'(Z — a:) , 
are respectively proportional to the area of the sector (between the radii vectores 
and the elliptic are), the urea of the triangle (between the radii vectores and the 
chord), the area of the segment (between the arc and the choiii), because the 
first area is evidently equal to the sura or difference of the otiier two, accord- 
ing a« v' — V lies between and 180°, or between 180" and 360°- In the i 
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where v' — v is greater than 360° we must conceive the area of the whole ellipse 
added to the area of the sector and the area of the segment just as many times 
as the motion comprises entire revolutions. 

Moreover, since J = a cosy, from the combination of equations 1, 10, 10*, 
follow 

[19] 008 9 = 2-^^^ 
r-i /\j.T ~~ sin a tan / 

[19*] cosy = 2(Z=:fcri)> 
whence, by substituting for ^ i, their values from article 89, we have 

mm sin /sin AT 

[20] C0Sa) = :i :z-^ — / », ao * 

L J T 1 cos/cos ^ 4" * **°^ * ^ 

This formula is not adapted to the exact computation of the eccentricity 
when the latter is not great : but firom it is easily deduced the more suitable 
formula 

r2n tanM cp — «^H(/-y)+ton«2ai 

to which the following form can likewise be given (by multiplying the numerator 
and denominator by cos? 2 oi) 

[22] tan^ i 9 = ■ aI//> 1 x r ai/\r ( • ao • 

The angle y can always be determined with all accuracy by either formula, using, 
if thought proper, the auxiliary angles of which the tangents are 

tan 2 Q> tan 2 oi 

for the former, or 

sin 2 Q) sin 2 01 

for the latter. 

The following formula can be used for the determination of the angle G^ 
which readily results from the combination of equations 5, 7> and the following 
one not numbered, 

[23] tan Cr = ,..[''~"^^'^^,,. y 
from which, by introducing oi^is easily derived 
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The ambiguity here remaining ia easily decided by means of equation 7, which 
shows, that G must be taken between and 180% or between 180° and 360% 
as the numerator in these two formulas is positive or negative. 

By combining equation 3 with these, which flow at once from equation II. 
article 8, 

r f' f ■' 

-A cos/coa/', 



i-l- — - 

the following will be derived without trouble, 
[25] tanJ'== ^fj'^fTL s — ?J 

l- J Ivangsirf — (r' -|- r) cos/ ' 

from which, the angle u being introduced, results 

b/8i. 



tanj'=- 



-coa«2<«8mi(/-y)smi(/+<,)-™'2o,cos/- 

The uncertainty here is removed in the same manner aa before. — As eoon as 

the angles F and G shall have been found, we shall have v = F — /, v' = F-\-f, 

whence the position of the perihelion will be known; also E^G — g, E'^=G-\-g. 

Finally the mean motion in the time t will be 

kt 

-r- = 2^ — 2 e cosG sax g , 

o' 
the agreement of which expressianu will serve to confirm the calculation ; also, 
the epoch of the mean anomaly, corresponding to the middle time between the 
two given times, will be G — e sin C^ cos ^, which can be transferred at pleasure 
to any other time. It is somewhat more convenient to compute the mean 
anomalies for the two given times by the formulas E — csini", E' — esin £", and 
to make use of their difference for a proof of the calculation, by comparing it with 
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96. 

The equations in the preceding article possess so much neatness, that there 
may seem nothing more to be desired. Nevertheless, we can obtain certain 
other formulas, by which the elements of the orbit are determined much more 
elegantly and conveniently; but the development of these formulas is a little 
more abstruse. 

We resume the following equations from article 8, which, for convenience, we 
distinguish by new numbers:- 

L 8inif;i/- = sini-&^(l-|-tf) 
n. cos if;i/- = co8i-&^(l — e) 

UL sinit/y/^=8mi^V(l+0 

We multiply Lhy mn^ {F'\-ff\TL by cos i (^-|-^), whence, the products being 
added, we obtain 

cosH/+^)y/5 = sini^smi(^+^)V(l + ^) + cosii?co8i(^+^)V(l — ^) 
or, because 

V (1 -f- ^) = cos i 9 -[- sin i 9, ^ (1 — ^) = cos i 9 — sin ^ 9, 

cos J (/+y) i/^ = cos i 9 cos(i F — i 0^+y) — sin i 9 cos i (i^+ ^)- 

In exactly the same way, by multiplying lEL by sin } {F — y), IV. by cos i {F — ^), 
the products being added, appears 

cosi(/-|-^)i/— = cos i9cos(i^ — ^G — ff) — sin ^9cos^ (i^-|-(J^). 

The subtraction of the preceding from this equation gives 

cos i (/+y) (y/— — y/-^) = 2 cos i 9 sin^ sin i {F— G), 

or, by introducing the auxiliary angle oi, 

[27] cos i (/+y) tan 2 a> = sin i {F— G) cos iq> sin ff y/?^. 
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By transformations precisely similar, the development of which we leave to the 
skilful reader, are found 

[28] '^^^^ = cosH^-0)cosi<pmiff^^^, 

[29] cos i (/ — ff) tan 2 oi = sin ^ (-^H* Cf)miiiq> siny u —7, 

[30] ^{-=^ = cosi(^+C^)Hini9>8in^^^. 

When the first members of these four equations are known, i (F — G) and 

cosJ9smyi/^ = P 

will be determined from 27 and 29 ; and also, from 29 and 30, in the same manner, 
i(^4-Gf)and 

8miysinyy/^=C; 

the doubt in the determination of the angles i {F — G)y i {-P-f-<r), is to be so 
decided that P and Q may have the same sign as sin g. Then ^ 9 and 

will be derived firom P and Q. From R can be deduced 

_RRyJrV 



sin* g ' 



and also 



8in*/^r/ 



xmless we prefer to use the former quantity, which must be 

+ V(2(/+sin2iy)cos/)= + V(— 2(i — sin»iy)cos/), 

for a proof of the computation chiefly, in which case a and p are most conven- 
iently determined by the formulas ' 

J = — "^ — , a= , = Jcoscp. 

8in^ ' cosg)' •* ' 

Several of the equations of articles 88 and 95 can be employed for proving the 
calculation, to which we further add the following : — 

5 — \/ — = ^smtrsmflr 

ooezoi \ aa ^ 
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2 tan 2 to / pp > n • ^ 

— 5 — 1/ ^ =iesuxFsmf 

COS 2 01 V rr •' 



2tan2Q) 



^ = tan 0) sin G^ sin/= tan cp sin i^sin a. 
cos 2 01 ' "^ ' ^ 

Lastly, the mean motion and the epoch of the mean anomaly will be fomid in the 
some manner as in the preceding article. 



97. 

We will resume the two examples of article 87 for the illustration of the 
method explained in the 88th, and subsequent articles : it is hardly necessary to 
say that the meaning of the auxiliary angle o) thus far adhered to is not to be 
confounded with that with which the same symbol was taken in articles 86, 87. 

L In the first example we have /= 3° 47' 26".865, also 

log -^ = 9.9914599, log tan (45° + «) = 9.997864975, « = — 8' 27".006. 
Hence, by article 89, 



logsinH/ . . . 7.0389972 
log cos/ .... 9.9990488 



log tan' 2 CO 
log cos/ . 



5.3832428 
9.9990488 



5.3841940 



= log 0.0000242211 



7.0399484 
= log 0.0010963480 

and thus /= 0.0011205691, | +/=. 0.8344539. Further we have 

logkt . . . . 9.5766974 



21og/f^ . . 
C. f log r / . 
C. log 8 cos«/ 



log mm 
log (1+0 



9.1533948 
9.0205181 
9.0997636 



7.2736765 
9.9214023 



7.3522742 

The approximate value, therefore, of A is 0.00225047, to which in our table 11. 
corresponds logyy = 0.0021633. We have, accordingly. 



mm 



mm 



log "• "• = 7.2715132, or '"- " = 0.001868587, 
«* yy ' yy ' 

17 
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whence, by formula 16, x ^ 0.0007480179 : wherefore, since J ia, by table HL, 
wholly insensible, the values found for h, y, x, do not need correction. Now, the 
determination of the elements is as follows : — 

log a: 6.8739120 

log smkg . . . 8.4369560, i </ = 1° 34' 2".0286, i {f-{-g) = 3° 27'45".4611, 
i if—ff) = 19'41".4039. Wherefore, by the formulas 27, 28, 29, 30, is had 

log tan 2 0) . . . 7.6916214 « Clog cos 2 w . . . 0.0000052 
logcosi(/+^) . 9.9992065 log sin i (/-}-^) . 

log cos J (/—y) . 9.9999929 log sin i(/—^) . 



log P sin i {F- 
log P cos i {F- 



■G) 7.6908279 n 
G) 8.7810240 



log Q sin h {F-\- G) 
logCcosi(J'-f-flf) 



8.7810188 
7.7579709 



7.6916143 « 
7.7579761 



^{F—G)- 


— 4°38'4r.54 


i ( J'+ G) - 


319 21 38 .05 


F— 


314 42 56 .51 


V — 


310 55 29 .64 


v' — 


318 30 23 .37 


G = 


324 19.59 


E — 


320 52 15 .53 


E'= 


327 8 23.65 



log P = log i? cos i <p 8.7824527 
log ^ = log i? sin J 9 7.8778355 

Hence i(p= T & 0".935 
9 = 14 12 1 .87 
log It 8.7857960 

For proTing the calculation. 

k log 2 cos/ .... 0.1500394 
k log {l-\-x) = log - 8.6357566 

8.7857960 



ilogr/ . 
log sin/ . 
C. log sin ff 



0.3264939 
8.8202909 
1.2621765 



logi . 
log cos 9 



0.4089613 
9.9865224 



logp 
log a 



0.3954837 
0.4224389 



log sin 9 9.3897262 

log 206265 .... 5.3144251 

log e in seconds . . 4.7041513 

log sin J? 9.8000767 n 

log sin i^' .... 9.7344714 n 

log « sin i^ . . . . 4.5042280 « 

log. sin J?' .... 4.438622711 
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log* ... 3.5500066 e sin i? = — 31932'a4 =— 8^52' 12'a4 
f log a . . . 0.6336584 e sin J?' = — 27455 .08 = — 7 37 35 .08 

2.9163482 Hence the mean anomaly for the 

logt ... 1.3411160 first place = 329M4' 27^67 

4.2574642 ^^^ *^® second = 334 45 58 .73 

Difference = 5 1 31 .06 

Therefore, the mean daily motion is 824''.7989. The mean motion in the time 

< is 1809r.07 = 5° r3r.o7. 

n. In the other example we have 
/=3r2r38''.32, oi= — 2r50''.565, /= 0.08635659, log w w = 9.3530651, 

j-p, or the approximate value of A = 0.2451454 ; 
to this, in table IL, corresponds \ogyy = 0.1722663, whence is deduced 



m tn 



= 0.15163477, X = 0.06527818, 



yy 

hence from table IIL is taken S = 0.0002531. Which value being used, the cor- 
rected values become 



mm 



h = 0.2450779, log^y = 0.1722303, '— = 0.15164737, x = 0.06529078, 
5 = 0.0002532. 

If the calculation should be repeated with this value of | , dififering, by a single 
unit only, in the seventh place, from the first; A, logyy, and x would not suffer 
sensible change, wherefore the value of x already found is the true one, and we 
may proceed from it at once to the determination of the elements. We shall 
not dwell upon this here, as it differs in nothing from the preceding example. 

m It will not be out of place, to elucidate by an example the other 
case also in which cos/ is negative. Let 2;' — e; = 224° 0' 0'', or /= 112° 0' 0'', 
log r = 0.1394892, log / = 0.3978794, ^=206.80919 days. Here we find 
0) = + 4n4' 43'' 78, i: = 1.8942298, log iJfilf= 0.6724333, the first approximate 
value of log JB[= 0.6467603, whence by the solution of equation 15* is obtained 
F= 1.591432, and afterwards x = 0.037037, to which, in table IH, corresponds 
J = 0.0000801. Hence are derived the corrected values log jBTzzz 0.6467931, 
F= 1.5915107, x= 0.0372195, £ = 0.0000809. The calculation being repeated 
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with this value of S, we have x = 0.0372213, which value requires no further coi^ 
rection, since I is not thereby changed. Afterwards is found i^^ll° 7'25".40, 
and hence in the same manner as in example L 



log P = log ij cos J ip 9.9700507 

Ioge = logJJsinl5i . 9.8580652 

i9= 37'41'34".27 

9 = 75 23 8 .64 

log it 0.0717096 

For pniflDg tha catoolfttlon. 

-2 cos/ . . 0.0717097 



log -yy/- 



^(F—G)= 3°33'53".59 

i{F-^G)= 8 26 6.38 

P= 11 59 59 .97 

«= — 100 0.03 
t/= +123 59 59.97 
G— 4 52 12.79 

F= —17 22 38.01 
£'= -f-27 7 3.59 
The angle 9 in suoh eccentric orbits is computed a little more exactly by 
lortQula 19*, which gives in our example ff = 75° 23' 8".57; likewise the eccen- 
tricity e is determined with greater precision by the formula 

tf :^1 — 'J, ^111^(45° — iif), 
than by e =: sin y ; according to the former, e = 0.96764630, 

By formula 1, moreover, is found log i=i 0.6576611, whence logjtJ= 0.0595967, 
loga!=: 1.2557255) and the logaritlim of the perihelion distance 

log j4r^ = log a (1 —e) = log A tan (46° — i y) = 9.7656496. 

It is usual to give the time of passage through the perihelion in place of the 
epoch of the mean anomaly in orbits approacliing so nearly the form of the 
parabola ; the intervals between this time and the times corresponding to the 
two given places can be determined from the known elements by the method 
given in article 41, of which intervals the difference or sum (according as the 
perihelion lies without or between the two given places), since it must agiee with 
the time /, will serve to prove the computation. The numbers of this third ex- 
ample were based upon the assumed elements in the example of articles 38, 43, 
as indeed that very example had furnished our first place : the trifling differences 
of the elements obtained here owe their origin to the limited accuracy of the 
logarithmic and trigonometrical tables. 
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98. 

The solution of our problem for the ellipse in the preceding article, might be 
rendered applicable also to the parabola and hyperbola, by considering the parab- 
ola as an ellipse, in which a and b would be infinite quantities, 9 =• 90°, finally 
Fy U% ffy and G = 0; and in a like manner, the hyperbola as an ellipse, in which a 
would be negative, and J, JEy E\ g^ Gj 9, imaginary : we prefer, however, not to 
employ these hypotheses, and .to treat the problem for each of the conic sections 
separately. In this way a remarkable analogy will readily show itself between 
all three kinda 

Retaining in the PARABOLA the symbols p^ v, t/, i^,/, r, /, t with the same sig- 
nification with which they had been taken above^ we have from the theory of the 
parabolic motion : — 

"^ = tan 4 (^4-/) — tan i ( J*— /) 4- i tan" i (^ +/) — i tan" ^ J'— /) 

= (tan 4 {F-\-f) — tan i (F—/)) (l + tan J {F-\-f) tan i (F—f) + 
i (tan i {F-\-/) — tan | {F—/)y) 

28in/^r/ / 2co8/^r/ . 4 8in*/r / X 

p \ P ' Bpp /' 

whence 

Further, by the multiplication of the equations 1, 2, is derived 

W ^ = C08/'+C08/ 

and by the addition of the squares, 

■ [-5] ^-^;ir-^ = l + C08^C08/. 



P 
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99. 

We retain^ in the HYPERBOLA also, the symbols p^ Vy t/yfy F, r, /, t with the 
same meaning, but instead of the major semiaxis a, which is here negative, we 
shaUwrite— a;we shaU put the eccentricity ^ = ^ in the same manner as 
above, article 21, eta The auxiliary quantity there represented by w, we shall 
put for the first place =~, for the second = Cc. whence it is readily inferred 
that e is always greater than 1, but that it differs less from one, other things 
being equal, in proportion as the two given places are less distant from each 
other. Of the equations developed in article 21, we transfer here the sixth and 
seventh sUghtly changed in form, 

[1] oo,j.= »(v/^+v/^)^<l=!)-« 

[2] rinJ.= .(v/^-v/^)v/!=±a-« 

[S] cos»,/=i{v<7. + y/^)y/<i=^ 

[4] rinj»'=i(,^(7,_y/ij)^fe±^. 
From these result directly the following : — 
[5] smJ^=i«(c~^)^l^ 

[6] 8m/=i«(.-l)y/'-^ 

[7] cosF={e(c-\-l)^iO-\-l)\-^ 

[8] co8/ = (.<(7 + ^)-(c + l)),-^. 
Again, by equation X. article 21, we have 
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and hence, 

[9] !l=I=i.(C-i)(.-i), 

[10]^^=J.(C+l)(c+i)-2. 

This equation 10 combined with 8 gives 

/-|- r — (c -j- -) cos/, ^r/ 



[11] «= 



Ho-lf 



Puttings therefore, in the same manner as in the ellipse 



^:"^y ^ =1 + 2/, or = l-2Z, 

2 COS/ ' ' ' 



according as cos/ is positive or negative, we have 

8(7_J(Vc_^i)«)co8/.v^r/ 
[12] o = lj£ , 

-8(x+i(V<'-v/j)')«>«/-Vr/ 

[12*] «= 5Li . 

The computation of the quantity / or Z is here made with the help of the auxil- 
iary angle oi in the same way as in the ellipse. Finally, we have from equation 
XL article 22, (using the hyperbolic logarithms), 

^=i«(C<?_l_^ + ^)— logCc+log^ 
or, being eliminated by means of equation 8, 






+ iiee—^) — 2loge. 



Jn this equation we snbstitate for a its value firom 12, 12'" ; we then introduce 
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the symbol m or M^ with the same meaning that formulas 11, 11*, article 88 give 
it ; and finally, for the sake of brevity, we write 

, cc 4 log c 

V e' 

from which result the equations 

[13] m = {l—zf-\-{l—zfz, 

[13*] M=.-{LJ^zf-\-{L-\-z)^Z, 

which involve only one unknown quantity, z, since Z is evidently a fimction of 
expressed by the following formula, 

2{Z'{-zz)^ 

100. 

In solving the equation 13 or 13*, we will first consider, by itself, that case in 
which the value of z is not great, so that Z can be expressed by a series proceed- 
ing according to the powers of z and converging rapidly. Now we have 

log (v/ (! + «) + V«)=^*-i«*+A«*..., 

and so the numerator of ^ is f sr* -{- ^ ^ • • • J 
and the denominator, 2 ^* -[" 3 ^ . . . 1 

whence, 

Z=i—\z.... 

In order to discover the law of progression, we differentiate the equation 

2{z-\-zzf Z= {l-\- 2, z)>J{z-\-z e) — log {)j{l-\-e)-\- si z), 
whence results, all the reductions heing properly made, 

2,{z-\-ezf^-\-ZZ(\-\-2z)^{e-\-zz)z=A.\J{e-\-zz), 

18 
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or 

whence, in the same manner as in article 90, is deduced 

^ . 4.6 I 4.6.8 4.6 .8.1 0^ , 4.6.8.10.12 ^ . 

^ — *""3T5^"r'3. 5. 7^^~ 3757779"^+ 3.5.7.9.11 ^~ ^^' 

It is evident, therefore, that Z depends upon — z in axactly the same manner 
as X does upon x above in the ellipse ; wherefore, if we put 

rz_ 1 

C also will be determined in the same manner by — as |, above, by ar, so that 
we have 

[14] C= ^^"^ 






1 + tVV« 



1-|- etc. 



or, 



_ A«^ 



C = 



i + H^ + A'' 



1 + M« 



1 + tVV^ 



1 -f- ^tc. 
In this way the values of C are computed for to single thousandths, from z=0 
up to ;? = 0.3, which values are given in the third column of table IIL 

101. 

By introducing the quantity C and putting 



V^(/ — 0) = ^ orv^(X + 0) = ^, 



also 



mm 



[15*] z-:?i^f = ^, 
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equation 13, 13* assume the form, 
[16] '-^^ = h, 

[16*] (^+l>p=jr, 

and so, are wholly identical with those at which we arrived in the ellipse (15, 15*, 
article 91). Hence, therefore, so far as A or JT* can be considered as known, y or 
Y can be deduced, and afterwards we shall have 



[17] z = l 



mm 



[17*] = ^^-i;. 

From these we gather, that all the operations directed above for the ellipse serve 
equally for the hyperbola, up to the period when y ot Y shall have been deduced 
fix)m h or H\ but after that, the quantity 

mm , T MM 

--4orX— yy, 

which, in the ellipse, should become positive, and in the parabola, 0, must in the 
hyperbola become negative : the nature of the conic section will be defined by 
this criterion. Our table will give f from z thus found, hence will arise the cor- 
rected value of h or JT, with which the calculation is to be repeated until all 
parts exactly agree. 

After the true value of « is found, c might be derived from it by means of the 
formula 

but it is preferable, for subsequent uses^ to introduce also the auxiliary angle n^ 
to be determined by the equation 

tan 2 » = 2 ^ (£?-[- ^^) ; 
hence we have 

(? = tan2n4-v^(l + tan»2n) = tan(45^ + n). 
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102. 

Since y must necessarily be positive, as well in tiie hyperbola aa in the elhpse, 
the solution of equation 16 is, here also, free from ambiguity :■}■ but with respect 
to equation 16*, we must adopt a method of reasoning somewhat diflbrent from 
that employed in the case of the ellipse. It is easily demonstrated, from tlie the- 
ory of equations, that, for a positive value of 3%, thia equation (if indeetl it has 
any positive real root) has, with one negative, two positive roots, which will either 
both be equal, that is, equal to 

J ^5— 1 = 0.20601, 
or one will be greater, and the other less, than thia limit. We demonstrate in 
the following manner, that, in our problem (assuming that s is not a large 
quantity, at least not gi'eater than 0.3, that we may not abandon the use of the 
thii-d table) the greater root is always, of necessity, to be taken. If in equation 
13*, in place of jI^ is substituted Y^{L-\-z\yiQ have 

F-f 1 =(£-}- «) Z> (1 + z) Z, or 
''>i-3-^^ + 3^^^-8^^+etc. 

whence it is readily inferred that, for such small values of s as we here suppose, 
Y must always be > 0.20601. In fact, we find, on making the calculation, that 
s' must be equal to 0.79858 in order that (1 -f-z) .Z" may become equal to this 
limit: but we ai-e far from wishing to extend our method to such great values of «. 

103. 

When z acquires a greater value, exceeding the limits of table HL, the cquar 
tions 13, 13* are always safely and conveniently solved by trial in their un- 
changed form ; and, in fact, for reasons similar to those which we have explained 



t Ii will htirdly lie neceanary lo reninrk. llinl our liibk- 11. ei 

of i.hit< eqiintion, as long AS A d(H-9 n 

I The cjiiantitv H evidenlJy connni liewme ncgutive, unless C> J: liui lo such a value of C would 



be need, in the hyperbola, a? wpU 



ellipse, for the sol 
I The Cjiiantitv H evidenlJy connni liewinie ncgutive, unless C> J: hm lo such a v 
correspond a value of* greater than 2.684, tb as, lar exceeding the limits of this method. 
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in article 94 for the ellipse. In such a case, it is admissible to suppose the 
elements of the orbit^ roughly at leasts known : and then an approximate value 
of » is immediately had by the formula 



tan2n=— rf^^ — -,. 




which readily follows fix>m equation 6, article 99. z also will be had from n by 
the formula 

1 — cos 2 71 sin^n 

""" 2 cos 2 n cos 2 n * 

and from the approximate value of sf, that value will be deduced with a few 
trials which exactly satisfies the equation 13, 13'^. These equations can also be 
exhibited in tiiis form, 

^ = ('— S^) +^V(— ^S^) I ^^^82"^^ 

M=—{L + ^^^ +2(2; + ^^^) I ^-3-^- 

and thus^ being neglected, the true value of n can be deduced. 



104. 

It remains to determine the elements themselves from 2?, n, or c. Putting 
a^{ee — 1) = /S, we shall have from equation 6, article 99, 

combining this formula with 12, 12* article 99, we derive, 
[19] v'(..-l) = tanv' = '^?i^: 



2{l — z) ^ 



[19.] ta„v=-fg^«. 



whence the eccentricity is conveniently and accurately computed ; a will result 
from (i and ^ {ee — 1) by division, and p by multiplication, so that we have. 
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2(1 — z)co9f.^r/ 2 mmcosf.^rr^ kktt 

tan'2n yyta,n^2n 4 y y r/cos*y*tan*2ii 

— 2(Z-f-g)co3/.v^r/ — 2MMcosf.^rt^ kktt 

tan»2n TFt&n^¥n 4 rrr/co8ytan«2ii* 

sin/, tan/, ^r/ yy sin/, tan/, ^r/ /yr /sin 2/\* 

^ 2(/ — «) 2m^ —V Ft / 

_ — sin/. ta n/.y^r/ — FFsin/. tan/, y^r/ /TiVsin^V 

— 2(Z-f^) ~ 2Jfif ""\ kt /• 

The third and sixth expressions for jt?, which are wholly identical with the form- 
ulas 18, 18*, article 95, show that what is there said concerning the meaning 
of the quantities y, Y^ holds good also for the hjrperbola. 

Prom the combination of the equations 6, 9, article 99, is derived 

by introducing therefore iff and w, and by putting 0= tan (45** -f"-^)> ^® ha^Ye 
[20] tan2.y= ^f'7^,^r 

L -* sin/cos 2 » 

being hence found, the values of the quantity expressed by « in article 21, will 
be had for both places; after that, we have by equation IIL, article 21, 

tan *t;= .^ . .^ — J— 

(C/-(-c) tanji/; 
Oe — 1 

or, by introducing for C, (?, the angles iVJ w, 
[21] taiiir = ^^=^ 

[22] tanit/ = -. t^^t"\ • 

L J • co9(iy — n)tan^t/; 

Hence will be determined the true anomalies t^, t/, the difference of which com- 
pared with 2/ will serve at once for proving the calculation. 

Finally, the interval of time from the perihelion to the time corresponding to 
the first place, is readily determined by formula XL, article 22, to be 

a* /2.co8(iV+n)8in(iV-n) , , tan (45o + i^Q X 
k \ co62JVco62n ^5^P-^^6 tan(45<'+n)/' 
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and, in the same manner, the interval of time from the perihelion to the time cor- 
responding to the second place, 

i C'"'t!l7;l:lVf+"' - "yP-'oS <-(«" + ^) .an (45- + „)) . 

K, therefore, the first time is put == T — } <, and, therefore, the second = T-f- i ^ 
we have 

[23] ^=i*(^^-logtan(45-+JV0), 
whence the time of perihelion passage will be known ; finally, 

P*] ' = Tte-l<>8'«'(«°+")). 

which equation, if it is thought proper, can be applied to the final proof of the 
calculatioiL 

105. 

To illustrate these precepts, we will make an example from the two places 
in airticles 23, 24, 25, 46, computed for the same hyperbolic elements. Let, 
accordingly, 

t/— 1> = 48° 12' O*', or / = 24° 6' 0", log r = 0.0333585, log / = 0.2008541, 
i = 51.49788 daya 

Hence is found 

w = 2° 45' 28''.47, I = 0.05796039, 

Yj-j or the approximate value of A = 0.0644371 ; hence, by table 11., 



mm 



logy y =,0.0560848, '— = 0.05047454, s = 0.00748585, 

•f if 

to which in table HL corresponds C := 0.0000032. Hence the corrected value of 
h is 0.06443691, 

\ogyy = 0.0560846, "^ = 0.05047456, « = 0.00748583, 

if if 

which values require no further correction, because f is not changed by them. 
The computation of the elements is as follows : — 
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log« 7.8742399 

log (1+0) . . . 0.0032389 

log V (« + ««) • • 8.9387394 

log 2 0.3010300 



log tan 2 n 
2n = 



n = 



. 9.2397694 
9°51'11".816 
4 55 35 .908 



log sin/ .... 9.6110118 
logyjr/ . . . . 0.1171063 
Clog tan 2 n . . 0.7602306 

log/3 0.4883487 

log tan y . . . . 9.8862868 

log a 0.6020619 

logjo 0.3746355 

(thej should be 0.6020600 and 0.8746856) 

logsin(iV— n) . 8.7406274 
C. log cos (iV-f n) . 0.0112902 
log cot iy . . . 0.4681829 

log tan }v ... 9.2201005 

4»= 9°25'29"'.97 

v= 18 50 59 .94 

0t should be 18« 51' 0^ 
logo 0.1010184 

logtan2iV . . . 9.4621341 
Clog cos 2 n . . 0.0064539 

9.5696064 

number = 0.37119863 
hyplogtan(45°+iV) = 0.28591251 



log tan/ 9.6506199 

logitan2n . . . . 8.9387394 
CAog{l—z) . . . L2969275 

log tan y 9.8862868 

y>=, 37°34'59".77 

(it should be 87° 35' 0^ 



C log } sin/ 
log tan 2 01 . 
C log cos 2 0) 
log sin 1// . . 



0.6900182 
8.9848318 
0.0020156 
9.7852685 



log tan 2 N . . . 
2iV = 

If = 

iV— n = 

iV+« = 

log8in(iV-|-«) 
C log cos (iV — n) . 
log cot ^ ^ . . . 



. 9.4621341 

16»9'46".253 

8 4 53 .127 

3 9 17 .219 

13 29 .035 

. 9.3523527 
. 0.0006587 
. 0.4681829 



log tan ^ t/ . . . 
*t/ = 
i/ = 

(H should be 

log« 

log tan 2 ft . . . 

C log cos 2JV.. 



. 9.8211943 
33°3r29".93 
67 2 59.86 

67° 3' (f) 

. 0.1010184 
. 9.2397694 
. 0.0175142 



9.3583020 

number = 0.22819284 
hyplogtan(45°+n)=0.17282621 . 



Difference = 



0.08528612 



Difference 



0.05536663 
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log 8.9308783 log 8.7432480 

flog a 0.9030928 floga . . , . . 0.9030928 

C. log it 1.7644186 C. log ;& 1.7644186 

logT 1.5983897 log2 0.3010300 

T= 39.66338 log,^ 1.7117894 

t = 51.49788 

Therefore, the perihelion passage is 13.91444 days distant from the time 
corresponding to the first place, and 65.41232 days from the time corresponding 
to the second place. Finally, we must attribute to the limited accuracy of the 
tables, the small differences of the elements here obtained, from those, according 
to which, the given places had been computed. 

106. 

In a treatise upon the most remarkable relations pertaining to the motion 
of heavenly bodies in conic sections, we cannot pass over in silence the elegant 
expression of the time by means of the major semiaxis, the sum r -f- r\ and the 
chord joining the two places. This formula appears to have been first discovered, 
for the parabola, by the illustrious Euler, (Miscell. Berolin, T. VII. p. 20,) who 
nevertheless subsequently neglected it, and did not extend it to the ellipse and 
hyperbola : they are mistaken, therefore, who attribute the formula to the illus- 
trious Lambert, although the merit cannot be denied this geometer, of having 
independently obtained this expression when buried in oblivion, and, of having 
extended it to the remaining conic sections. Although this subject is treated by 
several geometers, still the careful reader will acknowledge that the following 
explanation is not superfluous. We begin with the elliptic motion. 

We observe, in the first place, that the angle 2/ described about the sun 
(article 88, from which we take also the other sjnnbols) may be assumed to be 
less than 360° ; for it is evident that if this angle is increased by 360°, the time 
is increased by one revolution, or 

^-^^ =a^X 365.25 days. 

19 
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Now, if we denote the chord by 9, we shall evidently have 

9 9 = (/ cos t/ — r cos vf -[- (r sin t/ — r sin vfy 

and, therefore, by equations VUL, IX., article 8, 

{^{^^=.aa (cos E' — cos E^ -{-a a cos^ 9 (sin E^ — sin Ef 

= Aaa 8w?ff (sin^ G -[- cos^ 9 cos^ ff) = 4 a a sin*^ (1 — ee cos^ G). 

We introduce the auxiliary angle h such, that cos h = e cos G ; at the same time, 
that all ambiguity may be removed, we suppose h to be taken between 0*^ and 
180°, whence sin h will be a positive quantity. Therefore, as ff lies between the 
same limits (for if 2 ^ should amount to 360** or more, the motion would attain to, 
or would surpass an entire revolution about the sun), it readily follows from the 
preceding equation that 9 = 2a sin ^ sin A, if the chord is considered a positive 
quantity. Since, moreover, we have 

r-[-^ = 2a(l — e eosff cos G) = 2a (1 — cos^ cos A), 

it is evident that, if we put h — ff = d, A -f-^ = « , we have, 

[1] r + /— 9 = 2a(l — cos<J) = 4asinU<J, 
[2] r-f-^'+9 = 2a(l — cose) =:4asin^ i«. 

Finally, we have 



s 



-J 



kt = a^ (2ff — 2^sin^cosG^) = cr {2ff — 2 sin^cosA), 
or 



[3] *^ = a^(e — sme — (d — sind)). 



Therefore, the angles d and e can be determined by equations 1, 2, from 
r -[- ^\ Qy and a ; wherefore, the time t will be determined, from the same equar 
tions, by equation 3. If it is preferred, this formula can be expressed thus : 



2a— (r + r')— o . 2a — (r + Z)— o 

arc COS ^ — - — ^ — sm arc cos ^^^r^ — - — ^ 

2a 2a 



2a—Cr4-/) + Q , . 2a—(r + r^) + g\ 

— arc cos ^^' ^ ' ^ -f- sm arc cos ^- J ^ ' ^ 1 . 

2a • 2a / 

But an uncertainty remains in the determination of the angles d,6, by their 
cosines, which must be examined more closely. It appears at once, that d 
must lie between — 180° and -|- 180^ and e between O"" and 360'' : but thus 
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both angles seem to admit of a double, and the resulting time, of a quadruple, 
determination. We have, however, from equation 5, article 88, 

cos/. ^ r / = a (cos^ — cos A) := 2 a sin J d sin i e : 

now, sin i 8 is of necessity a positive quantity, whence we conclude, that cos/ 
and sin i d are necessarily affected by the same sign ; and, for this reason, that 
d is to be taken between 0° and 180°, or between — 180° and 0° according as cos/ 
happens to be positive or negative, that is, according as the heliocentric motion 
happens to be less or more than 180°. Moreover, it is evident that d must neces- 
sarily be 0®, for 2/= 180**. In this manner d is completely determined. But 
the determination of the angle e continues, of necessity, doubtful, so that two 
values are obtained for the time, of which it is impossible to determine the true 
one, imless it is known from some other source. Finally, the reason of this 
phenomenon is readily seen : for it is known that, through two given points, it 
is possible to describe two different ellipses, both of which can have their focus 
in the same given point and, at the same time, the same major semiaxis;* but 
the motion from the first place to the second in these ellipses is manifestly per- 
formed in unequal timea 

107. 

Denoting by x 8^7 ^'^c whatever between — 180° and -f- 180°, and by s the 
sine of the arc } x> ^t is known that, 



Moreover, we have 

2.4 2.4.6 



isinx = «V^(l — ««) = «—*«•— 5^ «*---o4^«^— etc. 



and thus, 

;i:-fflB;f=4(i««+i.K+f|^*'+i.|^^«»+etc. 



♦ A circle being described from the first place, as a centre, with the radius 2 a — r, and another, 
from the second place, with the radius 2 a — /, it is manifest that the other focus of the ellipse lies in the 
mtersection of these circles. Wherefore, since, generally speaking, two intersections are given, two dif- 
ferent ellipees will be produced. 
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We substitute in this series for s^ successively 

and we multiply the results by a* ; and thus obtain respectively, the series^ 

t^If^ -^ ('• + ^ — 9)* + etc. 

the sums of which we will denote by Ty U. Now it is easily seen, since 

the upper or lower sign having effect according as 2/ is less or more than 180% 
that 

a»((J_sm(J) = + r, 

the sign being similarly determined. In the same manner, if for € is taken the 
smaller value, inferior to 180% we have 

a*(« — sine) = U; 

but the other value, which is the complement of the former to 360^ being taken, 
we evidently have 

a*(e — sine) = a* 360" — K 
Hence, therefore, are obtained two values for the time ty 

108. 

If the parabola is regarded as an ellipse, of which the major axis is infinitely 
great, the expression for the time, found in the preceding article^ passes into 
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but since this derivation of the formula might perhaps seem open to some doubts, 
we will give another not depending upon the ellipse. 
Putting, for the sake of brevity, 

taji i v = 6y tan i t/ =: 6\ we have r= i p {1-^ 6 6)^/= i p{l -{- 6'6')y 

<^^st; = j^p^,cosz/ = j^:^, smt;=y:p^,smt/ = j-p^. 

Hence follow 

/ cos «/ — r cos t; = i JO (d d — ^' fl'), r' sin t/ — r sin t; = jt? (fl' — 6\ 
and thus 

Now it is readily seen that 6' — 6 = — ^^^ ., is a positive quantity : putting, 
therefore, 

V^(l + J(d' + d)2)=^, we have q=p{& — 6)ri. 
Moreover, 

r + r'= ij» (2 + ^^ + ^'6') =p (rjfi + i (A^—Af) : 
wherefore, we have 

From the former equation is readily deduced, 

as ij and ^' — & are positive quantities ; but since i (fl' — 6) is smaller or greater 
than rj, according as 

^ ^ 1 f^f 6)^ z=z 1 -i-- 6 A^ = ^^^f 

' ' ^ ^ * COS ^v cos ^t/ 

is positive or negative, we must, evidently, conclude from the latter equation that 



±\/'''^=v-H6'-^\ 



p 

in which the upper or lower sign is to be adopted, according as the angle de- 
scribed about the sim is less than 180®, or more than 180^ 
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From the equation, which in article 98 follows the second equation, we have, 
moreover, 

whence readily follows^ 

the upper or lower sign taking effect, as 2/ is less or more than 180''. 

109. 

If, in the hyperbola, we take the symbols a, (7, Cy with the same meaning as in 
article 99, we have, from equations ViLl., IX., article 21, 

/cost;' — rcost;^ — i Ic )lC — -^ja 

/sint/ — rsint;= ^(c )\^'\"q) ^^{^^ — 1); 

and consequently, 

9= *«(.-!) y/(..(<7+^)«-4). 

Let us suppose that y is a quantity determined by the equation 

since this is evidently satisfied by two values, the reciprocals of each other, we 
may adopt the one which is greater than 1. In this manner 

9=i«(c-i)(y-i). 
Moreover, 

and thn% 



Sect. 3.] . places in okbit. 151 

Putting, therefore, 

we necessarily have 

but in order to decide the question whether d^ — i/- is equal to-{-2nor — 2fi, 

it is necessary to inquire whether y is greater or less than c : but it follows readily 
from equation 8, article 99, that the former case occurs when 2/ is less than 
180°, and the latter, when 2/ is more than 180°. Lastly, we have, from the same 
article, 

= 2»»v^(l-|-ww) + 2nv/(l + wn) — 21og (^(1 -f-ww) -{-»») 

+ 21og(v/(l + nn) + n), 

the lower signs belonging to the case of 2/> 180°. Now, log (^(1 -|- ww) -|- w) 
is easily developed into the following series : — 

w — i.^m^ + ^.^^w^*— |.^w>^4-etc. 
This is readily obtained from 

There follows, therefore, the formula 

2mv/(14-mm) — 21og(v/(l + mm)+m)==4Qw>»— |.Jw>»+|.^w^— etc.), 

and, likewise, another precisely similar, \Sm\a changed to n. Hence, finally, if we 
put 

— ttIttt --^ (»• H- ^ — 9)* + etc. 
—Tilirir •-?(»• + '' +9)*+ etc. 
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we obtain 

which expressions entirely coincide with those given in article 107, if a is there 
changed into — a. 

Finally, these series, as well for the ellipse as the hyperbola, are eminently 
suited to practical use, when a or a possesses a very great value, that is, where the 
conic section resembles very nearly the parabola. In such a case, the methods 
previously discussed (articles 85-105) might be employed for the solution of the 
problem : but as, in our judgment^ they do not furnish the brevity of the solution 
given above, we do not dwell upon the farther explanation of this method 



FOURTH SECTION. 



RELATIONS BETWEEN SEVERAL PLACE? IN SPACE- 



110. 

The relations to be considered in this section are independent of the nature of 
the orbit, and will rest upon the single assumption, that all points of the orbit lie 
in the same plane with the sun. But we have thought proper to touch here upon 
some of the most simple only, and to reserve others more complicated and special 
for another book. 

The position of the plane of the orbit is fully determined by two places of 
the heavenly body in space, provided these places do not lie in the same straight 
line with the sun. Wherefore, since the place of a point in space can be assigned 
in two ways, especially, two problems present themselves for solution. 

We will, in the first place, suppose the two places to be given by means of 
heliocentric longitudes and latitudes, to be denoted respectively by ^, X', jS, /3' : the 
distances from the sim will not enter into the calculation. Then if the longitude ^ 
of the ascending node is denoted by Q , the inclination of the orbit to the ecliptic 
by iy we shall have, 

tan p = tan i sin (X — Q ), 
tan (i'= tan i sin {X' — Q). 

The determination of the unknown quantities Q , tan t , in this place, is referred 
to the problem examined in article 78, 11. We have, therefore, according to the 
first solution, 

tan t sin (A. — Q) = tan /3 , 

^ ^ Sin (A — I) ' 

20 (153) 
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likewise, according to the third solution, we find Q by equation 



taii(U + Jl' — a) = 



n(f+il)Mi(.i'-i) 



and, somewhat more couveniently, if the angles (i, ^', are given immediately, and 
not by the logarithms of their tangents : but, for determining i, recourse Must be 
had to one of the formulas 

tant = 



n(i-a)~Bin(i'-a)- 
Finally, the imcertainty in the determination of the angle 

1— a,or n-\-iX'—Q, 
by its tangent will be decided so that tani may become positive or negative 
according as the motion projected on the ecliptic is direct or retrograde : thii 
uncertainty, therefore, can be removed only in the case where it may be ap- 
parent in what direction the heavenly body has moved in passing from the first 
to the second place j if this should be unknown, it would certainly be impost 
ble to distinguish the ascending from the descending node. 

After the angles Q,i, are found, the arguments of the latitude w, t/, will be 
obtained by the formulas, 

tan. = 'g<^-g>, tan-/^ -"'^'-"' , 
coai ' C081 

which are to be taken in the first or second semicircle, according as the corre- 
sponding latitudes are north or south. To these formulas we add the following, 
one or the other of which can, at pleasure, be used for proving the calculation : — 

C08U= cos j9 cos (X — a ), COB (/ =: cos ^' COS {X' — Q ), 

_. sin5 . / Bin if 

sm« = -^, smtt =: -T-'r, 



mn{i/-{-u) = - 



, mn(«' — «)=- 
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111. 

Let us suppose, in the second place, the two places to be given by means of 
their distances from three planes, cutting each other at right angles in the sun ; 
let us denote these distances, for the first place, by :r, y, 2?, for the second, by 
afy y, z\ and let us suppose the third plane to be the ecliptic itself, also the posi- 
tive poles of the first and second planes to be situated in iV', and 90"" + iV. We 
shall thus have by article 53, the two radii vectores being denoted by r, /, 

x = rco8u cos {Jf — a ) -f- ^ sill w sin (iV — Q ) cos «, 
y = r sin M cos (iV — Q ) cos^ — r cos u sin (iV — Q), 
= r sin w sin » 

af = / cos t/ cos (iV — a ) -|- ^ sin t/ sin (iV — Q ) cosi, 
y = / sin t/ cos (iV — a ) cos « — / cos i/ sin (iV — Q ), 
/ = /sint/sini. 

Hence it follows that 

gt/ — y/ = rr' sin (t/ — u) sin(iV' — q) sini, 
x/ — zaf = r / sin {u' — u) cos (iV — Q ) sin «, 
z^ — y ^ = ^^ sin (w' — u) cos i. 

From the combination of the first formula with the second will be obtained iV — Q 

« 

and r / sin {uf — u) sin «, hence and from the third formula, t and r/ sin (w' — u) 
will be obtained. 

Since the place to which the coordinates x^y t/y /, correspond, is supposed pos- 
terior in time, li must be greater than u : if, moreover, it is known whether the 
angle between the first and second place described about the sun is less or greater 
than two right angles, r/8in(t/ — w)sin« and r/sin(t/ — u) must be positive 
quantities in the first case, negative in the second : then, accordingly, N — S 
is determined without doubt, and at the same time it is settled by the sign of 
the quantity xy' — ya?', whether the motion is direct or retrograde. On the othei 
hand, if the direction of the motion is known, it will be possible to decide from 
the sign of the quantity xt/ — tj x!y whether t/ — w is to be taken less or greater 
than 180°. But if the direction of the motion, and the natiu*e of the angle 
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(Inscribed about the sun are altogether unknown, it is evident that we cannot dis- 
tinguL«h between the ascending and descending node. 

It is readily perceived that, just as cosi is the cosine of the inclination of 
the plane of the orbit to the third plane, so sin {If — Q ) sin j^ cos (iV" — Q ) sin ii 
are the cosines of the inclinations of the plane of the orbit to the first and second 
planes respectively ; also that r / sin {u' — «) expresses the double area of the tri- 
angle contained between the two radii vectorea, and r/ — y/, xz — z:^, xi/ — yjf, 
the double area of the projections of this triangle upon each of the planes. 

Laistly, it is evident, that any other plane can be the third plane, provided, 
only, that all the dimensions defined by their relations to the ecliptic, are referred 
to the third plane, whatever it may be. 



112. 

Let sf, y'\ ^, be the coordinates of any third place, and «" its argument of 
the latitude, /' its radius vector. We will denote the quantities rV'8in(K" — u'), 
rr"sin(M" — w),rr'8in(M' — m), which are the double areas of the triangles be- 
tween the second and third radii vectorea, the first and third, the first and second, 
respectively, by n, n', n". Accordingly, we shall have for af', >/", z". expressions 
simlar to those which we have given in the preceding article for r. ^, ?, and 
3^,^,^\ whence, with the assistance of lemma I., article 78, arc easily derived the 
following equations : — 

= n^ — wV -|- ^i'^'t 

= «i^- «'/ + «"/, 

=: ns — bV -f- n'V. 
Let now the geocentric longitudes of the celestial body corresponding to tfaeae 
three places be a, a', a"; the geocentric latitudes, fi, /i', |^"; the distances from the 
earth projected on the ecliptic, tT, 5', d"; the corresponding heliocentric longitudes 
of the earth, Z, X', Z"; the latitudes, B, B\ li", which we do not put ecjual to 
0, in onler to tske account of the parallax, and, if thought proper, to choose 
any other plane, instead of the ecUptic ; lastly, let D, t/, V, be the distances of 
the earth from the sun projected upon the ecliptic. If, then, x^ y, z, are expressed 
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by means of X, B^ D^ a, /S, ^, and the coordinates relating to the second and third 
places in a similar manner, the preceding equations will assume the following 
form : — 

[1] 0=n(^cosa + i)cosZ) — w'(^'cosa'-f jycosX') 

4- n'\r cos a" 4- ly cos Z"), 
[2] 0=w((Jsina4-i)sinX) — w'((J'sina' + iysinZ') 

4- n" (r sin a" + 1^ sin X"), 
[3] 0=«(<>tan/3-|-i>tan-B) — w'((J'tan/^'4-2ytan^) 

4- w" ((J" tan (i'' + ly tan B'). 

If a, ^, 2), Z, -B, and the analogous quantities for the two remaining places, are 
here regarded as known, and the equations are divided by w', or by n'\ five un- 
known quantities remain, of which, therefore, it is possible to eliminate two, or to 
determine, in terms of any two, the remaining three. In this manner these three 
equations pave the way to several most important conclusions, of which we will 
proceed to develop those that are especially important. 

113. 

That we may not be too much oppressed with the length of the formulas, we 
will use the following abbreviations. In the first place we denote the quantity 

tan /? sin (a" — a) + tan /S' sin (a — a") -f- tan (i" sin {a' — a) 

by (0. 1. 2) : if, in this expression, the longitude and latitude corresponding to 
any one of the three heliocentric places of the earth are substituted for the longi- 
tude and latitude corresponding to any geocentric place, we change the number 
answering to the latter in the symbol (0. 1. 2.) for the Roman numeral which 
corresponds to the former. Thus, for example, the symbol (0. 1. 1.) expresses the 
quantity 

tan/5 sin(Z' — a!) -j- tan/?' sin (a — Z') -|- tan^sin (a' — a), 
also the symbol (0. 0. 2), the following, 

tan /? sin («" — Z) + tan ^ sin (a —a") -j- tan /3"sin (Z — a). 
We change the symbol in the same way, if in the first expression any two helio- 
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centric longitudes ami latitudes of tlie earth whatever, are substituteil fur two 
geocentric. If two longitudes and latitudes entering into the same expression are 
only interchanged with each other, the corresponding numbers should also be 
interchanged; but the value is not changed from this cause, but it only becomes 
negative from being poaitive, or positive from negative. Thus, for example, wo 
have 

(0.1.2)=— (0.2. 1) =(1.2.0) = — {1.0. 2) = (2. 0.1) = — (2. 1.0). 
All the quantities, therefore, originating in this way are reduced to the nineteen 
following : — 
(0.1.2) 

(O.i.o), (0.1.1), (o.i.n.), (0.O.2), (0.12), (o.n.2), (0.1.2), (t 1.2), (111.2), 
(0. 0. 1), (0. 0. n.), (0. 1 n.), (1. o. i), (i. 0. n.), (i. 1 n.), (2. 0. L), (2. o. n.), 
(2. in.), 

to which is to be added the twentieth (O. I. IL). 

Moreover, it is easily shown, that each of these expressions multiplied by the 
product of the three cosines of the latitudes entering into them, becomes equal 
to the sextuple volume of a pyramid, the vertex of which is in the sun, and the 
base of which is the triangle formed between the three points of the celestial 
sphere which correspond to the places entering into that expression, the radius 
of the .sphere being put equal to unity. When, therefore, these three places lie in 
the same great circle, the value of the expression should become equal to ; and 
as this always occurs in three heliocentric places of the earth, when we do not 
take account of the parallaxes and the latitudes arising from the pertiu-bations of 
the earth, that is, when we suppose the earth to be exactly in the plane of the 
ecliptic, so we shall always have, on this assumption, (0. 1. II.) = 0, which is, in 
fact, an identical equation if the echptic is taken for the third plane. And fur- 
ther, when £, B", B", each, = 0, all those expressions, except the first, become 
much more simple ; every one from the second to the tenth will be made up of 
two parts, but from the eleventh to the twentieth they will conwst of only one 
term. 
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By multiplying equation [1] by since" tan ^' — sin i" tan fi", equation [2] 
by cos i" tan ^" — cos a" tan ^', equation [3] by sin (i" — a"), and adding the 
products, we get, 

[4] o = n((o.2.n.)(r+(o.2.n.)-0)— "'((i-2n.)J'+{i.2.n.)i>'); 

and in the same manner, or more conveniently by an interchange of the places, 

simply 

[5] = «((0.1.I.)* + (O.l.I.)^)+""((2-l-I-)^"4-(n.l.I.)/>") 
[6] = n'((1.0.O.)5'+(I.0.O.)Z>')— »"((2.0.O.)d"+{n.0.O.)i>"). 

If, therefore, the ratio of the quantities «, »', is given, with the aid of equation 4, 

we can determine J' from d, or d from S' ; and so likewise of the equations 5, 6. 

From the combination of the equations 4, 5, 6, ariseii the following, 

™ (0. 2^)J)_+(0^II.) D (l.().Q.)3'-}.(I.0.O.)iy {■!._}. A.) 8' + (II.J^.)jD" _ . 

L'-l (().\.l.)!S-\-(0.\.l.)'D ^ (l.2.II.)fl'4-(L2.II.)/>"^ (2.0.0.)*"+ (It. 0.a)ZP~ ■^* 

by means of which, from two dbtances of a heavenly body from the earth, the 
third can be determined. But it can be shown that this equation, 7, becomes 
identical, and therefore unfit for the determination of one distance from the other 
two, when 

B=B'=-B" = Q, 
and 

tan fi' tan ^" ain (Z — a)8in(Z" — X') + tan ^" tan (9 8in(X' — «') sin (Z — X") 
+ tan 1^ tan (i' sin {L"—a") sin {L'~L) = 0. 
The following formula, obtained easily from equations 1, 2, 3, is free from this 
inconvenience : — 

[8] (0. 1. 2.)<ij'(r'+{o.i.2)i)(rr-f-{o.i.2)iy(T3"+(o.i.n.)/>"tfiT' 
-\- {<axji.) iyiy'd-\-{p.\.'a.)Diy'S'-\- {0.1.2) DD'fs''-\-{ox'ii.)Diyiy' = Q. 

By multiplying equation 1 by sin a' tan /3" — 8Uio"tan(^', equation 2 by 
co8o"tan|!(' — cos a' tan |i", equation 3 by Bin(o" — a'), and adding the products, 
we get 

[9] = n((0.1.2)J + (O.1.2)i>)— n'(L1.2)i)' + n"(n.l.2)i)" 
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and in the same manner, 

[10] = w(0.O.2.)i> — n'((0.1.2)<r4- (0.1.2) i>^ + n" (0.112)2/', 
[11] = n(0.1.O)i) — »' (0.1.1)2/ + w'' ((0.1.2) r+ (0.1. n.)//'). 

By means of these equations the distances d, d', d'', can be derived from the 
ratio between the quantities w, w', w", when it is known. But this conclusion only 
holds in general, and suflfers an exception when (0.1.2)= 0. For it can be shown, 
that in this case nothing follows from the equations 8, 9, 10, except a necessary 
relation between the quantities n, n\ w", and indeed the same relation from each 
of the three. Analogous restrictions concerning the equations 4, 5, 6, will readily 
suggest themselves to the reader. 

Finally, all the results here developed, are of no utility when the plane of the 
orbit coincides with the ecliptic. For if /?, p\ /?", B^ B S' are all equal to 0, 
equation 3 is identical, and also, therefore, all those which follow. 
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DETERMINATION OP AM ORBIT JTiOM THREE COMPLETE OBSERVATIONS. 

115. 

Seven elements are required for the complete determination of the motion 
of a heavenly body in its orbit, the number of which, however, may be dimin- 
ished by one, if the maaa of the heavenly body is either known or neglected ; 
neglecting the mass can scarcely be avoided in the detennination of an orbit 
wholly unknown, where all the quantities of the order of the perturbations must 
be omitted, until the masses on which they depend become otherwise known. 
Wherefore, in the present inquiry, the moss of the body being neglected, we re- 
duce the number of the elements to sis, and, therefore, it is evident, that as many 
quantities depending on the elemente, but independent of each other, are re- 
quired for the determination of the tmknown orbit These quantities are neces- 
Barily the places of the heavenly body oljserved from the earth ; since each one 
of which furnishes two data, that in, the longitude and latitude, or the right ascen- 
sion and declination, it ^vill certainly be the most simple to adopt three grocerdrk- 
places which wilL in general, be sufficient for determining the sis unknown ele- 
menta. This problem is to be regarded as the most important in this work, and, 
for this reason, vrill he treated with the greatest care in this section. 

21 (161) 
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But in the special case, in whlcli the plane of the orbit coincides with the 
ecliptic, and thus both the heliocentric and geocentric latitudes, from their nature, 
vanish, the three vanishing geocentric latitudes cannot any longer be considered 
aa three data independent of each other : then, therefore, this problem would 
remain indeterminate, and the thi-ee geocentric places might be satisfied by an 
infinite niunber of orbits. Accordingly, in such a case, four geocentric longitudes 
must, necessarily, be given, in order that the four remaining unknown elements 
(the, inclination of the orbit and the longitude of the node being omitted) may be 
determined. But although, from an indiscernible principle, it is not to be ex- 
pected that such a case would ever actually present itself in nature, nevertheless, 
it is easily imagined that the problem, which, in an orbit exactly coinciding with 
the plane of the ecliptic, is absolutely indeterminate, must, on account of the 
limited accuracy of the observations, remain nearly indeterminate in orbits very 
little inclined to the ecliptic, where the very slightest errors of the observations 
are sufficient altogether to confound the determination of the unknown quan- 
tities. Wherefore, in order to examine this case, it will be necessary to select 
six data : for which purpose we will show in section second, how to determine aa 
unknown orbit from four observations,'of which two are complete, but the other 
two incomplete, the latitudes or declinations being deficient 

Finally, as all our observations, on account of the imperfection of the instru- 
raentfl and of the senses, are only approximations to the truth, an orbit based 
only on the six absolutely necessary data may he still liable to considerable 
errors. In order to diminish these as much as possible, and thus to reach the 
greatest precision attainable, no other method will he given except to accumulate 
the greatest niunber of the most perfect observations, and to adjust the ek-ments, 
not so as to satisfy this or that set of observations with abi^olute exactnea'', but 
so as to agree with all in the best possible manner. For which i)urpose, we will 
show in the third section how, according to the principles of the calculus of 
probabilities, such an agreement may he obtained, as will be, if in no one place 
perfect, yet in all the places the strictest possible. 

TTie determination of orbits in this manner, therefore, so far as the heavenly 
bodies move in them according to the laws of Ksfleb, will be carried to the 
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highest degree of perfection that is desired. Then it will be proper to undertake 
the final correction, in which the perturbations that the other planets cause in the 
motion, will be taken account of : we will indicate briefly in the fourth section, 
how these may be taken accoimt of, so far at least, as it shall appear consistent 
with our plan. 

116. 

Before the determination of any orbit from geocentric observations, if the 
greatest accuracy is desired, certain reductions must be applied to the latter on 
account of nutation, precession, parallax, and aberration : these small quantities 
may be neglected in the rougher calculation. 

Observations of planets and comets are commonly given in apparent (that 
is, referred to the apparent position of the equator) right ascensions and declina- 
tions. Now as this position is variable on account of nutation and precession, 
and, therefore, dijSFerent for diflferent observations, it will be expedient, first of all, 
to introduce some fixed plane instead of the variable plane, for which purpose, 
either the equator in its mean position for some epoch, or the ecliptic might be 
selected : it is customary for the most part to use the latter plane, but the former 
is recommended by some peculiar advantages which are not to be despised. 

When, therefore, the plane of the equator is selected, the observations are in 
the first place to be freed from nutation, and after that, the precession being 
applied, they are to be reduced to some arbitrary epoch : this operation agrees 
entirely with that by which, from the observed place of a fixed star, its mean 
place is derived for a given epoch, and consequently does not need explanation 
here. But if it is decided to adopt the plane of the ecliptic, there are two courses 
which may be pursued : namely, either the longitudes and latitudes, by means of 
the mean obliquity, can be deduced from the right ascensions and declinations 
corrected for nutation and precession, whence the longitudes referred to the mean 
eqiiinox will be obtained ; or, the latitudes and longitudes will be computed more 
conveniently from the apparent right ascensions and declinations, using the appar- 
ent obliquity, and will afterwards be freed from nutation and precession. 

The places of the earth, corresponding to each of the observations, are com- 
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puted flora the solar tables, but they are evidently to be referred to the same 
plane, to which the observations of the heavenly body are referred. For which 
reason the nutation will be neglected in the computation of the longitude of the 
sun; but afterwards this longitude, the precession being applied, will be reduced 
to the fixed epoch, and increased by 180 degrees; the opposite sign will be given 
to the latitude of the sun, if, indeed, it seems worth while to take account of it: 
thus will be obtained the heliocentric place of the earth, which, if the ecjuator is 
chosen for the fundamental plane, may be changed into right ascension anrl decli- 
nation by making use of the mean obhquity. 



117. 

The position of the earth, coraputed in this manner from the tables, is the 
place of the centre of the earth, but the observed place of the heavenly body 
is referred to a point on the surface of the earth : there are three methods of 
remedying this discrepancy. Either the observation can be reduced to the centre 
of the earth, that is,freed from parallax ; or the heliocentric place of the earth 
may be reduced to the place of observation, which is done by applying the 
parallax properly to the place of the sim computed from the tables ; or, finally, 
both positions can be transferred to some third point, which is most conveniently 
taken in the intersection of the visual ray with the plane of the ecliptic ; the 
observation itself then remains unchanged, and we have explained, in article 72, 
the reduction of the place of the earth to this point. The first method camiot be 
applied, except the distance of the heavenly body from the earth be approxi- 
mately, at least, known : but then it is very convenient, especially when the 
observation has been made in the meridian, in which case the declination only in 
affected by parallax. Moreover, it will he better to apply this reduction imme- 
diately to the observed place, before the transformations of the preceding article 
are undertaken. But if the distance from the earth ia still wholly unknown, 
recoui-se must be had to the second or thinl method, and the former will be em- 
ployed when the equator is taken for the fundamental plane, but the thiixl will 
have the preference when all the positions are referred to the ecliptic 
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If the distance of a heavenly body from the earth answering to any observa- 
tion is abeady approximately knovm, it may be freed from the effect of aberi-a- 
tion in several ways, dependiiig on the different methods given in article 71. 
Let t be the true time of observation ; 6 the interval of time in which light passes 
from the heavenly body to the earth, which results from multiplying 493' into the 
distance; I the observed place,/ the same place reduced to the time ^-)-^ by 
means of the diurnal geocentric motion ; I" the place / freed from that part of the 
aberration which is common to the planets and fixed stars ; L the true place of 
the earth corresponding to the time i (that is, the tabular place increased by 
20",25) ; lastly, 'i the true place of the earth corresponding to the time / — 6. 
These things being premised, we shall have 

I. I the true place of the heavenly body seen from 'X at the time t — 6. 
n. t the true place of the heavenly body seen from L at the time t 
in. r the true place of the heavenly body seen from Z at the time / — d. 
By method L, therefore, the observed place is preserved unchanged, but the fio 
titious tune t — d is substituted for the true, the place of the eartli being com- 
puted for the former ; method U., appUes the change to the observation alone-, but 
it requires, together with the distance, the diurnal motion ; in method m,, the 
observation undergoes a correction, not depending on the distance ; the fictitious 
tune i — & 18 substituted for the true, but the place of the earth corresponding to 
the true time is retained. Of these methods, the first is much the most conven- 
ient, whenever the distance ia known well enough to enable us to compute the 
reduction of tlie time with sufficient accuracy. But if the distance is wholly xm- 
known, neither of these methods can be immediately applied : in the first, to be 
sure, the geocentric place of the heavenly body is known, but the time and the 
position of the earth are wanting, both depending on the unknown distance; in 
the second, on the other hand, the latter are given, and the former is wanting; 
finally, in the third, the geocentric place of the heavenly body and the position 
of tlie earth are given, but the time to be used with these is wanting. 
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WTiat, therefore, is to be done with our problem, if, in such a case, a solution 
exact with respect to aberration is required? The simplest course undoubtedly 
is, to determine the orbit neglecting at first the aberration, the effect of which can 
never be important ; the distances will thence be obtained with at least such pre- 
cision that the obaei'vations can be freed from aberration by some one of the 
methods just explained, and the determination of the orbit can be repeated with 
gi-eater accuracy. Now, in this case the third method will be far preferable to the 
othcn*: for. in the first method all the computations depending on the position of 
the earth must be commenced again from the vei-y beginning; in the second (which 
in fact is never applicable, unless the number of observations is sufficient to obtain 
from them the diurnal motion), it is necessary to begin anew all the computations 
depending upon the geocentric place of the heavenly body ; in the third, on the 
contrary, (if the first calculation had been already based on geocentric placea 
freed from the aberration of the fixed stars) all the preliminary computations 
depending upon the position of the earth and the geocentric place of the heavenly 
body, can be retained unchanged in the new computation. But in this way it 
will even be possible to include the aberration directly in the first calculation, if 
the method used for the determination of the orbit has been .«o arranged, that 
the values of the distances are obtained before it shall have been necessary to 
inti-oduce into the computation the corrected times. Then the double eompu- 
tjvtion on account of the abeiTation will not be necessary, as will appear more 
cleai'ly in the further treatment of our problem. 



119. 

It would not be difficult, from the connection between the data and unknown 
quantities of our problem, to reduce its statement to six equations, or even to less, 
since one or another of the unknown quantities might, conveniently enough, be 
eliminated: but since this connection is most complicated, these equations would 
become very intractable ; such a separation of the unknoftii quantities as tinally 
to produce an equation containing only one, can, generally speaking, be regarded 
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as impossible,* and, therefore, still less will it be possible to obtain a complete 
solution of the problem by direct processes alone. 

But our problem may at least be reduced, and that too in various ways, to the 
solution of two equations X = % F= 0, in which only two unknown quantities 
Zj y, remain. It is by no means necessary that x^ y, should be two of the ele- 
ments: they may be quantities connected with the elements in any manner 
whatever, if, only, the elements can be conveniently deduced from them when 
foimd. Moreover, it is evidently not requisite that X, Z, be expressed in explicit 
functions oi x,y : it is sufl&cient if they are connected with them by a system of 
equations in such manner that we can proceed from given values of ar, y, to the 
corresponding values of X, Y. 

120. 

Since, therefore, the nature of the problem does not allow of a further reduc- 
tion than to two equations, embracing indiscriminately two imknown quantities, 
the principal point will consist, first, in the suitable selection of these unknown 
quantities and arranc/rment of the equations, so that both X and T may depend 
in the simplest manner upon :r, ^y, and that the elements themselves may follow 
most conveniently from the values of the former when known : and then, it will 
be a subject for careful consideration, how values of the unknown quantities satis- 
fying the equations may be obtained by processes not too laborious. If this should 
be practicable only by blind trials, as it were, very great and indeed almost intol- 
erable labor would be required, such as astronomers who have determined the 
orbits of comets by what is called the indirect method have, nevertheless, often 
undertaken : at any rate, the labor in such a case is very greatly lessened, if, in 
the first trials, rougher calculations sufl&ce until approximate values of the im- 
known quantities are found. But as soon as an approximate determination is 
made, the solution of the problem can be completed by safe and easy methods, 
which, before we proceed fmi;her, it will be well to explain in this place. 



♦ When the observations are so near to each other, that the intervals of the times may be treated as 
infinitely small quantities, a separation of this kind is obtained, and the whole problem is reduced to the 
solution of an algebraic equation of the seventh or eighth degree. 
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The equations -Y^^O, Y:=0 will be exactly satiH6ed if fot- x iind y their 
true values are taken ; if, on the contrary, values different from the true ones are 
substituted for x and y, then X iind Y will acquire values differing from 0. The 
more nearly x and J/ approach their true values, the smaller should be the result- 
ing values of X and F, and when their differences from the true values are very 
small, it will be admissible to asaunae that the variations in the values of A' and Y 
are nearly proportional to the variation of a:, if y l^ not changed, or to the varia- 
tion of !/, if X \a not changed. Accordingly, if the true values of x and ^ are 
denoted by £, jj, the values of X and Y corresponding to the assumption that 
x = ^ -\-X, y = i}-\-fi, will be expressed m the form 

X=aX-\-^fi, r=yl-f-(Jft, 
in which the coefficients a, (5, y, 3 can be regarded as constant, as long as l and ju 
remain very small Hence we conclude that, if for three systems of values of 
X, y, differing but little from the true values, corresponding values of X, Y have 
been detennined, it will be possible to obtain from them correct values of a^, y so 
for, at least, as the above assumption is admissible. Let us suppose that, 
i<x x = a, y=^h we have X^A, Y ^ B, 
x — d,y = h' X^A: Y=B', 

x=d\y = V' X = A" Y^B", 

and we shall have 

.4=o(a-|) + |S(} — ,), 5 = ^(0-1)+,) (J-,), 
4' = «(»'_{) + fl(y-,,), i!' = y(a'-£)+»(4'-l), 
A'=c,(a"-i)+^(V—r,),B'=r(iJ'-l) + ll(V'-n)- 
Prom these we obtain, by climmating a, ft, f, S, 

A'B' — ^B-\-A"B—AB'-irAli — A'B ' 



S = 



t(,A'B'—A'B) + l/(.rn—Air)-\-Vi AB — A'B ) 
^~ A'Br—A'B+.ril—ABf-^-AB — A'B > 

or, in a form more convenient for computation, 



5=0+ 



,=» + <-^ 



K — a) (XB—A B') 4- («•— a) (A B — A'B) 
A'S'—ATB + AfB—AB' + AB — AH > 
i)(A'B — ASr) + vr — l.){AB — A'S) 



A'B' — A'B + A'B—AB'+AS—A'B ' 
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It is evidently admissible, also, to interchange in these formulas the quantities 
a, b, A, B, with d, V, A', ff, or with a", V% A% B\ 

The common denominator of all these expressions, which may be put imder 
the form {A[ — A) {S' — B) — (^A^' — A) {Bf — B\ becomes 

i^a$ — ^y)(Xd — a){h" — l) — {d' — a){y — h))x 

whence it appears that a, a', d\ J, h\ V must be so taken as not to make 

a" — a g/ — a 

otherwise, this method would not be applicable, but would furnish, for the values 
of \ and t\^ fractions of which the numerators and denominators would vanish at 
the same time. It is evident also that, if it should happen that aS — /iy = 0, the 
same defect wholly destroys the use of the method, in whatever way a, a', d\ 
by b\ y\ may be taken. In such a case it would be necessary to assume for the 
values of X the form 

and a similar one for the values of F, which being done, analysis would supply 
methods, analogous to the preceding, of obtaining from values of X, Y, computed 
for four systems of values of x, y, true values of the latter. But the computation 
in this way would be very troublesome, and, moreover, it can be shown that, in 
such a case, the determination of the orbit does not, from the nature of the ques- 
tion, admit of the requisite precision : as this disadvantage can only be avoided 
by the introduction of new and more suitable observations, we do not here dwell 
upon the subject 

121. 

When, therefore, the approximate values of the unknown quantities are ob- 
tained, the true values can be derived from them, in the manner just now ex- 
plained, with all the accuracy that is needed. First, that is, the values of JT, Y, 
corresponding to the approximate values (a, b) will be computed : if they do not 
vanish for these, the calculation will be repeated with two other values (a', J') 
differing but little from the former, and afterwards with a third system (a", i") 

22 
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unless X, Y, have vanished for the second. Then, the true values will be de- 
duced by means of the formulas of the preceding article, so far as the assiunption 
on which these formulas are based, does not differ sensibly from the truth. In 
order that we may be better able to judge of which, the calculation of the values 
of X, Y, wiU be repeated with those corrected values ; if this calculation shows 
that the equations X=0, F^Oj are, still, not satisfied, at least much smaller 
values of X, Y, will result therefrom, than fi-om the three former hypothese.^ and 
therefore, the elementfl of the orbit resulting from them, will be much more exact 
than those which correspond to the first hypotheses. K we are not satisfied 
with these, it will be best, omitting that hypothesis which produced the greatest 
differences, to combine the other two with a fourth, and thus, by the process of 
the preceding article, to obtain a fifth system of the values of x,^; in the same 
manner, if it shall appear worth while, we may proceed to a sixth hypothesin, 
and so on, until the equations X= 0, y= 0, shall be satisfied as exactly as the 
logarithmic and trij,'Ouometrica] tables permit But it will very rarely be neces- 
sary to proceed beyond the fourth system, unless the first hypotheses were very 
far from the truth. 



122. 

As the values of the unknown quantities to be assumed in the second and third 
hypotheses are, to a certain extent, arbitrary, provided, only, they do not differ 
too much from the first hypothesis ; and, moreover, as care is to be taken that the 
ratio (o" — a): [h" — b) does not tend to an equality with {a' — a): (&' — 6), it is 
customary to puta':^=a,b":=.b. A double advantage is derived from this; for, not 
only do the formulas for |, ij, become a little more simple, but, also, a part of the 
first calculation will remain the same in the second hypotheeiE^ and another port 
in the third. 

Nevertheless, there is a case in which other reasons suggest a departure from 
this custom: for let us suppose X to have the form X' — x, and T the form 
Y — >/. and the functions X', Y', to become such, by the nature of the problem, 
that they are very little affected by small errors in the values of x, y, or that 
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may be very small quantities, and it is evident that the differences between the 
values of those functions corresponding to the system a: = |, ^ = ^> ^^id those 
which result from a: = «, ^ = i, can be referred to a somewhat higher order 
than the differences 5 — «, ^ — b; but the former values are JT' = 5, Y^ = tj, and 
the latter X^ = a-{'A, Y^ = b-{' B, whence it follows, that a-^-A, i + jB, are 
much more exact values of x, y^ than a, h. If the second hypothesis is based 
upon these, the equations jr= 0, F= 0, are very frequently so exactly satisfied, 

that it is not necessary to proceed any further ; but if not so, the third hypoth- 

« 

esis will be formed in the same manner from the second, by making 

/' = a' + ^' = a + il + ^',r = i' + ^ = * + 5*4-^, 

whence finally, if it is still not found sufficiently accurate, the fourth will be ob- 
tained according to the precept of article 120. 

123. 

We have supposed in what goes before, that the approximate values of the 
unknown quantities x^y^ are already had in some way. Where, indeed, the 
approximate dimensions of the whole orbit are known (deduced perhaps from 
other observations by means of previous calculations, and now to be corrected by 
new ones), that condition can be satisfied without difficulty, whatever meaning we 
may assign to the unknown quantities. On the other hand, it is by no means a 
matter of indifference, in the determination of an orbit still wholly imknown, 
(which is by far the most difficult problem,) what imknown quantities we may 
use ; but they should be judiciously selected in such a way, that the approximate 
values may be derived from the nature of the problem itself. Which can be done 
most satisfactorily, when the three observations apphed to the investigation of 
an orbit do not embrace too great a heliocentric motion of the heavenly body. 
Observations of this kind, therefore, are always to be used for the first determina- 
tion, which may be corrected afterwards, at pleasure, by means of observations 
more remote from each other. For it is readily perceived that the nearer the ob- 
servations employed are to each other, the more is the calculation affected by their 
imavoidable errors. Hence it is inferred, that the observations for the first de- 
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termination are not to be pickeil out at random, but care is to be taken, fint, that 
they be not too near each other, but iJmi, also, that they be not too distant from 
each other; for in the first case, the calculation of elements satisfying the obser- 
vations would certainly be most expeditiously performed, but the elements them- 
selves would be entitled to little confidence, and might be so erroneous that they 
could not even be used as an approximation : in the other case, we should aban- 
don the artifices whicii ar-e to be made use of for an approximate determination 
of the unknown quantities, nor could we thence obtain any other determination, 
except one of the rudest kind, or wholly insufficient, without many more hypoth- 
eses, or the most tedious trials. But how to form a correct judgment concerning 
these limits of the method is better learned by frequent practice than by rules: 
the examples to be given below will show, that elements possessing great accu- 
racy can be derived from observations of Juno, separated from each other only 22 
days, and embracing a heliocentric motion of 7° 35'; and again, that our method 
can also be applied, with the most perfect success, to observations of Ceres, which 
are 2G0 days apart, and include a heliocentric motion of 62° 55'; and can give, 
with the use of four hypotheses or, rather, successive approximations, elements 
agreeing excellently well with the observations. 



124. 

We proceed now to the enumeration of the most suitable methods based upon 
the preceding principles, the chief parts of which have, indeed, already been ex- 
plained in the first book, and require here only to be adapted to our purpose. 

The most simple method appears to be, to take for y, y, the distances of the 
heavenly body from the earth in the two observations, or rather the logarithms 
of these distancesjor the logarithms of the distances projected upon the ecliptic 
or equator. Hence, by article 64, V., will be derived tlie heliocentric places und 
the distances from the sun pertaining to those places; hence, again, by article 110, 
the position of the plane of the orbit and the heliocentric longitudes in it; and 
from these, the radii vectores, and the coiTespondiug times, according to the prob- 
lem treated at length in articles 85-105, all the remaining elements, by which, 
it is evident, these observations will be exactly represented, whatever values may 
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have been assigned to z^ y. If, accordingly, the geocentric place for the time of 
the third observation is computed by means of these elements, its agreement or 
disagreement with the observed place will determine whether the assumed values 
are the true ones, or whether they diflFer from them ; whence, as a double com* 
parison will be obtained, one difference (in longitude or right ascension) can be 
taken for X, and the other (in latitude or declination) for Y, Unless, therefore, 
the values of these differences come out at once = 0, the true values of ar, y, may 
be got by the method given in 120 and the following articlea For the rest, it is 
in itself arbitrary from which of the three observations we set out : still, it is bet- 
ter, in general, to choose the first and last, the special case of which we shall speak 
directly, being excepted. 

This method is preferable to most of those to be explained hereafter, on this 
account, that it admits of the most general application. The case must be ex- 
cepted, in which the two extreme observations embrace a heliocentric motion of 
180, or 360, or 540, etc., degrees; for then the position of the plane of the orbit 
cannot be determined, (article 110). It will be equally inconvenient to apply the 
method, when the heliocentric motion between the two extreme observations 
diflFers very little from 180° or 360°, etc., because an accurate determination of 
the position of the orbit cannot be obtained in this case, or rather, because the 
slightest changes in the assumed values of the imknown quantities would cause 
such great variations in the position of the orbit, and, therefore, in the values of 
JST, Yy that the variations of the latter could no longer be regarded as propor- 
tional to those of the former. But the proper remedy is at hand ; which is, that 
we should not, in such an event, start from the two extreme observations, but from 
the first and middle, or from the middle and last, and, therefore, should take for 
JST, Yy the differences between calculation and observation in the third or first 
place. But, if both the second place should be distant from the first, and the 
third from the second nearly 180 degrees, the disadvantage could not be removed 
in this way ; but it is better not to make use, in the computation of the elements, 
of observations of this sort, from which, by the nature of the case, it is wholly 
impossible to obtain an accurate determination of the position of the orbit. 

Moreover, this method derives value from the fact, that by it the amount of 



174 



DETERMINATION OP AN ORBIT FEOM 



[Book IL 



the variations which the elements experience, if the middle place iliaugos while 
the extreme places remain fixed, can be estimated without difficulty: in this way, 
therefore, some judgment may be formed as to the degree of precision to be 
attributed to the elements found. 



125. 

We shall derive the secojid from the preceding method by applying a slight 
change. Starting firom the distances in two observations, we shall determine all 
the elements in the same manner as before; we shall not, however, compute 
from these the geocentric place for the third observation, but will only proceed 
as far as the heliocentric place in the orbit ; on the other hand we will obtain the 
same heliocentric place, by means of the problem treated in articles 74, 75, from 
the observed geocentric place and the position of the plane of the orbit ; these 
two determinations, different from each other (unless, perchance, the true values 
of X, y, should be the assumed ones), will furnish us X and T, the difference be- 
tween the two values of the lon^tude in orbit being taken for X, and the differ^ 
ence between the two values of the radius vector, or rather its logarithm, for T. 
This method is subject to the same cautions we have touched upon in the -pre- 
ceding article : another is to be added, namely, that the heliocentric place in orbit 
cannot be deduced from the geocentric place, when the place of the earth happens 
to be in either of the nodes of the orbit; when that is the case, accordingly, this 
method cannot be applied. But it will also be proper to avoid the use of this 
method in the case where the place of the earth is very near either of the nodes, 
since the assumption that, to small variations of x,t/, correspond proportional 
variations of X, Y, would be too much in error, for a reason similar to that which 
we have mentioned in the preceding article. But here, also, may be a remedy 
sought in the interchange of the mean place with one of the extremes, to which 
may correspond a place of the earth more remote from the nodes, except, per- 
chance, the earth, in all three of the observations, should be in the vicinity of the 
nodes. 
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126. 

The preceding method prepares the way directly for the third. In the Bame 
manner as before, by means of the distances of the heavenly body from the earth 
in the extreme observations, the corresponding longitudes in orbit together with 
the radii vectores may be determined. With the position of the plane of the 
orbit, which this calculation will have furnished, the longitude in orbit and the 
radius vector will be got from the middle obaervation. The remaining elements 
may be computed fi-om these three heliocentric places, by the problem treated in 
articles 82, 83, which process will be independent of the times of the observa- 
tions. In this way, three mean anomalies and the diurnal motion will be known, 
whence may be computed the intervals of the times between the first and second, 
and between the second and third observations. The diiFerences between these 
and the true intervals will be taken for X and Y. 

This method is less advantageous when the heUocentric motion includes a 
small arc only. For in such a case this determination of the orbit (as we have 
already shown in article 82) depends on quantities of the third order, and does 
not, therefore, admit of suflScient exactness. Tlie slightest changes in the values 
of x,y, might cause very great changes in the element** and, therefore, in the val- 
ues of -X, Y, also, nor would it be allowable to suppose the latter proportional to 
the former. But when the three places embrace a considerable heliocentric mo- 
tion, the use of the method will imdoubtedly succeed best, unless, indeed, it is 
thrown into confusion by the exceptions explained in the preceding articles, 
which are evidently in this method too, to be taken into consideration. 



127. 

After the three heliocentric places have been obtained in the way we have 
described in tlie preceding article, we can go forward in the following manner. 
The remaining elements may be determined by the problem treated in ai'ticles 
86-105, first, fi-om the first and second places with the corresponding interval of 
time, and, afterwardi^ in the same manner, from the second and third places and 
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the coiTespoinling interval of time : thus two valuea will lesiilt for each of the 
elements, and from their differences any two may be taken at pleasure for X and 
7. One advantage, not to be rejected, gives great value to this method; it is, 
that in the first hypotheses the remaining elements, besides the two which are 
chosen for fixing X and 7, can be entirely neglected, and will finally be deter- 
mined in the lost calculation based on the corrected valuen of x, y, either from 
tlio first combination alone, or from the second, or, which is generally preferable, 
from the combination of tlie first place with the third. The choice of those two 
elements, which is, commonly spenking, arbitrary, furnishes a great variety of 
solutions ; the logarithm of the semi-parameter, together with the logarithm of 
the semi-axLs major, may be adopted, for example, or the former with the eccen- 
tricity, or the latter with the same, or the longitude of the perihelion with any 
one of these elements : any one of these four elements might also be combined 
with the eccentric anomaly corresponding to the middle place in either calcula- 
tion, if an elUptical orbit should result, when the formulas 27-30 of article 96, 
will supply the most expeditious computation. But in special cases this choice 
demands some consideration ; thus, for example, in orbits resembling the parabola, 
the semi-axis mnOr or its logarithm would be le&s suitable, inasmuch as excessive 
variations of the,-i' quantities could not be regarded as proportional to changes of 
x^y: in euch a case it would be more advantageous to select i. But we give leas 
time to these precautions, because the fifth metliod, to be explained in the follow- 
ing article, is to be preferred, in almost all cases, to the four thus far explained. 



128. 

Let us denote three radii vecfores,obt4iined in the same manner as in articles 
125, 126, by r, /, r" ; the angular heliocentric motion in orbit from the second to 
the third place by If, from the first to the tliird by 2/, from the first to the 
second by 2/", so that we have 

next, let 

r'r"sin2/:=n, r r" sin 2/' =; rf", r/8in2/"^B"i 
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lastly, let the product of the constant quantity h {article 2) Into the intervals of 
the time from the second observation to the third, from the first to the third, and 
from the first to the second be respectively, fl, ^' d". Tlje double computation of 
the elements is begun, just as in the preceding article, both from r/ f" and d", 
and fi'om //',/, tf: but neither computation will be continued to the determinar 
tion of the elements, but will stop as soon as that quantity has been obtained 
which expresses the ratio of the elliptical sector to the triangle, and which is de- 
noted above (article 91) by y or — Y. Let the value of this quantity be, in the 
fii-st calculation, i/', in the second, »j. Accordingly, by means of formula 18, arti- 
cle 95, we shall have for the semi-parameter /) the two values: — 

But we have, besides, by article 82, a third value, 

P= „_„-+„' ' 

which three values would evidently be identical if true values could have been 
taken in the beginning for x and y. For which reason we should have 



n — ii -\-ii' ■:=. 



iflffSV-^/ji^/^in/' _ 



Unless, therefore, these equations are fully satisfied In the first calculation, we 
can put 



'' + ""— 2 



»'««* 



2 ^Itfr i^i^cM/coaf emf 
This method admits of an application equally general with the second ex- 
plained in article 125, but it Is a great advantage, that in this, fifth method the 
first hypotheses do not require the determination of the elements themselves, but 
stop, as it were, half wiiy. It appears, also, that in this process we find that, as it 
can be foreseen tliat the new hypothesis will not differ sensibly from the truth, it 
will be sufficient to determine the elements either from r,r^,/",6", alone, or irom 
r*, /',/f 6, or, which is better, from r, r^'/'j 6'. 
28 
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129. 

The five metboils thus far explained lead, at once, to as many others which 
differ I'rom the former only in this, that the inclination of the orbit and the lon- 
gitude of the ascending node, instead of the distances from the earth, are taken 
for z and y. The new methods are, then, aa foUowa: — ' 

I. Fram X and y, and the two extreme geocentric places, according to articles 
74, 75, the heliocentric longitudes in orbit and the radii vectores are determined, 
and, from these and the corresponding times, all the remaining elements; from 
tliese, finally, the geocentric place for the time of the middle observation, the 
differences of which from the observed place in longitude and latitude will fiir- 
nish X and T. 

The four remaining methods agree in this, that all three of the heliocentric 
longitudes in orbit and the corresponding radii vectores are computed from the 
position of the plane of the orbit and the geocentric places. But afterwanls ; — 

II. The remainuig elements are detennined from the two extreme places only 
and the corresponding times; with these elements the longitude in orbit and 
radius vector are computed for the time of the middle observation, the differences 
of which quantities from the values before found, that is, deduced from the geo- 
centric place, will produce X and JT: 

HI. Or, the remaining dimensions of the orbit are derived from all three 
heliocentric places (articles 82,83,) into which calculation the times do not enter: 
then the intervals of the times are deduced, which, in an orbit thus found, inhould 
have elapsed between the first and second observation, and between this last 
and the third, and their differences from the true intervals will furnish us with 
A' Rlld F: 

I v. The remaining elements are computed in two ways, that is, both by the 
combination of the first place with the second, and by the combination of the 
second with the third, the corresponding intervals of the times being used. These 
two systems of elements being compared with each other, any two of the differ* 
ences may be taken for X and Y: 

V. Or lastly, the same double calculation is only continued to the values of 
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the quantity denoted by y^ in article 91, and then the expressions given in the 
preceding article for X and Y^ are adopted. 

In order that the last four methods may be safely used, the places of the earth 
for all three of the observations must not be very near the node of the orbit : on 
the other hand, the use of the first method only requires, that this condition may 
exist in the two extreme observations, or rather, (since the middle place may be 
substituted for either of the extremes,) that, of the three places of the earth, 
not more than one shall lie in the vicinity of the nodea 

130. 

The ten methods explained from article 124 forwards, rest upon the assump- 
tion that approximate values of the distances of the heavenly body from the 
earth, or of the position of the plane of the orbit, are already known. AVhen 
the problem is, to correct, by means of observations more remote from each other, 
the dimensions of an orbit, the approximate values of which are already, by 
some means, known, as, for instance, by a previous calculation based on other 
observations, this assumption will evidently be liable to no difficulty. But it does 
not as yet appear from this, how the first calculation is to be entered upon when 
all the dimensions of the orbit are still wholly unknown : this case of our problem 
is by far the most important and the most difficult, as may be imagined from 
the analogous problem in the theory of comets, which, as is well known, has 
perplexed geometers for a long time, and has given rise to many fruitless 
attempts. In order that our problem may be considered as correctly solved, that 
is, if the solution be given in accordance with what has been explained in the 
119th and subsequent articles, it is evidently requisite to satisfy the following 
conditions : — First the quantities x^ y^ are to be chosen in such a manner, that 
we can find approximate values of them from the very nature of the problem, at 
all events, as long as the heliocentric motion of the heavenly body between the 
observations is not too great. Secondly^ it is necessary that, for small changes in 
the quantities x, y^ there be not too great corresponding changes in the quantities 
to be derived from them, lest the errors accidentally introduced in the assmned 
values of the former, prevent the latter from being considered as approximate. 
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Thirdly {1.11(1 lastly, we requii'e that the processes by which we pasa irom the quan- 
tities X, fff to X, 7, successively, he not too complicated. 

These conditions will furnish the criterion by which to judge of the excellence 
of any method : this will show itself more plainly by frequent applications. The 
method which we are now prepared to explain, and which, in a measure, is to be 
regarded as the most important part of this work, satisfies these conditions so that 
it seems to leave nothing fm'ther to be desired. Before entering upon the ex- 
planation of this in the fonu moRt suited to practice, we wiU premise certain pre- 
liminary considerations, and we will illustrate and open, as it were, the way to it, 
which might, perhaps, otherwise, seem more obscure and leas obvious. 

131. 

It ia shown in article 114, that if the ratio between the quantities denoted 
there, and in article 128 by n,n',n", were known, the distances of the heavenly 
body from the earth could be determined by means of very simple formulas. 
Now, therefore, if 

should be taken for x, y. 



(the symbols 6,6', 6", being taken in the same signification aa in article 128) im- 
mediately present themselves as approximate values of these quantities in that 
case where the heliocentric motion between the observations is not very great : 
hence, accordingly, seems to flow an obvious solution of our problem, if two dL<*- 
tances from the earth are obtained from ar, y, and after that we proceed agreeably 
to some one of the five methods of articles 124-128. In fact, the symboU tj, tf 
being also taken with the meaning of article 128, and, analogously, the quotient 
ai'ising from the division of the sector contained between the two radii veetores 
by the area of the triangle between the same being denoted by ij', we shall have, 
n _0 ff f^_<r >f 
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and it readily appeara, that if «, n', «", are regarded as small quantities of the first 
order, rj — 1, ij' — 1, jj" — 1 are, genei-ally speaking, quantities of the second 
order, and, therefore, 

6 ff^ 
W V 
the approximate values of x,y, differ from the true ones only by quantities 
of the second order. Nevertheless, upon a nearer examination of the sub- 
ject, this method is found to be wholly unsuitable ; the reason of this we 
will explain in a few words. It is readUy perceived that the quantity (0. 1. 2), 
by which the distances in the formulas 9, 10, 11, of article 114 have been miUti- 
plied, is at least of the third order, while, for example, in equation 9 the quan- 
tities {0. 1. 2), (I. 1. 2), (II. 1. 2), are, on the contrary, of the first order; hence, 
it readily follows, that an error of the second order in the values of the quanti- 
ties ^,^ produces an error of the order zero in the values of the distances. 
Wherefore, according to the common mode of speaking, the distances would be 
affected by a finite error even when the intervals of the times were infinitely 
small, and consequently it would not be admissible to consider either these dis- 
tances or the remaining quantities to be derived from them even as approximate; 
and the method would be opposed to the second condition of the preceding 
articl& 



132. 

Putting, for the sake of brevity, 
{0.1.2) = «, (O.L2)iy = — J, {0.O.2)D=-\-e, (O.II2)/>" = + rf, 
BO that the equation 10, article 114, may become 

the coefficients e and d will, indeed, be of the first order, but it can be easily 
shown that the difference e — d is to be referred to the second order. Then it 
follows, that the value of the quantity 
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resulting from the approximate assumption that 7J ; ?j" =^6 :6" Ib affected by an 
error of the fourth order only, and even of the fiftli only when the middle is dis- 
tant from the extreme observations by equal intervals. For this error is 



en-\-dn' 



_ 9&'id^ c)(,r-n) 



where the denominator is of the second order, and one factor of the numerator 
66" {d — c) of the fourth, the other tj" — tj of the second, or, in that special case, 
of the third order. The former equation, therefore, being exhibited in this form, 



06^=6-^-" 



„ + „- • «' ' 

it is evident that the defect of the method explained in the preceding article does 
not arise from the fact that the quantities n, n" have been assumed proportional to 
6, &", but that, in addition to this, n was put proportional to 6'. For, indeed, in this 
way, instead of the factor - ''," , the less exact value Jj— ^ 1 is introduced, 
from which the true value 

1-1- "^ 

differs by a quantity of the second order, (article 128). 



133. 

Since the cosines of the angles/,/',/", as also the quantities i\, rj" differ from 
unity by a difference of the second order, it is evident, that if instead of 
« + «• 



the approximate value 



1 -h 2rr'/ 



is introduced, an error of the fourth order is committed. If) accordingly, in place 
of the equation, article 114, the following is introduced, 

an error of the second order wiU show itself in the value of the distance 8' when 
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obiaoiis approximate values of the quantities P, Q, of ■which the true values are 
precisely 

e if' rr^ij^eosfcosfeasf" 
from which hypothesis will result errors of the first order in the determination of 
3', and therefore of ft, 8", or of the second order in the special case several times 
mentioned. Although we may rely with safety upon these conclusions, genendly 
speaking, yet in a particular case they can lose their force, as when the quantity 
(0. 1. 2), which in general is of the third order, happens to be equal to zero, or so 
small that it must be referred to a higher onler. This occurs when the geocentric 
path in the celestial sphere has a point of contrary Hexure near the middle place. 
Lastly, it appears to be required, for the use of our method, that the heliocentric 
motion between the three observations be not too great : but this restriction, by 
the nature of the very complicated problem, cannot be avoided in any way ; 
neither is it to be regarded as a disadvantage, since it will always be desired to 
begin at the earliest possible moment the iirat determination of the uiiknown 
orbit of a new heavenly body. Besides, the restriction itself can be taken in a 
sufficiently broad B^nfie, as the example to be given below will show. 



135. 

The preceding discussions have been introduced, in order that the principles 
on which our method rests, and its true force, as it were, may be more clearly 
seen: the practical treatment, however, wUl present the method in an entirely 
different form which, after very numerous applications, we can recommend as 
the most convenient of many tried by us. Since in determining an unknown 
orbit from three observations the whole subject may always be reduced to 
certain hypotheses, or rather successive approximations, it will be regarded as a 
gi'eat advantage to have succeeded in so arranging the calculation, as, at the 
beginning, to separate from these hypotheses as many as possible of the compu- 
tations which depend, not on P and Q, but only on a combination of the known 
quantities. Then, evidently, these preliminary processes, common to each hypoth- 
ecs, can .be gone through once for all, and the hypotheses themselves are reduced 
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to the fewest possible details. It will be of equally great importance, if it 
should not be necessary to proceed in every hypothesis as far as the elements, 
but if their computation might be reserved for the last hypothesis. In both 
these respects, our method, which we are now about to explain, seems to leave 
nothing to be desired 

136. 

We are, in the first place, to connect by great circles three heliocentric places 
of the earth in the celestial sphere. A, A\ X' (figure 4), with three geocentric 
places of the heavenly body, J?, S^ S\ and then to compute the positions of these 
great circles with respect -to the ecliptic (if we adopt the ecliptic as the funda- 
mental plane), and the places of the points B^ S^ S\ in these circles. 

Let a, a', a" be three geocentric longitudes of the heavenly body, /?, /?', /?", lat- 
itudes ; ly f , r, heliocentric longitudes of the earth, the latitudes of which we put 
equal to zero, (articles 117, 72). Let, moreover, y, /, y" be the inclinations to the 
ecliptic of the great circles drawn from Ji, -4', -4", to B^ S^ B^', respectively ; and, 
in order to follow a fixed rule in the determination of these inclinations, we shall 
always measure them from that part of the ecliptic which lies in the direction 
of the order of the signs from the points A, -4', A\ so that their magnitudes wiU 
be counted from to 360°, or, which amounts to the same thing, from to 180** 
north, and from to — 180° south. We denote the arcs AB^ AB^, A'ff\ which 
may always be taken between and 180% by (J, d', d". Thus we have for the de- 
termination of y and d the formulas, 

[1] tany = ^-j^^^^ 

L J COS/ 

To which, if desirable for confirming the calculation, can be added the following, 

sin(J==^^, cos d = cos /? cos (a — T). 

We have, evidently, entirely analogous formulas for determining /, d', /', 6^^ Now, 
if at the same time /J = 0, a — /== or 180°, that is, if the heavenly body should 

24 
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be in opposition or conjunction and in the ecliptic at the same time, y would be 
indeterminate. But we assume that this is not the case in either of the three 
obMCi'vations, 

If the equator is adopted as the fundamental plane, instead of the ecliptic, 
then, for detenniuing the positions of the three great circles with respect to the 
equator, will be required the right ascensions of their intersections with the equa- 
tor, besides the inclinations; and it will be necessary to compute, in addition to 
the distances of the points B, B, S\ from these intersections, the distances of the 
points A, A', A' also from the same intersections. Since these depend on the 
problem discussed in article 110, we do not stop here to obtain the formulas. 



137. 

The second step will be the determination of the positions of these three great 
circles relatively to each other, which depend on their inclinations and the places 
of their mutual intersections. If ^we wish to bring these to depend upon clear 
and general conceptions, without ambiguity, so as not to be obliged to use 
special figures for diflFerent individual cases, it will be necessary to premise some 
preliminary explanations. Firstl//^ in every great circle two opposite directiona 
are to be distinguished in some way, which will bo done if we regard one of them 
as direct or positive, and the other as retrograde or negative. Tliis being wliolly 
arbitrary in itself, we shall always, for the sake of establishing a uniform rule, con- 
sider the directions from ^, .^4', .<4" towards B,B',B" as positive; thus, for example, 
if tlie intersection of the first circle with the second is represented by a positive 
distance from the point A, it will be understood that it is to be taken from A 
towards B (as D" in our figure); but if it should be negative, then the distance 
is 1o be taken on the other side of A. And second^, the two hemispheres, into 
which every great circle divides the whole sphere, are to be distinguished by suit- 
abl*? denominations; accordingly, we shall call that the m/wnw hemisphere, which, 
to niie walking on the inner surface of the sphere, in the positive direction along 
the great circle, is on the right hand ; the other, the inferhr. The superior hemi- 
Bphei-e will be analogous to the nortliem hemisphere in regard to the ecliptic or 
equator, the inferior to the southern. 
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These definitions being correctly understood, it will be possible conveniently 
to distinguish both intersections of the two great circles from each other. In fiict, 
in one the first circle- tends from the inferior to the superior hemisphere of the 
second, or, which is the same thing, the second from the superior to the inferior 
hemisphere of the first ; in the other intersection the opposite tak^s place. 

It is, indeed, wholly arbitrary in itself which intersections we shall select for 
our problem ; but, that we may proceed here also according to an invariable rule, 
we shall always adopt these (2), -D',/y', figure 4) where the third circle A'B" passes 
into the superior hemisphere of the second Aff, the third into that of the first 
ABj and the second into that of the first, respectively. The places of these inter- 
sections will be determined by their distances from the points A and A\ A and 
A\ A and Ay which we shall simply denote by AD, A'D, AB\ A'U, AU', AD\ 

Which being premised, the mutual inclinations of the circles will be the angles 
which are contained, at the points of intersection 2), iX, Z>", between those parts 
of the circles cutting each other that lie in the positive direction ; we shall 
denote these inclinations, taken always between and 180°, by €, «', t''. The de- 
termination of these nine unknown quantities from those that are known, evi- 
dently rests upon the problem discussed by us in article 55. We have, conse- 
quently, the following equations : — 

[3] sin i € sin i {AD + A'D) = sin \ {V — t) sin i (/' + /), 

[4] sin i € cos \ {AD + A'D) = cos i {f—t) sin i {f—r% 

[5] cos i e sm i {AD — A'D) = sin i {f — t) cos i (y" + /), 

[6] cos i « cos i {AD — A'D) = cos i (r — ^ ) cos i (/' — /). 

i {AD-\-A'D) and sin i e are made known by equations 3 and 4, i {AD — A'D) 
and cos i e by the remaining two ; hence ADy A'D and e. The ambiguity in the 
determination of the arcs i {A'D -\- A'D), i {AD — A'D), by means of the tan- 
gents, is removed by the condition that sin i e, cos i e, must be positive, and the 
agreement between sin i £, cos i c, will serve to verify the whole calculation. 

The determination of the quantities AD', A'D', e', ADf'^ ADf'^ t" is efiected in 
precisely the same manner, and it will not be worth while to transcribe here the 
eight equations used in this calculation, since, in fact, they readily appear if we 
change 
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respectively. 

A new verification of the whole calculation thus far can be obtained from the 
mutual relation between the sides and angles of the spherical triangle formed by 
joining the three points />, V, />", from which result the eqiuations, true in gen- 
eral, whatever may be the positions of these points, 

^mjALf — AV) _ Bin {A!D—A!iy) _ wx{A'D—A!Iti 
sine ~ Bine' — flin«" 

Finally, if the equator is selected for the fundamental plane instead of the eclip- 
tic, the computation undergoes no change, except that it is necessai'y to sub- 
stitute for the heliocentric places of the earth A, ^', X" those points of the equa- 
tor where it is cut by the circles A B, A'ly, A!'B" ; consequently, the right ascen- 
sions of these intersections are to be taken instead of I, t, t', and also instead of 
A'D, the distance of the point D from the second intei-section, etc. 



138. 

The third step consists in this, that the two extreme geocentric places of the 
heavenly body, that is, the points B, B", are to be joined by a great circle, and 
the intersection of this with the great circle A'B" is to be determined. Let B* be 
this intei-aection, and 6' — o its distance from the point A' ; let a* be its longitude, 
and fi* its latitude. We have, consequently, for the reason that B, B*, 5" lie in 
the same great curcle, the well-known equation, 

= tan |3 sin (a" — a*) — tan (i* sin (a" — c) -|~ tan p" sin (a* — a), 
which, by the substitution of tan /sin {a* — t) for tan fJ*, takes the following 
form : — 

O^coa{a* — T) (tan/9ain(«" — t) — tan |9"sin{o — /)) 
— sin (o* — I) (tan fi cos (a" — f ) -|- tan / sin (a" — a) — tan /J" cos (n — T)). 
Wherefore, since tan(«* — /") = cos y' tan (^ — o) we shall have, 
i2p^ K-O -tiinffBinCtt — f) 



tan(d'- 



~c<»/(tan^oo3C«*— O — tan^coaCa — 0)+Biii/Bin(rt'— «)' 
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Thence are derived the following formulas, better suited to. numerical calculations. 
Putting, 

[7] tan/Jsin(a'' — r) — tan/J''sin(a— r) = >S', 

[8] tan /J cos {a" ^ /') — tan i^" cos (a — /') = ^sin t, 

[9] sm(a''— a)==rcos<, 

we shall have (article 14, EL) 

[10] tan(d'-a) = ^.^^. 

The imcertainty in the determination of the arc (d' — cr) by means of the 
tangent arises from the fact that the great circles jUlK^ BS\ cut each other in 
two points ; we shall always adopt for jB* the intersection nearest the point S^ so 
that a may always fall between the limits of — 90*" and -|- 90"*, by which means 
the uncertainty is removed. 

For the most part, then, the value of the arc a (which depends upon the 
curvature of the geocentric motion) will be quite a small quantity, and even, gen- 
erally speaking, of the second order, if the intervals of the times are regarded 
as of the first order. 

It will readily appear, from the remark in the preceding article, what are the 
modifications to be applied to the computation, if the equator should be chosen 
as the fimdamental plane instead of the ecliptic. It is, moreover, manifest that 
the place of the point jB* will remain indeterminate, if the c\xq\qs B B^\ A B" 
should be wholly coincident ; this case, in which the four points A, B, B^, B" lie in 
the same great circle, we exclude from our investigation. It is proper in the 
selection of observations to avoid that case, also, where the locus of these four 
points differs but little from a great circle ; for then the place of the point B^y 
which is of great importance in the subsequent operations, would be too much 
affected by the slightest errors of observation, and could not be determined with 
the requisite precision. In the same manner the point ^, evidently, remains 
indeterminate when the points J?, S' coincide,f in which case the position of the 



t Or when thej are opposite to each other ; but we do not speak of this case, because our method is 
not extended to observations embracing so great an intervaL 
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circle BS' itself would become indeterminate. Wherefore we exclude this case, 
also, just as, for reasons similar to the preceding, those observations will be 
avoided in which the first and last geocentric places fall in points of the sphere 
near to each other. 

139. 

Let C^ C'y C"y be three heliocentric places of the heavenly body in the celestial 
sphere, which will be (article 64, IH) in the great circles ABjAffjA^B", respec- 
tively, and, indeed, between A and -B, A and J^, A' and B" ; moreover, the points 
Cy C\ C" will lie in the same great circle, that is, in the circle which the plane 
of the orbit projects on the celestial sphere. 

We will denote ty r, /, /', three distances of the heavenly body from the sun ; 
by 9, ^', ^/', its distances from the earth ; by R, Rj B!\ the distances of the earth 
from the sun. Moreover, we put the arcs C'C'\ CG\ CG' equal to 2/, 2/, 2f'\ 
respectively, and 

ry'sm2/=fi,r/'sin2/ = n',r/sin2/' = w''. 
Consequently we have 

also, 

sin d sin AC an OB 



r 


Q 


R 


Bind' 


smA'C 
ii 


sin O'B' 
Bf 


sind^ 


solA'CT 


KaiCrBf 
• BT 



Hence it is evident, that, as soon as the positions of the points 0^ C'y 0" are known, 
the quantities r, /, /', q, q', 9" can be determined. We shall now show how the 
former may be derived from the quantities 

from which, as we have before said, our method started. 
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140. 

We first remark, that if N were any point whatever of the great circle CC 0'\ 
and the distances of the points (7, C, C" from the point N were counted in the 
direction from to C'\ so that in general 

NG"—NC'=2f, NC'—NC—'lf, N0'—N0=2f\ 
we shall have 
L = sin2/sini\rC'— sin2/sini\rC'' + sm2/'siniV^C^^ 

We will now suppose N to be taken in the intersection of the great circles 
BB^B\ CC'C'\ as in the ascending node of the former on the latter. Let us 
denote by S, d', (i", D, D', I)'', respectively, the distances of the points 0, 0\ 0", 
Dy D\ U' from the great circle BB^S\ taken positively on one side, and negar 
tively on the other. Then sin S, sin S', sin S", will evidently be proportional to 
sin NCy sin N0\ sin NC^ whence equation L is expressed in the following form: — 

= sin2/8mS — sm2/sinr + sin2/''8inS''; 

or multiplying by r//', 

YL = 7irsinS — wVsinr + nV'sine^ . 

It is evident, moreover, that sin S is to sin 1)', as the sine of the distance of the 
point C from B is to that of U from B^ both distances being measured in the 
same direction. We have, therefore, 

. r. sin %' sin CB 

in precisely the same way, are obtained, 

. ^ sin X^ sin OB 

— sm S = -. 



sin r = 



sin(^i>"— ^)^ 
sin X sin (7'^* sin If sin O'B^ 



(sin AD—V^(5)~ sin {Aiy—lf-\-c) ^ 



. r^„_ sin X si n (JTB' _ sin V si n CB' 

smi^ ^M^i^jfD — V') — €\xi{J!'iy — If)' 

Dividing, therefore, equation IT. by r*' sin S'', there results, 

^_ rsinC^ sin {A^U — yp __ , /sin g^^ %\xi{A^D — V) . „ 
"""^V'sinC^'JS^- sin(ZZ/— d) ^ Vsina'^JS^'sinC^'i?— y+cr) » ^ * 
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If now we designate the arc C'S by 0, substitute for r, /, /' their values in 
the preceding article, and, for the sake of brevity, put 

P--^ i? sin ^ sin {A'jy—lf) 

L-^'^J jr8myBm{A'B — d' + a)~' 

our equation will become 

m o = a« — 5«'?l^^^^^+n'' 

sinz ' 

The coefficient b may be computed by the following formula, which is easil;^ 
derived from the equations just introduced : — 

p^ q-| ^ jy sin y sin (^ /y^ — d) y 

For verifying the computation, it will be expedient to use both the formulas 12 
and 13. When sin {A I/' — d'-{'0)iB greater than sin(u!l'i> — ^+<y), the latter 
formula is less affected by the unavoidable errors of the tables than the former, 
and so will be preferred to it, if some small discrepancy to be explained in this 
way should result in the values of J ; on the other hand, the former formula is 
most to be relied upon, when sin (il'2>" — d'-j- o) is less than sin (AD — d'-f-a); 
a suitable mean between both values will be adopted, if preferred. The follow- 
ing formulas can be made to answer for examining the calculation ; their not very 
difficult derivation we suppress for the sake of brevity. 

^_ osin(r— ZQ 5sin(r— Z) sin(y — g) . sin (Z^ — Z) 

7 iJ'piny Z7co8^cos^ 

in which (article 138, equation 10,) U expresses the quotient 

S _ Tnn( t + y) 

8in(<)^ — a) cos(d^ — ex) ' 

141. 

Prom P = — , and equation TIL of the preceding article, we have 



(„+oj±T='^=^^S;?^> 
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thence, and £rom 

is obtained, 

, Qsins^ , P+1 . / X 

O^iii??' = V* ?+i — C08 o j sm (« — a) — Sin cr COS (« — a). 
Puttmg, therefore, for the sake of brevity, 

« 

and inteoducing the auxiliary angle a, such that 

. sincT 

tan 01 = 



«p^ — cosa, 



we have the equation 

IV. {? Q sin 01 sin*£f = sin (0 — 01 — a), 

from which we must get the unknown quantity z. That the angle 01 may be 
computed more conveniently, it will be expedient to present the preceding for 
mula for tan o> thus : — 

(P+a)tancT 

\008<T / * \C08CT / 

Whence, putting, 

h 



cos J 



a 



[15] -^ =rf, 



COS(T 



r-i /jT tan (T 



C08(T 

we shall have for the determination of 01 the very simple formula. 

We consider as the fourth step the computation of the quantities a, h, c, d, e, 

25 
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by means of the formulas 11-16, depending on given quantities alone. The 
quantities J, c, Cy will not themselves be required, only their logarithma 

There is a special case in which these precepts require some change. That 
is, when the great circle BB" coincides with A'B", and thus the points By jB* 
with iX, Dy respectively, the quantities a, h would acquire infinite values. Put- 
ting, in this case^ 

^8ind'8in {AU' — g) ~^^ 

in place of equation lEL we shall have 

sinz ' 

whence, making 

, ;r sin (T 

tano) = 



-P+(l— ^COSCT)' 

the same equation IV. is obtained. 

In the same manner, in the special case when a = 0, (? becomes infinite, and 
0) == 0, on account of which the factor c sin w, in equation IV., seems to be inde- 
terminate ; nevertheless, it is in reality determinate, and its value is 

P + a 

as a little attention will show. In this case, therefore, sm z becomes 



i2'8in<r,72(ir7i)i^+l) 



142. 

Equation IV., which being developed rises to the eighth degree, is solved by 
trial very expeditiously in its unchanged form. But, from the theory of equsr 
tions, it can be easily shown, (which, for the sake of brevity, we shall dispense 
with explaining more fully) that this equation admits of two or four solutions by 
means of real values. In the former case, one value of sin z will be positive ; 
and the other negative value must be rejected, because, by the nature of the 
problem, it is impossible for / to become negative. In the latter case, among the 
values of sin 2? one will be positive, and the remaining three negative, — when^ 
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accordingly, it will not be doubtful which must be adopted, — or three positive 
with one negative ; in this case, from among the positive values those, if there are 
any, are to be rejected which give z greater than 6\ since, by another essential 
condition of the problem, {/ and, therefore, sin (d' — 2), must be a positive quantity. 

When the observations are distant from each other by moderate intervals of 
time, the last case will most frequently occur, in which three positive values of 
sin z satisfy the equation. Among these solutions, besides that which is true, 
some one will be found making z differ but little from S\ either in excess or 
in defect; this is to be accounted for as follows. The analytical treatment of 
our problem is based upon the condition, simply, that the three places of the heav- 
enly body in space must fall in right lines, the positions of which are determined 
by the absolute places of the earth, and the observed places of the body. Now, 
from the very natiure of the case, these places must; in fact, fall in those parts of 
the right lines whence the light descends to the earth. But the analytical equar 
tions do not recognize this restriction, and every system of places, harmonizing of 
course with the laws of Kepler, is embraced, whether they lie in these right lines 
on this side of the earth, or on that, or, in fine, whether they coincide with the 
earth itself Now, this last case will undoubtedly satisfy our problem, since the 
earth moves in accordance with these laws. Thence it is manifest, that the equar 
tions must include the solution in which the points C. C\ C coincide with A^ A\ A' 
(so long as we neglect the very small variations in the elliptical places of the earth 
produced by the perturbations and the parallax). Equation IV., therefore, must 
always admit the solution z = d\ if true values answering to the places of the 
earth are adopted for P and Q. So long as values not differing much from these 
are assigned to those quantities (which is always an admissible supposition, when 
the intervals of the times are moderate), among the solutions of equation IV., 
some one will necessarily be found which approaches very nearly to the value 
z = d'. 

For the most part, indeed, in that case where equation IV. admits of three 
solutions by means of positive values of sin z^ the third of these (besides the true 
one, and that of which we have just spoken) makes the value of z greater than 
d', and thus is only analytically possible, but physically impossible ; so that it can- 
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not then be ttoubtful which ia to be adopted. But yet it certainly can happen, 
that the equation may admit of two distinct and proper solutions, and thus that 
onr problem may be satisfied by two wholly different orbits. But in such an 
event, the true orbit is easily distinguished from the false as soon as it is possible 
to bring to the test other and more remote observations. 



143. 

As soon as the angle z is got, / is immediately had by means of the equation 



/ = 



Further, from the equations P = - 



and HL we obtain, 



Now, in order that we may treat the formulas, according to which the posi- 
tions of the points O, C", are determined from the position of the point C, in such 
a manner that their general truth in those cases not shown in figure 4 may 
immediately be apparent, we remark, that the sine of the distance of the point 
C from the great circle CB (taken positively in the superior hemisphere, nega^ 
tively in the inferior) ia equal to the product of sin *" into the sine of the distance 
of the point C from D", measured in the positive direction, and therefore to 

— sin e" sdn (?'Z>" = — sin e" sin (z -\- A'D" — (f) ; 
in the same manner, the sine of the distance of the point C" from the same great 
circle is — sin e' sin CIX. But, evidently, those sines are as sin CC to sin CC", or 
nal^io ^, or aa «"r" to bV. Putting, therefore, 0"iy = C", we have 

Y. T^'miiC" = '^.'^,sm{z'j-A'iy'—i'). 

Precisely in the same way, putting CIX = f, ia obtained 

VL r Bin C = ~:"^. sin (z-\- A'D — if). 

n sine ' ' •' 
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By combining equations V. and VL with the following taken from article 139, 
VUL /'sin(r — -4''iy + n = ^'sinr, 

IX. rsm{;—Aiy + d) = IiBmd, 

the quantities t, C'', r, /',will be thence derived by the method of article 78. 
That this calculation may be more conveniently eflFected, it will not be unaccept- 
able to produce here the formulas themselvea Let us put 

M BTsmV _,, 
[19] ^(^^-^^ = X, 



[20] ^^^^ = »" 



The computation of these, or rather of their logarithms, yet independent of P 
and Q, is to be regarded as the ^_ftk and last step in the, as it were, preliminary 
operations, and is conveniently performed at the same time with the computation 
of a, b, themselves, or with the fourth step, where a becomes equal to A. 
Making, then, 

^{Xp—l) = q, 
W'{XY-l)-f, 

we derive C and r from r sin !^ =p,r cos C = ? ; also, f'' and r^^ from r" sin C'^ =/?'', 
and r' cos C'' = /'• No ambiguity can occur in determining C and C"? because r 
and /' must, necessarily, be positive quantitiea The complete computation can, 
if desired, be verified by equation VII. 

There are two cases, nevertheless, where another course must be pursued. 
That is, when the point 1/ coincides with j&, or is opposite to it in the sphere, 
or when AI/ — d = or 180% equations VI. and IX. must necessarily be iden- 
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tical, and we should have x = x> , Xp — 1^0, and q, therefore, indeterminate. 
In this case, t," and /' will be determined, in the manner we have shown, but 
then C and r must be obtained by the combination of equation VTL with VI. or 
IX. We dispense with transcribing here the formulaa themselves, to be found 
in article 78; wc observe, merely, that in the case where Aiy — ^ is in fact 
neither = nor = 180°, but is, nevertheless, a very small arc, it is preferable 
to follow the same method, since the former method does not then admit of the 
requisite precision. And, in fact, the combination of equation ^T^I. with VI. or IX. 
will be chosen according as sin [AD" — Aiy) is greater or less than »m[AD' — 8). 

In the same manner, in the case in which the point D', or the one opposite to 
it, either coincides with B" or is little removed from it, the determination of C" 
and r" by the preceding method would be either impossible or xmsafe. In this 
case, accoi-dingly, t and r will be determined by tliat method, but C" and /' by 
the combination of equation VH. either with V. or with VIII., according as sin 
[A"D — A"iy) is greater or less than sin (^"iX — iJ"). 

There ia no reason to fear that jy will coincide at the same time with the points 
B, B", or with the opposite points, or be very near them ; for the case in which 
B coincides with B", or is but little remote from it, we excluded above, in article 
138, from our discussion. 
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The arcs C and t" being found, the positions of the points C, C", will be given, 
and it will be possible to determine the distance C0"= 2/' from f, C" and i^. 
Let «, u", be the inclinations of the great circles A B, A"B" to the great circle CC" 
(which in figure 4 will be the angles C" CI/ and 180° — CC"//, respectively), 
and we shall have the following e<juations, entirely analogous to the equations 
3-6, article 137: — 

sin/' sin i (h"-|- «) ^ sin i e' sui J (C -)- C")» 
sm/' cos J («" -|- m) =: COR i e' sin i (C — C"), 
cos/' sin } («" — 'u) = mn i t' cos i (C ^- C")i 
cos/' cos }(«" — u) = c03ie'cos i (f — C"). 
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The two former will give i (w''-|-w) and sin/', the two latter J (w" — u) and cos/'; 
from sin/' and cos/' we shall have/'. It will be proper to neglect in the first 
hypotheses the angles i (w"-|-w) and J (w" — w), which will be used in the last 
hypothesis only for determining the position of the plane of the orbit. 

In the same way, exactly,/ can be derived from «, C^D and C^"J9; also/" 
from «", 01/' and C^'2>"; but the following formulas are used much more con- 
veniently for this purpose : — 

8in2/=rsm2/'.^, 
8m2/" = /'sin2/.^^, 



n n" 



in which the logarithms of the quantities -yj , -7-7 are abeady given by the pre- 
ceding calculations. Finally, the whole calculation finds a new verification in 
this, that we must have 

2/+2/" = 2/'; 

if by chance any difference shows itself, it will not certainly be of any impor- 
tance, if all the processes have been performed as accurately as possible. Never- 
theless, occasionally, the calculation being conducted throughout with seven 
places of decimals, it may amount to some tenths of a second, which, if it appear 
worth while, we may with the utmost facility so distribute between 2 /and 2/" 
that the logarithms of the sines may be equally either increased or diminished, 
by which means the equation 

p r 8m 2f f^ 

will be satisfied with all the precision that the tables admit. When /and/" differ a 
little, it will be sufficient to distribute that difference equally between 2/ and 2/". 

145. 

After the positions of the heavenly body in the orbit have been determined in 
this manner, the double calculation of the elements will be commenced, both by 
the combination of the second place with the third, and the combination of the 
first with the second, together with the corresponding intervals of the timea 
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Before thia ia undertaken, of course, the intervals of the times themselves require 
some cori-ection, if it is decided to take account of the aberration agreeably to the 
third method of article 118. In this case, evidently, for the true times are to be 
substituted fictitious ones anterior to the former, respectively, by 493^, 493^', 
493^" seconds. For computing the distances ^,(}',^", we have the formulas: — 

9 — Bin (C— ^ O'-f-.J) ~ ain* * 

,_.gBin(y— ») r'smjd' — z) 



? = 



jr.i nKiy-r) 



-C") 



But, if the observations should at the beginning have been freed from 
aberration by the first or second method of article 118, this calculation may be 
omitted ; so that it will not be necessary to deduce the values of the distances q, 
i/, y", unless, perhaps, for the sake of proving that those values, upon which the 
computation of the aberration was based, were sufficiently exact Finally, it is 
apparent that all this calculation is also to be omitted whenever it is thought 
preferable to neglect the aberration altogether. 



146. 

The calculation of the elements — on the one hand from /, r", 2/ and the 
corrected interval of the time between the second and third observations, the 
product of which multiplied by the quantity k, {article 1,) we denote by 6, and 
on the other hand from r, /, 2/" and the interval of time between the first and 
second observations, the product of which by k will be equal to 6" — is to be car- 
ried, agreeably to the method explained in articles 88-105, only as far as the 
quantity there denoted by ^, the vnlue of which in the first of these combinations 
we shall call rj, in the latter rf'. Let then 

and it is evident, that if the values of the quantities P, Q, upon which the whole 
calculation hitherto is based, were true, we should have in the result i** = P, 
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Of ^Q. And conversely it is readily perceived, that if in the result P' -= P, 
Q' := Q, the doulile calculation of the elements from both combinations -would, if 
completed, furnish numbers entirely e<]ual, by which, therefore, all three observa- 
tions will be exactly repreaeuted, and thus the problem wholly satisfied. But 
when the result is not P' — P, <^= Q, let F'—P, Q' — Q be taken for A' and Y, 
if, indeed, P and Q were taken for x and y ; it will be still more convenient to put 

logP^a:, \o^Q=j/,\ogP'— \o^P = X, log e' — log Q=Y. 
Then the calculation must be repeated with other values of », y. 



147. 

Properly, indeed, here also, as in the ten methods before given, it would be 
arbitrary what new values we assume for x and r/ in the second hypotliesis, if 
only they are not inconsistent with the general conditions developed obove ; but 
yet, wince it manifestly is to be considered a great advantage to be able to set out 
from more accurate values, in this method we should act with but little prudence 
if we were to adopt the second values rashly, as it were, since it may easily be 
perceived, from the very nature of the subject, that if the first vnluca of P and Q 
were affected with slight errors, P' and ^ themselves would represent much more 
exact values, supposing the heliocentric motion to be moderate. Wherefore, we 
shall always adopt I" and ^ themselves for the second values of P and Q, or 
log /'', log (/ for the second values of x and y, if log P, log Q are supposed to 
denote the first values. 

Now, in this second hypothesis, where all the preliminary work exhibited 
in the formulas 1-20 l« to be retained without alteration, the calculation will be 
undertaken anew in precisely the -same manner. That is, first, the angle lu 
will be determined; after that z, r", "^^ ~, C, r, C", /', /', /, /"• From the dif- 
ference, more or less considerable, between the new values of these quantities 
and the first, a judgment will easily be formed whether or not it is worth while 
to compute anew the correction of the tiroes on account of aberration ; in the 
latter c^ise, the intervals of the times, iind therefore the quantities fl and fl", will 
remain the same as before. Finally, i], t" are derived from J\ /, /',/", r, / and 
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the intei-vals of the times ; and hence new values of I" and §', which commonly 
(Hfter much less from those furnished by the first hypothesis, than the latter from 
the original values themselves of P and Q. The second values of A' and I' will, 
tlierefore, be much smaller than the first, and the second values of P, (^, will be 
adopted as the third values of P, Q, and with thesu the computation will be 
resumed anew. In this manner, then, as from the second hypothesis more exact 
numbers had resulted than from the fii-st, so from the third more exact numbers 
will again result than from the second, and the third values of P, Q' can be taken 
ail the fourth of P, Q, and thus the calculation be repeated until an h'i'jjothesas 
is arrived at in which X and T may be regarded as vanishing; hut wlien the 
third hypothesis appears to be insufficient, it will be preferable to deduce the val- 
ues of P, Q, assumed in the fourth h}^7>othesis from the first three, in accordance 
with the method explained in articles 120, 121, by which means a more rapid 
approximation will be obtained, and it, will rarely be requisite to go forward to 
the filth hypothesis. 



148. 

When the elemenffl to be derived from the three observations are as yet 
wholly unknown (to which ca.-* our method is especially adapted), in the firwt 
hypothesis, as we have already observed, -, 6&", are to be taken ibr approximate 
values of P and Q, where t* and t)" are derived for the present from the ink-rv-als 
of the times not corrected. If the ratio of these to the corrected intervals is 
expressed by ^ : 1 and fi" : 1, respectively, we shall have in the first hypothesis, 

X= log fi — log u" -|- log *j — log ri", 

Y= log ft -|- log fi" — log 7} — log r" -(- Comp. log cos/ -|- Comp. log eos f 
-\- Comp. log cos/" -\- 2 log / — log r — log r". 
The logarithms of the quantities fi; ft", are of no importance in respect to the re- 
maining terras; log); and log ij", which are both positive, in X cancel each other 
iu some metusurc. whence X possesses a small value, sometimes positive, some- 
timew negative ; on the other hantJ, in Y some compensation of tlie positive terms 
Comp. log cos/, Comp, log cos/', Comp. log cos/" arises also from the negative 
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tenns log tj, log r{\ but less complete, for the former greatly exceed the latter. Li 
general, it is not possible to determine any thing concerning the sign of log — ^. 

Now, as often as the heliocentric motion between the observations is small, it 
will rarely be necessary to proceed to the fourth hypothesis ; most frequently the 
third, often the second, will afford sufficient precision, and we may sometimes be 
satisfied with the numbers resulting from even the first hypothesis. It will be 
advantageous always to have a regard to the greater or less degree of precision 
belonging to the observations; it would be an ungrateful task to aim at a pre- 
cision in the calculation a hundred or a thousand times greater than that which 
the observations themselves allow. In these matters, however, the judgment is 
sharpened more by frequent practical exercise than by rules, and the skilful 
readily acquire a certain faculty of deciding where it is expedient to stop. 

149. 

Lastly, the elements themselves will be computed in the final hypothesis, 
either from/, /, /^, or from/", r, /, carrying one or the other of the calculations 
through to the end, which in the previous hypotheses it had only been requisite 
to continue as far as ?;, r(' \ if it should be thought proper to finish both, the 
agreement of the resulting numbers will furnish a new verification of the whole 
work. It is best, nevertheless, as soon as /,/',/", are got, to obtain the elements 
from the single combination of the first place with the third, that is, from /,r, r"^ 
and the interval of the time, and finally, for the better confirmation of the com- 
putation, to determine the middle place in the orbit by means of the elements 
foimd. 

In this way, therefore, the dimensions of the conic section are made known, 
that is, the eccentricity, the semi-axis major or the semi-parameter, the place 
of the perihelion with respect to the heliocentric places C^ C\ C\ the mean 
motion, and the mean anomaly for the arbitrary epoch if the orbit is elliptical, or 
the time of perihelion passage if the orbit is hyperbolic or parabolic. It only 
remains, therefore, to determine the positions of the heliocentric places in the 
orbit with respect to the ascending node, the position of this node with reference 
to the equinoctial point, and the inclination of the orbit to the ecliptic (or the 
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equator). All this may be eflfected by the solution of a single spherical tri- 
angle. Let Q be the longitude of the ascending node ; i the inclination of the 
orbit ; ff and ^ the arguments of the latitude in the first and third observations ; 
lastly, let / — Q = hy T — Q= hl\ Calling, in figure 4, Q the ascending node, 
the sides of the triangle QAC W\i\ be AD' — C,^, A, and the angles opposite to 
them, respectively, i^ 180° — y, u. We shall have, then, 

sin J e sin i (y -f- A) = sin J {Ajy — C) ^^ ^ (/ "h **) 
sin } i cos i (^ -|- A) = cos i [Ajy — ^) sin i (y — u) 
cos i z sin i (^ — ^) = sin h {Aiy — C) cos i (/ + ^) 
cos J I cos i{g — A) =: cos J [Aiy — C) cos i (y — u). 

The two first equations will give i (y 4"^) ^^^ ^in i i^ the remaining two i {g — A) 
and cos i i ; from ^ will be known the place of the perihelion with regard to the 
ascending node, from A the place of the node in the ecliptic ; finally, i will be- 
come known, the sine and the cosine mutually verifying each other. We can 
arrive at the same object by the help of the triangle Q>A[C\ in which it is only 
necessary to change in the preceding formulas the symbols y, A, -4, t, y, u into /', 
A'', A\ C^ 7^9 w''. That still another verification may be provided for the whole 
work, it will not be unserviceable to perform the calculation in both ways; 
when, if any very slight discrepancies should show themselves between the values 
of i^ Q , and the longitude of the perihelion in the orbit, it wall be proper to take 
mean values. These differences rarely amount to 0*.! or 0'.2, provided all the 
computations have been carefully made with seven places of decimals. 

When the equator is taken «as the fundamental plane instead of the ecliptic, 
it will make no diflference in the computation, except that in place of the points 
.4, A' the intersections of the equator with the great circles ABy Al'B' are to be 
adopted. 
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150. 

We proceed now to the illustration of this method by some examples fully 
explained, which will show, in the plainest manner, how generally it applies, and 
how conveniently and expeditiously it leads to the desired result* 

The new planet Juno will furnish us the first example, for which purpose we 
select the following observations made at Greenwich and communicated to us by 
the distinguished Maskelyne. 



Mean Time, Qreenwich. 


App. Right Ascennion. 


App. Deolination 8. 


1804, Oct 5 10* 51"* 6' 
17 9 58 10 
27 9 16 41 


357° 10' 22^.35 
355 43 45 .30 
355 11 10 .95 


6^40^ 8*^ 
8 47 25 
10 2 28 



From the solar tables for the same times is found 





Longitude of the Sun 
from App. Equin. 


Nutation. 


Distance from 
the Earth. 


Latitude of 
the Sun. 


Appar. Obh'quity of 
the Ecliptic. 


Oct 5 
17 
27 


192° 28' 53''.72 
204 20 21 .54 
214 16 52 .21 


4- 15".43 
--15.51 
-f 15 .60 


0.9988839 
0.9953968 
0.9928340 


0^.49 
-1-0.79 
— 0.15 


23° 27' 59".48 
59 .26 
59.06 



We will conduct the calculation as if the orbit were wholly unknown : for 
which reason, it will not be permitted to free the places of Juno from parallax, 
but it will be necessary to transfer the latter to the places of the earth. Accord- 
ingly we first reduce the observed places from the equatoi to the ecliptic, the 
apparent obliquity being employed, whence results, 



* It is incorrect to call one method more or less exact than another. That method alone can be con- 
sidered to have solved the problem, by which any degree of precision whatever is, at least, attainable. 
Wherefore, one method excels another in this respect only, that the same degree of precision may be 
reached by one more quickly, and with less labor, than by the other. 
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App. Longitude of Jano. 


App. Latitude of Juno. 


Oct 5 
17 
27 


354° 44' 54''.27 
352 34 44.51 
351 34 51 .57 


— 4° 59' 31^59 

6 21 56.25 

7 17 52.70 



We join directly to this calculation the determination of the longitude and 
latitude of the zenith of the place of observation in the three observations : the 
right ascension, in fact, agrees with the right ascension of Juno (because the 
observations have been made in the meridian) but the declination is equal to the 
altitude of the pole, 51° 28' 39''. Thus we get 





Long, of the Zenith. 


Lat. of the Zenith. 


Oct 5 
17 
27 


24^ 29' 
23 25 
23 1 


46° 53' 
47 24 
47 36 



Now the fictitious places of the earth in the plane of the ecliptic, from which 
the heavenly body would appear in the same manner as from the true places of 
the observations, will be determined according to the precepts given in article 72. 
In this way, putting the mean parallax of the sun equal to 8".6, there results, 





Redaction of Longitude. 


Reduction of Distance. 


Reduction of Time. 


Oct 5 
17 
27 


22" .39 

— 27 .21 

— 35 .82 


-f 0.0003856 

- - 0.0002329 

- - 0.0002085 


— 0M9 

— .12 

— .12 



The reduction of the time is added, only that it may be seen that it is wholly 
insensible. 

After this, all the longitudes, both of the planet and of the earth, are to be 
reduced to the mean vernal equinox for some epoch, for which we shall adopt 
the beginning of the year 1805 ; the nutation being subtracted the precession is 
to be added, which, for the three observations, is respectively 11".87, 10".23, 8".86, 
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so that — 3".56 is to be added for the first observation, — 5".28 for the second, 
— 6".74 for the third. 

Lastly the longitudes and latitudes of Juno are to be freed from the aberra- 
tion of the fixed stars ; thus it is found by well-known rules, that we must sub- 
tract from the longitudes respectively 19".12, 17".ll, 14".82, but add to the lati- 
tudes 0".53, 1".18, 1".75, by which addition the absolute values are diminished, 
since south latitudes are considered as negative. 

151. 

All these reductions being properly applied, we have the correct data of the 
problem as follows : — 

Times of the observations reduced 

to the meridian of Paris 
Longitudes of Juno, a, a', a" . 

Latitudes, /5, /3', /iJ" 

Longitudes of the earth, /, I', I" 
Logs, of the distances, R, R, R' 



Oct 5.458644 

354°44'31".60 

—4 59 31 .06 

12 28 27 .76 

9.9996826 



17.421885 

352°34'22".12 

— 6 21 55 .07 

24 19 49 .05 

9.9980979 



27.393077 

351°34'30".01 

—7 17 50 .95 

34 16 9 .65 

9.9969678 



Hence the calculations of articles 136, 137, produce the following numbers. 



7,7,7 

d,d',8" 

logarithms of the sines 

A'D,Aiy,Aiy' . . 

A'D,A:'iy,A'iy' . . 



«, e 



// 



196° 0' 8".36 

18 23 59 .20 

9.4991995 

232 6 26 .44 

241 51 15 .22 

2 19 34 .00 

8.6083885 



191° 58' 0".33 

32 19 24 .93 

9.7281105 

213 12 29 .82 

234 27 .90 

7 13 37 .70 

9.0996915 

8.7995259 

9.9991357 



190°41'40".17 

43 11 42 .05 

9.8353631 

209 43 7 .47 

221 13 57 .87 

4 55 46 .19 

8.9341440 



logarithms of the sines . . . 

log sin i e' 

log cos } e' 

Moreover, according to article 138, we have 

log tan /3 . . . . 8.9412494 » log tan /9" .... 9.1074080 n 
logsin(a"— r) . 9.7332391 n log sin (a — T) . . 9.6935181 « 
log cos (a"— r) . 9.9247904 log cos (a—/') . . 9.9393180 
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Hence 

log (tan /9 cos {a" — /') — tan /5" cos (a — /')) = log ^sin < 8.5786513 
log8m(a" — a)=Iog7'cos^ 8.7423191 n 

Hence ^ = 145° 32' 57".78 log !» 8.8260683 

< 4-/ =337 30 58.11 log sin (^ + /) .... 9.5825441 n 

Lastly 
log (tan /3 sin (a" — r) — tan /J" sin (a — t)) —\q%8. . 8.2033319 n 
logTsin(< + /) 8.4086124n 

whence log tan (^ — (t) 9.7947195 

«r— o = 31" 56' 11".81, and therefore o = 0° 23' 13".12. 

According to article 140 we have 

£'iy —d" — 1910 15' 18".85 log sin 9.2904352 n log cos 9.9915661 n 

Aiy—d =194 48 30.62 « « 9.4075427 n « « 9.9853301 « 

A'D—8" =198 39 33.17 « « 9.5050667 n 

^'/? —,^ + (7 = 200 10 14 .63 « « 9.5375909 n 

^iX'—d =19119 8.27 « « 9.2928554 n 

^'i>"_<r-f-(T = 189 17 46 .06 « « 9.2082723 n 

Hence follow, 

log a . . . 9.5494437^ 0=4-0.3543592 
log* . . . 9.8613533. 

* 

Formula 13 would give log i = 9.8613531, but we have preferred the former 
yalue, because sin {AD — & -\-a) is greater than sin {A I/' — d' -\-o). 
Again, by article 141 we have, 

•31og2rsin«J' . . . 9.1786252 

log 2 0.3010300 

log sin a 7.8295601 

7.3092153 and therefore log c = 2.6907847 



log* 9.8613533 

log cos (T 9.9999901 

9.8613632 
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whence — = 0.7267135. Hence are derived 
cos<r 

d = — 1.3625052, log e = 8.3929518 n 

Finally, by means of formulas, article 143, are obtained, 

logx . . . . 0.0913394 n 

logx" .... 0.5418957 n 

log X ... . 0.4864480 n 

logX" .... 0.1592352 n 

152. 

The preliminary calculations being despatched in this way, we pass to the 
first hypothesis. The interval of time (not corrected) between the second and 
third observations is 9.971192 days, between the first and second is 11.963241. 
The logarithms of these numbers are 0.9987471, and 1.0778489, whence 

log 6 = 9.2343285, log 6"= 9.3134303. 

We will put, therefore, for the ^rst hypothmsy 

;c = log P= 0.0791018 
y = log $ = 8.5477588 

Hence we have P = 1.1997804, P-{-a = 1.5541396, P + rf = — 0.1627248 ; 

logc . . . 8.3929518 n 

log(P-f-a). 0.1914900 

C.log(P4-rf) 0.7885463 « 

log tan o> . . 9.3729881, whence a* = + 13n6'51"'.89, oi -f- <t = -|- 13°40' 5".01. 

logQ . . . 8.5477588 
logc . . . 2.6907847 
logsmw . . 9.36121:47 

log^csinw . 0.5997582 

The equation 

Qesmo)mi*z=mi{g — 13°40' 5".01 ) 

is found after a few trials to be satisfied by the value z = 14° 35' 4".90, whence 
we have log sin z = 9.4010744, log / = 0.3251340. That equation admits of three 
other solutions besides this, namely, 

27 
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z= 32° 2' 28" 
e = 137 27 59 
= 193 4 18 

The third must be rejected because sin ar is negative ; the second because z is 
greater than d' ; the first answers to an approximation to the orbit of the earth 
of which we have spoken in article 142. 

Further, we have, according to article 143, 

log^^ 9.8648551 

log (P 4- a) 0.1914900 

C. log sin (» — <t) . . . . 0.6103578 

log*^ 0.6667029 

logP 0.0791018 

log^ 0.5876011 

zJ^A!D—d' = z^ 199° 47' 1".51 = 214° 22' 6".41 ; log sin = 9.7516736 n 
»-|-^'2)"-r-^=« + 188 54 32 .94 = 203 29 37 .84; log sin = 9.6005923 n 
Hence we have logj»= 9.9270735 n, log /' = 0.0226459 «, and then 

log q = 0.2930977 n, log f = 0.2580086 n, 
whence result 

f = 203° 17' 31".22 log r = 0.3300178 
r= 110 10 58 .88 log/'= 0.3212819 

Lastly, by means of article 144, we obtain 

J («" + m) = 205° 18' 10".53 

i(M"— m) = — 3 14 2 .02 

/'= 3 48 14 .66 

log sin 2/ . . . 9.1218791 log sin 2/' . . . 9.1218791 

logr 0.3300178 logr" 0.3212819 

C.log^ .... 9.3332971 C.log^ .... 9.4123989 

log^ 2/ . . . 8.7851940 log sin 2/" . . ~8.8555599 
2/= 3°29"46'.03 2/"= 4°6'43".28 

The sum 2/4-2/" differs in this case from 2/' only by 0".01. 
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, Now, in order that the times may be corrected for aberration, it is necessary to 
compute the distances q, q', q" by the formulas of article 145, and afterwards to 
multiply them by the time 493', or 0''.005706. The following is the calculation, 



logr . . . . 0.33002 
log8in(AZ>'— C) 9.23606 
Clog sin d . . 0.50080 



logr' . . . 0.32513 
\ogaia{d' — e) 9.48384 
C. log sin (T . 0.27189 



logr" .... 0.32128 
logsin (4"2X— C") 9.61384 
Clog sin d" . . 0.16464 



log 9 . 
log const. 



0.06688 
7.75633 



log 9' 



0.08086 
7.75633 



log f . 



0.09976 
7.75633 



log of reduction 7.82321 


reduction — 


0.006656 


ObservatioiiB. 


r'>rrected times. 


L 


Oct. 5.451988 


n. 


17.415011 


m. 


27.385898 



7.83719 
0.006874 

Inteirals. 

11''.963023 
9 .970887 



7.85609 
0.007179 



Logarithms. 

1.0778409 
0.9987339 



The corrected logarithms of the quantities 6, 6", are consequently 9.2343153 and 
9.3134223. By commencing now the determination of the elements from /, r', 
/', 6 we obtain log ij ^ 0.0002285, and in the same manner from /", r, r', d"we 
get logij" 1=0.0003191. We need not add here this calculation explained at 
length in section IH. of the first book. 



Finally we have, by article 146, 
logr .... 9.3134223 



Clogd . 
]og rj . 
C log rj" 

logP' . 



0.7656847 
0.0002285 
9.9996809 



0.0790164 



2 log/ . 
C log r/' 
log 6 6" . 
C log tj rj" 
C log cos/ 
C log cos/' 
Clog cos/" 



log^ 



0.6502680 
9.3487003 
8.5477376 
9.9994524 
0.0002022 
0.0009579 
0.0002797 



8.5475981 



The first hypothesis, therefore, results in Z = — 0.0000854, r= — 0.0001607. 
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153. 

In the second htfpothesia we shall assign to P, Q, the very values, which in the 
first we have found for P', Q^, "We shall put, therefore, 

a; = log P = 0.0790164 
y = log $ = 8.5475981 

Since the calculation is to be conducted in precisely the same manner as in 
the first hypothesis, it will be sufficient to set down here its principal results : — 



0) . . 

oi-j-o 
log^csino) 

g . 
log/ 

log 



n 
nV 






13°15'38".13 

13 38 51 .25 
0.5989389 

14 33 19 .00 
0.3259918 

0.6675193 

0.5885029 
203 16 38 .16 



r . . . 

log r . . . 
log/' . . 

*(«" + «*) . 
J („"—«) . 

2/' . . . 
2/ . . . 

2/" . . . 



210° 8'24".98 

0.3307676 

0.3222280 

205 22 15 .58 

—3 14 4 .79 

7 34 53 .32 

3 29 .18 

4 5 53 .12 



It would hardly be worth while to compute anew the reductions of the times 
on account of aberration, for they scarcely differ 1' from those which we have 
got in the first hypothesis. 

The further calculations furnish log»j = 0.0002270, logij"= 0.0003173, whence 
are derived 

log P' = 0.0790167 -X" = + 0.0000003 

log Q' = 8.5476110 ¥= + 0.0000129 

From this it appears how much more exact the second hypothesis is than the 
first 



154. 

In order to leave nothing to be desired, we will still construct the third hypothe- 
sis, in which we shall again choose the values of P', ^, obtained in the second 
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hypothesiB^ as the values of P, Q. Putting, therefore, 

a; = log P = 0.0790167 
y=z\ogQ — 8.5476110 

the following are found to be the principal results of the calculation : 



cu . . . . 
<a -\-a . . 
log Qcmiia 
e . . . . 
logf^. . . 

log— . . 



ff 



13°15'38".39 

13 38 51 .51 
0.5989542 

14 33 19 .50 
0.3259878 

0.6675154 

0.5884987 
203 16 38 .41 



r . . 

logr . . 
log /' . 

i (t/' 4- «) 
4(w"— m) 
2/ . . 

2/ . . 
2/' . . 



210'' 8'25".65 

0.3307640 

0.3222239 

205 22 14 .57 

—3 14 4 .78 

7 34 53 .73 

3 29 .39 

4 5 53 .34 



All these numbers differ so little from those which the second hypothesis fur- 
nished, that we may safely conclude that the third hypothesis requires no further 
correction.* We may, therefore, proceed to the determination of the elements 
from 2/', r, /', 6', which we dispense with transcribing here, since it has already 
been given in detail in the example of article 97. Nothing, therefore, remains 
but to compute the position of the plane of the orbit by the method of article 
149, and to transfer the epoch to the beginning of the year 1805. This computa- 
tion is to be based upon the following numbers : — 

Aiy — C= 9''55'51".41 
i{Y-\-u) = 202 18 13.855 
i(y— «)=— 6 18 5.495 



whence we obtain 



i(<7-|-A)=196°43'14".62 
i(ff—h) = —i 37 24.41 
it = 6 33 22.05 



* If the calculation should be carried through in the same manner as in the preceding hypotheses, 
we should obtain X = 0, and 2^=-]-^*^^^^^^^' which value must be regarded as vanishing, and, 
in fact, it hardly exceeds the uncertainty always remaining in the last decimal place. 
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We Lave, therefore, A =20r 20' 39".03, and so Q=l — h = \71° V'4S".T3; fiir- 
llier, ff = \02.° 5' 50".21, aiitl hence, since the true anomaly for the fii'st ohserva- 
tion is found, in article 97, to be 310''55'29".64, the distance of perihelion from 
the ascending node in the orbit, 241''10'20".57, the longitude of the penhellon 
52° 18' 9".30; lastly, the inclination of the orbit, 13' 6'44".10. If we prefer to 
proceed to the same calculation from the third place, we have, 

A"iy — i;"= 24''18'35".25 
i{Y"-\-i,")=l^Q 24 54 .98 
j(y"__M"J=— 5 43 14 .81 
Thence are derived 

j(/'4.r)= 2ir24'32".45 

i{f — h")^ — ll 43 48 .48 

it = 6 33 22 .05 

and hence the longitude of the ascending node, /" — h" = 171° 7'48".72, the lon- 
gitude of the perihelion 52° 18' 9'^30, the inclination of the orbit 13° 6'44".10, 
just the same as before. 

The interval of time from the last observation to the beginning of the year 
1805 is 64.614102 days; the mean heliocentric motion con-esponding to which ia 
53293".66 =14° 48' 13".66 ; hence the epoch of the mean anomaly at the begin- 
ning of the year 1805 for the meridian of Paris is 349° 34' 12".38, and the epoch 
of the mean longitude, 41° 52'21".68. 



155. 

That it may be more clearly manifest what is the accuracy of the elements 
just found, we will compute from them the middle place. For October 17.415011 
the mean anomaly is found to be 332° 28' 54".77, hence the true is 315° 1' 23".02 
and log f", 0.3259877, (see the examples of articles 13, 14); this true anomaly 
ought to be equal to the true anomaly in the lirst observation increased by the 
angle 2/", op to the true anomaly in the third observation dijuiui.'shed by the 
angle 2/, that is, equal to 315° 1' 22".98 ; and the logarithm of the radius vector 
should be 0.3259878 : the differences are of no consequence. If the calculation 
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for the middle observation is continued to the geocentric place, the results dif- 
fer from observation only by a few hundredths of a second, (article 63;) these 
differences are absorbed, as it were, in the unavoidable errors arising from the 
want of strict accuracy in the tables. 

We have worked out the preceding example with the utmost precision, to 
show how easily the most exact solution possible can be obtained by our method. 
In actual practice it will rarely be necessary to adhere scrupulously to this 
type. It will generally be sufl&cient to use six places of decimals throughout ; 
and in our example the second hypothesis would have given results not less accu- 
rate than the third, and even the first would have been entirely satisfactory. We 
imagine that it will not be unacceptable to our readers to have a comparison of 
the elements derived from the third hypothesis with those which would result 
from the use of the second or first hypothesis for the same object We exhibit 
the three systems of elements in the following table : — 



Epoch of mean long. 1805 
Mean dailj motion . • 
Perihelion 

Log of semi-axis major . 
Ascending node . . . 
Inclination of the orbit • 



From hypothesis ID. 



41^52' 21".68 

824^7989 

52 18 9 .30 

14 12 1 .87 

0.4224889 

171 7 48 .73 

18 6 44.10 



From hypothesis IL 



41°52'18".40 

824^7988 

52 18 6 .66 

14 11 59 .94 

0.4224392 

171 7 49 .15 

13 6 45 .12 



From hypothesis I. 



42°12'37''.88 

823^5025 

52 41 9 .81 

14 24 27 .49 

0.4228944 

171 5 48 .86 

13 2 37 .50 



By computing the heliocentric place in orbit for the middle observation from 
the second system of elements, the error of the logarithm of the radius vector is 
found equal to zero, the error of the longitude in orbit, 0''.03 ; and in comput- 
ing the same place by the system derived from the first hypothesis, the error of 
the logarithm of the radius vector is 0.0000002, the error of the longitude in 
orbit, I'^Sl. And by continuing the calculation to the geocentric place we have, 
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From hypothesis 11. 


From hypothesis L 


Greocentric longitude 

Error 

Greocentric latitude . 
Error 


352° 34' 22^.26 

0.14 

6 21 55.06 

0.01 


352° 34' 19^.97 

2.15 

6 21 54.47 

0.60 



156. 

We shall take the second example from Pallas^ the following observations of 
which, made at Milan, we take from von Zach* s MonatUche Correspcndem, VoL 
XIV., p. 90. 



Mean Time, Milaxu 


App. Bight Ascension. 


App. Declination S. 


1805, Nov. 5^4'^ 14«« 4' 
Dec. 6 11 51 27 

1806, Jan. 15 8 50 36 


78° 20' 37*^.8 
73 8 48 .8 
67 14 11 .1 


27° 16' 56^.7 
32 52 44.3 
28 38 8.1 



We will here take the equator as the fundamental plane instead of the 
ecliptic, and we will make the computation as if the orbit were still wholly un- 
known. In the first place we take from the tables of the sun the following data 
for the given dates : — 





Longitude of the Snn 
firom mean Equinox. 


Distance from 
the Earth. 


Latitude of 
the Sun. 


Nov. 5 
Dec 6 
Jan. 15 


223° 14' 7''.61 
254 28 42 .59 
295 5 47 .62 


0.9804311 
0.9846753 
0.9838153 


+ 0^.59 
+ 0.12 
— 0.19 



We reduce the longitudes of the sun, the precessions -l-T'^.SO, -|-3".36, — 2^.11, 
being added, to the beginning of the year 1806, and thence we afterwards derive 
the right ascensions and declinations, using the mean obliquity 23° 27' 53".53 and 
taking account of the latitudes. In this way we find 
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Bight aBcension of the Sun. 


DecL of the Sun S. 


Nov. 5 
Dec 6 
Jan. 15 


220° 46' 44*^.65 
253 9 23 .26 
297 2 51 .11 


15° 49' 43^94 
22 33 39 .45 
21 8 12 .98 



These places are referred to the centre of the earth, and are, therefore, to be 
reduced by applying the parallax: to the place of observation, smce the places of 
the planet cannot be freed from parallax. The right ascensions of the zenith to 
be used in this calculation agree with the right ascensions of the planet (because 
the observations have been made in the meridian), and the declination will be 
throughout the altitude of the pole, 45° 28'. Hence are derived the following 
numbers : — 





Right Bsc. of the Earth. 


Decl.'of the Earth K. 


Log of dist. from the Son. 


Nov. 5 
Dec. 6 
Jan. 15 


40° 46' 48".51 

73 9 23 .26 

117 2 46 .09 


15° 49' 48".59 
22 33 42.83 
21 8 17.29 


9.9958575 
9.9933099 
9.9929259 



The observed places of Pallas are to be freed from nutation and the aberra- 
tion of the fixed stars, and afterwards to be reduced, by applying the precession, 
to the beginning of the year 1806. On these accounts it will be necessary to 
apply the following corrections to the observed places : — 





Observation 1. 


Observation IL 


Observation JH. 


Bight asc. Declination. 


Right asc. 


Declination. 


Bight asc. 


Declination. 


Nutation 
Aberration 

Precession 

i 


12".86 

18.13 

+ 5.43 


3".08 
— 9.89 
+ 0.62 


13''.68 

21.51 

+ 2.55 


3*^.42 

1 .63 

+ 0.39 


• 

13*^.06 

15.60 

1 .51 


— 3".75 
+ 9.76 

— 0.33 


Sum 


— 25 .56 


12.35 


32.64 


— 4.66 


— 30.17 


+ 5.68 



28 
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Hence we have the following places of Pallas^ for the basis of the compu- 



tation : 



Mean Time, Paris. 


Bigfat Ascension. 


Declination. 


Nov. 5.574074 
36.475035 
76.349444 


78° 20' 12^.24 
73 8 16 .16 
67 13 40 .93 


— 27° 17' 9^.05 

— 32 52 48.96 

— 28 88 2.42 



157. 

Now in the first place we will determine the positions of the great circles 
drawn from the heliocentric places of the earth to the geocentric places of the 
planet We take the symbols 2t, 21', 31'', for the intersections of these circles 
with the equator, or, if you please, for their ascending nodes, and we denote the 
distances of the points Bj jEf, B" from the former points by J, J\ J'\ In the 
greater part of the work it will be necessary to substitute the symbols 21, 21', 21", 
for Aj A J A' J and also ^, J'j A" for tf, tf', i" ; but the careful reader will readily 
understand when it is necessary to retain A^ A\ A% d, d', d", even if we fail to 
advise him. 

The calculation being made, we find 
Right ascensions of the 



points 21, 21', 21" . 

y,/, /' • • • 
A^ A ^ A . • • 

d,^,d" . . . . 

WD, ^ly, %jy . 
2i"z>, WBf, wir 



e. «. e 



n 



logarithms of the sines 

log sin i e' 

log cos it' .... 



233" 54' 57".10 
51 17 15 .74 

215 58 49 .27 
56 26 34 .19 
23 54 52 .13 
33 3 26 .35 
47 1 54 .69 
9.8643525 



253» 8'57".01 
90 1 3 .19 

212 52 48 .96 
55 26 31 .79 

30 18 3 .25 

31 59 21 .14 
89 34 57 .17 

9.9999885 
9.8478971 
9.8510614 



276'' 40' 25".87 

131 59 58 .03 

220 9 12 .96 

69 10 57 .84 

29 8 43 .32 

22 20 6 .91 

42 33 41 .17 

9.8301910 
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The right ascension of the point ^' is used in the calculation of article 138 
instead of I'. In this manner are found 

log^sin^ 8.4868236 n 

logT'cos^ 9.2848162 n 

Hence t = 189° 2'48".83, log r= 9.2902527 ; moreover, t -{-/=: 279" 3' 52".02, 

logiS' 9.0110566 n 

log2'sin(^ + /) . . . 9.2847950 n 

whence J'—a = 208" 1' 55".64, and ff = 4" 5^ 53".32. 

In the formulas of article 140 wo. d, sin ^, sin d" must be retained instead of 
a, h and -, and also in the formulas of article 142. For these calculations we 
have 

^"ly — J" =17r50' 8".18 log sin 9.1523306 log cos 9.9955759 n 

%iy—J =174 19 13.98 « « 8.9954722 « « 9.9978629 » 

^"D—J" =172 54 13.39 « « 9.0917972 
a'2> — ^'+0 =175 52 56 .49 « « 8.8561520 

%iy'—A = 173 9 54 .05 « « 9.0755844 

a'2)"— ^'4-0 =174 18 11.27 « « 8.9967978 

Hence we deduce 

logx =0.9211850, logX = 0.0812057 « 

log x" = 0.8112762, log X" = 0.0319691 n 

log a — 0.1099088, « = + 1.2879790 

log J =0.1810404, 
log I =0.0711314, 

whence we have log h = 0.1810402. We shall adopt log I = 0.1810403 the 
mean between these two nearly equal values. Lastly we have 

log c = 1.0450295 
' d = -\- 0.4489906 

log e = 9.2102894 

with which the preliminary calculations are completed. 
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The interval of timQ between the second and third observations is 39.874409 
days, between the first and second 30.900961 : hence we have 

log & = 9.8362757, log 6" = 9.7255533. 

We put, therefore, for the ^rd hi^pothem, 

a: = log P= 9.8892776 
^ = log $=9.5618290 

The chief results of the calculation are as follows : — 

a*-|-a = 20° 8'46".72 
log $csma» = 0.0282028 

Thence the true value of « is 21" 11' 24".30, and of log/, 0.3509379. The three 
remaining values of e satisfying equation IV., article 141, are, in this instance, 

2= 63° 41' 12" 
2 = 101 12 58 
2=199 24 7 

the first of which is to be regarded as an approximation to the orbit of the earth, 
the deviation of which, however, is here much greater than in the preceding 
example, on account of the too great interval of time. The following numbers 
result from the subsequent calculation : — 

C 195° 12' 2".48 

r 196 57 50 .78 

logr 0.3647022 

log/' ... . 0.3355758 

i(tt" + M) ... 266 4750 .47 
i{t/'—u) . . .—43 39 5.33 

2/ 22 32 40 .86 

2/ • 13 5 41 .17 

2/" 9 27 .05 

We shall distribute the difference between 2 /' and 2 /-)- 2 /", which in this case 
is 0".36, between 2 /and 2/" in such a manner as to make 2/= 13° 5'40".96, 
and2/"=9°26'59".90. 

The times are now to be corrected for aberration, for which purpose we are to 
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Since the differences of all these numbers from those which the second 
hypothesis furnished are very small, it may be safely concluded that the third 
hypothesis requires no further correction, and, therefore, that a new hypothesis 
would be superfluous. Wherefore, it will now be proper to proceed to the calcu- 
lation of the elements from 2/', &\ r, r' : and since the processes comprised in 
this calculation have been most fully explained above, it will be sufl&cient to add 
here the resulting elements, for the benefit of those who may wish to perform the 

computation themselves : — 

» 

Eight ascension of the ascending node on the equator .... 158** 40' 38".93 

Inclination of the orbit to the equator 11 42 49 .13 

Distance of the perihelion from the ascending node 323 14 56 .92 

Mean anomaly for the epoch 1806 335 4 13 .05 

Mean daily (sidereal) motion 770''.2662 

Angle of eccentricity, 9 14 9 3 .91 

Logarithm of the semi-axis major 0.4422438 

158. 

The two preceding examples have not yet furnished occasion for using the 
method of article 120 : for the successive hypotheses converged so rapidly that 
we might have stopped at the second, and the third scarcely differed by a sensible 
amount from the truth. We shall always enjoy this advantage, and be able to do 
without the fourth hypothesis, when the heliocentric motion is not great and the 
three radii vectores are not too unequal, particularly if, in addition to this, the 
intervals of the times differ from each other but little. But the further the con- 
ditions of the problem depart from these, the more will the first assumed values 
of P and Q differ from the correct ones, and the less rapidly will the subsequent 
values converge to the truth. In such a case the first three hypotheses are to 
be completed in the manner shown in the two preceding examples, (with this 
difference only, that the elements themselves are not to be computed in the third 
hypothesis, but, exactly as in the first and second hypotheses, the quantities ij, r('^ 
P'y Q[y Xy Y) \ but thcu, the last values of P', ^ are no longer to be taken as 
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the new values of the quantitieg /*, Q in the new hj^othesis, but these are to 
hv derived from the combination of the first three hypotheses, agreeably to the 
method of article 120. It will then very rarely be requisite to proceed to the 
fifth hypothesis, according to the precepts of article 121. We will now explain 
these calculations further by an example, from which it will appear how far our 
method extends. 



159. 

For the ihird example we select the following observations of Ceres, the first 
of which has been made by Olbebs, at Bremen, the second by HaedinGj at Got- 
tingen, and the third by Bessel, at LilienthaL 



UMa tins of ptftoo of nbMrnUcra. 


Bight iMmaoa. 


Vortb 4(sc]iiia»0D. 


1805, SepL 5''1.3* 8~54' 

1806, Jan. 17 10 58 51 
1806, May 23 10 2S 53 


95= 59' 25" 
101 18 40.6 
121 56 7 


22° 21' 25" 
80 21 22 .3 
28 2 45 



Aa the methods by which the parallax and aberration are taken account of, 
when the distances from the earth are regarded as wholly unknown, have already 
been sufficiently explained in the two preceding examples, we shall dispense 
with this umiecessary increase of labor in this third example, and with that 
object will take the apjn'oximate distances from vON Zacq's Moitailkhe Corre- 
gpondem, Vol. XI., p. 284. in order to free the observations from the effijcta of 
parallax and aberration. The following table shows these distances, together 
with the reductions derived from them: — 

Distance of Ceres from the earth . . . 
Time in which the light reaches the earth 

Reduced lime of observation 

Sidereal time in degrees 

Parallax in right a.scension 

Parallax in declination 



2.899 


1.638 


2.964 


23-49' 


13-28' 


24-21- 


2'45- 6- 


10*45-23' 


9*69-32" 


35o» 56' 


97° 59' 


210' 41' 


+ 1".90 


+ 0".22 


— 1".97 


— 2.08 


— 1.90 


— 2.04 
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Accordinglyj the data of the problem, after being freed from parallax and 
aberration, and after the times have been reduced to the meridian of Paris, are as 
follows : — 



Times of the obsenrations. 


Bight Asoension. 


Declination. 


1805, Sept 5, 12* 19"' 14* 

1806, Jan. 17,10 15 2 
1806, Maj 23, 9 33 18 


95° 59' 23^.10 
101 18 40.38 
121 56 8.97 


22° 21' 27".08 
30 21 24.20 
28 2 47.04 



From these right ascensions and declinations have been deduced the longi- 
tudes and latitudes, using for the obliquity of the ecliptic 23° 27' 55^90, 23° 27' 
54".59, 23° 27' 53".27 ; the longitudes have been afterwards freed from nutation, 
which was for the respective times -|-17".31, -f-17".88, -(-18".00, and next re- 
duced to the beginning of the year 1806, by applying the precession -|- 15".98, 
— 2".39, — 19".68. Lastly, the places of the sun for the reduced times have 
been taken from the tables, in which the nutation has been omitted in the longi- 
tudes, but the precession has been added in the same way as to the longitudes of 
Ceres. The latitude of the sun has been wholly neglected. In this manner have 
resulted the following numbers to be used in the calculation : — 



5.51336 

95° 32' 18".56 

— 59 34 .06 

342 54 56 .00 

0.0031514 



Times, 1805, September 
a, a', a" 

/5,/s',r 

1,1', I" 

log R, log S, log S' . 

The preliminary computations explained in articles 136-140 fmnish the fol- 
lowing : — 



139.42711 

99° 49^ 5".87 

-I- 7 16 36 .80 

117 12 43 .25 

9.9929861 



265.39813 
118' 5'28".85 
+ 7 38 49 .39 
241 58 50 .71 

0.0056974 



y> y , y • • • 
d,d',d". . . 

A'D, AD, AD' 
A'D, A'D, A'D 



t.t.t 



II 



358° 55' 28".09 
112 37 9 .66 

15 32 41 .40 
138 45 4 .60 

29 18 8 .21 

29 



156°52'ir.49 

18 48 39 .81 

252 42 19 .14 

6 26 41 .10 

170 32 59 .08 



170° 48' 44".79 
123 32 52 .13 
136 2 22 .38 
358 5 57 .00 
156 6 25 .25 
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a =8° 52' 4".05 log e = 0.856S244 

log a = 0.1840193 «, o = — 1.6276340 log x = 0.1611012 

log { = 0.0040987 log«"= 9.0770819(1 

log t= 2.0066735 log X = 9.9164090 n 

i= 117.60873 logr=9.7S20127» 

The interval of time between the first and accond observations is 133.91376 
days, between the second and third, 125.97102 : hence 

log « = 0.8358520, log «"= 0.3624066, log - = 0.0265546, log M" = 0.6982586. 
"We now exhibit in the following table the principal results of the first throe 
hypotheses : — 





L 


n. 


m. 


logP=x 


0.0265546 


0.0266968 


0.0256275 


log Q — & 


0.69826S6 


0.7390190 


0.7481065 


oi~\-a 


7"15'13".523 


7°14'47".139 


7"14'45".071 


log Qc Bin 10 


1.1546650 » 


1.1973925 » 


1.2066327 n 


g 


7 3 59 .018 


7 2 32 .870 


7 2 16 .900 


log/ 


0.4114726 


0.4129371 


0.4132107 


f 


160 10 46 .74 


160 20 7 .82 


160 22 9 .42 


C" 


262 6 1 .03 


262 12 18 .26 


262 14 19 .49 


logr 


0.4323934 


0.4291773 


0.4284841 


logr" 


0.4094712 


0.4071976 


0.4064697 


»(»"+«)' 


262 55 23 .22 


262 67 6 .83 


262 67 31 .17 


J(»"-n 


273 28 50 .95 


273 29 16 .06 


273 29 19 .66 


2/ 


62 34 28 .40 


62 49 66 .50 


62 53 67 .06 


2/ 


31 8 30 .03 


31 15 59 .09 


31 18 13 .83 


2/- 


31 25 58 .43 


31 33 57 .32 


31 35 43 .32 


\ogri 


0.0202496 


0.0203168 


0.0203494 


log," 


0.0211074 


0.0212429 


0.0212761 


log/' 


0.0256968 


0.0256276 


0.0250289 


i<v(/ 


0.7390190 


0.7481065 


0.7602337 


X 


— 0.0008678 


— 0.0000693 


+ 0.0000014 


T 


+ 0.0407604 


+ 00090866 


+ 00021282 
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If we designate the three values of X by A, A, Jl'\ the three values of Y by 
jB, jEf, jB"; the quotients arising from the division of the quantities A!JBf' — J^'S^ 
A'B — Aff\ AS — AlB^ by. the sum of these quantities, by k^ ^, Tc"^ respectively, 
so that we have Ar-f-^-f"^'= 1 5 ^^^^? finally, the values of log P' and log Q' in the 
third hypothesis, by -Sf and N^ (which would become new values of x and y if it 
should be expedient to derive the fourth hypothesis from the third, as the third 
had been derived from the second) : it is easily ascertained from the formulas of 
article 120, that the corrected value of x is M — k (^' -f- Jl') — k'Jl'^ and the cor- 
rected value of y, N — k {S -f- S') — US'. The calculation being made, the 
former becomes 0.0256331, the latter, 0.7509143. Upon these corrected values 
we construct the fourth hypothmsy the chief results of which are the following : — 

0.4062033 

262°5r38''.78 

273 29 20 .73 

62 55 16 .64 

31 19 1 .49 

31 36 15 .20 

The difference between 2/' and 2/-|- 2f" proves to be 0'^05, which we shall 
distribute m such a manner as to make 2f= 31" 19' r.47, 2/'= 31° 36' 15''.17. 
If now the elements are determined from the two extreme places, the following 
values result : — 

True anomaly for the first place 289° 7' 39^75 

True anomaly for the third place 352 2 56 .39 

Mean anomaly for the first place 297 41 35 .65 

Mean anomaly for the third place 353 15 22 .49 

Mean daily sidereal motion 769^.6755 

Mean anomaly for the beginning of the year 1806 . . 322 35 52 .51 

Angle of eccentricity, 9 4 37 57 .78 

Logarithm of the semi-axis major 0.4424661 

By computing from these elements the heliocentric place for the time of the 



f)i-\-a . . 


. . 7°14'45".247 


log /' . 


\ogQewa.(o 


. . 1.2094284 » 


*(«"+«) 


B . . . , 


. . 7 2 12 .736 


i (w" u) 


log/. . . 


. . 0.4132817 


2/' . . 


c . . . . 


. . 160 22 45 .38 


2/ . . 


r. . . . 


. . 262 15 3 .90 


2/' . . 


logr . . . 


. . 0.4282792 
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middle observation, the mean anomaly is found to bo 326° 19' 25". 72, the loga- 
rithm of the radius vector, 0.4132325, the true anomaly, 320" 43' 54".87 : this last 
shoulil differ from the true anomaly for the first place by the quantity If", or 
from the true anomaly for the third place by the quantity 2/, and should, there- 
fore, be 320''43'64".92, as also the logarithm of the radius vector, 0.4132817; 
the difference 0".05 in the true anomaly, and of eight units in the logarithm, is 
to be considered as of no consequence. 

If the fourth hypothesis should be conducted to the end in the same way as 
the three preceding, we would have-Y^O, J" = 0.0000168, whence the follow- 
ing corrected values of x and y would be obtained, 

z = log P = 0.0256331, (the same as in the fourth hypothesis,) 
y = log ^ = 0.7508917. 
If the fifth hypotheaia should be constructed on these values, the solution would 
reach the utmost precision the tables allow: but the resulting elements would 
not differ sensibly from those which the fourth hypothesis has furnished. 

Nothing remains now, to obtain the complete elements, except that the posi- 
tion of the plane of the orbit should he computed. By the precepts of article 
149 we have 

From the flrat pines. From the tlilnt plice. 

y 354' 9' 44".22 / . . . . 67° 5' 0".91 

h 261 66 6 .94 A" .... 161 1 .61 

• 10 8V 33 .02 10 37 33 .00 

a 80 68 49 .06 80 68 49 .10 

Dbtance of the perihelion I ^^ ^ ^ ^^ ^^ ^ ^ ^^ 

from the ascending node I 

Longitude of the perihelion 146 63 .63 146 53 .02 

The inonn being taken, we nlmll put >= 10" 37'83".01, Q = SO" 68' 49".08, the 
longitude of the perihelion = 146° 0' 53".67. Liistly, the mean longitude for 
the heginning of the year 1806 will be 108° 36' 46".08. 
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160. 

In the exposition of the method to which the preceding investigations have 
been devoted, we have come upon certain special cases to which it did not apply, 
at least not in the form in which it haa been exhibited by us. We have seen 
that this defect occurs ^r3i, when any one of the three geocentric places coincides 
either with the correapondiug heliocentric place of the earth, or with the oppo- 
site point (the last case can evidently only happen when the heavenly body 
passes between the sun and earth) : second, when the first geocentric place of the 
heavenly body coincides with the third ; third, when all three of the geocentric 
places together with the second heliocentric place of the earth are situated in the 
same great circle. 

In the fii-st case the position of one of the great circles AB, A'ff, A'l^', and in 
the second and third the place of the point B*, will remain indeterminate. In 
these cases, therefore, the methods before explained, by means of which we have 
shown how to determine the heliocentric from the geocentric places, if the quan- 
tities P, Q, are regarded as known, lose their efficacy: but an essential distinction 
is here to be noted, which is, that in the first case the defect will be attributable 
to the method alone, but in the second and third cases to the nature of the prob- 
lem; in the first case, accordingly, that determination can undoubtedly be effected 
if the method is suitably altered, but in the second and third it will be absolutely 
impossible, and the heliocentric places will remain indeterminate. It will not be 
uninteresting to develop these relations in a few words : but it would be out of 
place to go through all that belongs to this subject, the more so, because in all 
these special cases the exact determination of the orbit is impossible where it 
■would be greatly affected by the smallest errors of observation. The same defect 
will also exist when the observations resemble, not exactly indeed, but nearly, 
any one of these cases ; for which reason, in selecting observations this is to be 
recollected, and properly guarded against, that no place be chosen where the 
heavenly body is at the same time in the vicinity of the node and of opposition 
or conjunction, nor such observations as where the heavenly body lias nearly re- 
turned in the last to the geocentric place of the first observation, nor, finally, such 
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as where the great circle drawn from the middle heliocentric place of the earth to 
the middle geocentric place of the heavenly body makes a very acute angle with 
the direction of the geocentric motion, and nearly passes through the first and 
third placea 

161. 

We will make three subdivisiona of the ^rsl ease. 

L If the point B coincides with A or with the opposite point, d will be equal 
to zero, or to 180°; y, «', e" and th<3 points jy, V, will be indeterminate; on the 
other hand, y', y'\ « and the points D, B*, will be determinate ; the point C will 
necessarily coincide with A. By a course of reasoning similar to that pursued in 
article 140, the following equation will be easily obtained : — 

n — „' "»('-«)-«'''!"'>''■!" M'-P-a") „/. 
"~" tAnxK'^m^ fm{A'D—lf -\-a) " ' 

It will be proper, therefore, to apply in thia place all which has been explained in 
articles 141, 142, if, only, we put a i= 0, and b is determined by equation 12, 
article 140, and the quantities Zjv', — , -^, will be computed in the same mamier 
as before. Now as soon as z and the position of the point C have become 
kno%vn, it will be possible to assign the position of the great circle CC, it^ inter- 
section with the great circle A'ff', that is the jioint C", and hence the arcH CC\ 
CC", CC", or 2/", 2/, 2/. Lastly, from these will be had 

_»Vsin2/ „_ nVHin2/' 
'' n ain 2/ ' »* sin if 

XL Every thing we have just said can be applied to that case in which B" 
coincides with A" or with the opposite point, if, only, nil that refers to the first 
place is exchanged with what relates to the thin! place. 

in. But it is necessary to treat a little diflerently the case in which B" coin- 
cides with A' or with the opposite point. There the point C will coincide with 
A' ; y', e, e" and the points />, />", B*, will be indeterminate : on the other hand, 
the intersection of the great circle BB' with the ecliptic.-f the longitude of which 



fHore generallj, with the great drde AA?: bat for the siike of brevity m 
(hat case 011I7 where the ecliptic ia taken as Ibe ftindamcntnl plane. 



* oHuideriiis 
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may be put equal to /' -[- tt, may be determined. By reasonings analogous to 
those which have been developed in article 140, will be obtained the equation 

rv H sin d sin (A'^I/ — IT) ^^ , , sin ;r |^ ,/ 

^~^^'smV'sin{Aiy — d)'^^^ H:' sin {I" — V — n) '^ ^ ' 

Let us designate the coefficient of w, which agrees with «, article 140, by the 
same symbol a, and the coefficient of nV by /3 : a may be here also determined 
by the formula 

RsinjV-^rt — l) 

^~ B!'sm{l"—V—ny 

We have, therefore, 

= an + /3ny + «^, 
which equation combined with these, 

i. = ^,C=2(ld^_l)/. 

produces 

whence we shall be able to get /, unless, indeed, we should have /S = 0, in which 
case nothing else would follow from it except P = — a. Further, although we 
might not have /3 = (when we should have the third case to be considered in 
the following article), still /S will always be a very small quantity, and therefore 
P will necessarily diflfer but little from — a : hence it is evident that the deter- 
mination of the coefficient 

^+« 
is very uncertain, and that /, therefore, is not determinable with any accuracy. 

* 

Moreover, we shall have 

after this, the following equations will be easily developed in the same manner as 
in article 143, 



• f* ^ ^ Bin y^ • fmrn mix 

rsm t = — :— r sin (r — / ), 



1^,*^. 

^2 DETERMINATION OP AN ORBIT FROM [BoOt II. 

/'8mr = — 5^ sin (/' — /), 

r sin (C — ^-Zy) = r"P '^^ sin (r — ^"i^) , 

from the combination of which with equations Vm. and IX. of article 143. the 
quantities r, C, /', C" can be determined. The remaining processes of the calcular 
tion will agree with those previously described. 



162. 

In the second case, where B" coincides with B, U will also coincide with them 
or with the opposite point. Accordingly, we shall have Aff — S and A'Ef — d" 
either equal to or 180°: whence, from the equations of article 143, we obtain 



= +. 



^=+^: 



T.{^^A-D-gy 



u/8in(j-|-J'i/' — rf')* 
^ sin d sin e" sin {z -f- ^'2>" — ^) = P-ff"8in 6" sin « sin {z + AD~ d'}. 

Hence it is evident that z is determinable by P alone, independently of Q, (un- 
less it should happen that MD' = A'D, or ■= A'D + 180°, when we should have 
the tMrd case): z being found, f* will also be known, and hence, by means of 
the values of the quantities 

— » -^> al^io — ana I'f 
and, lastly, from this also 



« = 2& + ?-l)'"- 



Evidently, therefore, P and Q cannot be considered as data independent of each 
other, but they will either supply a single datum only, or inconsistent data. The 
positions of the points 0, O" will in this case remain arbitrary, if they are only 
taken in the same great circle as C". 

In the iMrd case, where A', B, &, B', lie in the same great circle, D and I/' will 
coincide with the points B', J?, respectively, or with the opposite points : hence is 
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obtained from the combination of equations VII., VIII., IX., article 143, 

p ^ sin d sin e'^ H sin {V — /) 

-^ ~ i?" sin r sin* ~ W'Bm{r^r) ' 

In this case, therefore,^he value of P is had from the data of the problem, and, 
therefore, the positions of the points 0, C\ C\ will remain indeterminate. 

163. 

The method which we have fully explained from article 136 forwards, is prin- 
cipally suited to the first determination of a wholly unknown orbit : still it is em- 
ployed with equally great success, where the object is the correction of an orbit 
already approximately known by means of three observations however distant 
from each other. But in such a case it will be convenient to change some things. 
When, for example, the observations embrace a very great heliocentric motion, it 
will no longer be admissible to consider y and ^ 6!' as approximate values of the 
quantities P, Q\ but much more exact values will be obtained from the very 
nearly known elements. Accordingly, the heliocentric places in orbit for the 
three times of observation will be computed roughly by means of these elements, 
whence, denoting the true anomalies by e;, t/, v"^ the radii vectores by r, /, r", the 
semi-parameter by jt?, the following approximate values will result : — 

p rsin(t/ — v) ^ 4r'*sinJ(t/ — v)8in^(t/' — »') 

■^ ~ ¥* %m{f —i/y ^~ ^co8i(t/' — v) • 

With these, therefore, the first hypothesis will be constructed, and with them, a 
little changed at pleasure, the second and third : it would be of no advantage 
to adopt P' and Qf for the new values, since we are no longer at liberty to sup- 
pose that these values come out more exact For this reason all three of the 
hypotheses can be most conveniently despatched at the same time : the fourth will 
then be formed according to the precepts of article 120. Finally, we shall not 
object, if any person thinks that some one of the ten methods explained in arti- 
cles 124-129 is, if not more, at least almost equally expeditious, and prefers to 

use it. 

30 



SECOND SECTION. 



DETERMINATION OF AN ORBIT FROM FOUR OBSERVATIONS, OF WHICH TWO 
ONLT ARE COMPLETE. 



164. 

We have already, in the beginning of the second book (article 115), stated 
that the use of the problem treated at length in the preceding section is lim- 
ited to those orbita of which the inclination is neither nothing, nor very small, 
and that the determination of orbits slightly inclined must necessarily be based 
on four observations. But foui- complete observations, since they are equivalent 
to eight equations, and the number of the unknown quantities amounts only to 
six, would render the problem more than determinate: on which account it will 
be necessary to set aside from two obser\'ationa the latitudes (or declinations), 
that the remaining data may be exactly satisfied. Thus a problem arises to 
which this section will be devoted : but the solution we shall here give wUl ex- 
tend not only to orbits slightly inclined, but can be applied also with equal suc- 
cess to orbits, of any inclination however great. Here also, as in the problem of 
the preceding section, it is necessary to separate the case, in which the approxi- 
mate dimensions of the orbit ai-e already known, from the first determination 
of a wholly miknown orbit : we will begin with the former. 



165. 

The eimplest method of adjusting a known orbit to satisfy four observations 
appears to be this. Let ar, //, be the approximate distances of the heavenly body 
from the earth in two complete observations : by means of these the corres]jond- 
ing heliocentric places may be computed, and hence the elements; after thi^ 
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from these elements the geocentric longitudes or right oscensions for the two 
remaiuuig observations may be computed. If these happen to agree with the 
observations, the elements will require no further correction: but if not, the 
differencea X, Y, will be noted, and the same calculation will be repeated twice, 
the values of ar, y being a little changed. Thus will be obtained three systema 
of values of the quantities ar, y, and of the differences X, J", whence, according 
to the precepts of article 120, will be obtained the corrected values of the quan- 
tities Xy y, to which will correspond the values X = 0, 1'= 0. From a similar 
calculation based on this fourth system elements will be found, by which all four 
observations will be correctly represented. 

If it is in 3'our power to choose, it Avill be best to retain tliose observations 
complete from which the situation of the orbit can be determined with the great- 
est precision, therefore the two extreme observations, when they embrace a helio- 
centric motion of 90° or les& But if they do not possess equal accuracy, you 
will set aside the latitudes or declinations of those you may suspect to be the 
leea accurate. 



166. 

Such places will necessarily be used for the first determination of an entirely 
tmknown oibit from four observations, as include a heliocentric motion not too 
great ; for otherwise we should be without the aids for forming conveniently the 
first approximation. The method which we i^hall give directly admits of such 
extensive application, that observations comprehending a heliocentric motion of 
30" or 40° may be used without hesitation, provided, only, the distances from the 
sun are not too unequal : where there is a choice, it will be beat to take the 
intervals of the times between the first and second, the second and thinl. the 
third and fourth but little removed I'rom equality. But it will not be necessary 
to be very particular iu regard to this, as the annexed example will show, in 
which the intervals of the times are 48, 55, and 59 days, and the hehocentric 
jnotion more than 50°. 

Moreover, om- solution requires that the second and third observations be 
complete, and, therefore, the latitudes or declinations in the extreme observations 
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are neglected. We have, indeed, shown above tha^ for the sake of accuracy, it la 
generally better that the elements be adapted to two extreme complete observa- 
tions, and to the longitudes or rig-ht ascensions of the intermediate ones; never- 
thclejis, we ehall not regret having- lost this advantage in the first determination 
of the orbit, because the most rapi<l approximation is by fur the most important, 
and the loss, which affects chiefly the longitude of the node and the inclina- 
tion of the orbit, and hardly, in a sensible degree, the other elements, can after- 
wards easily be remedied. 

We will, for the sake of brevity, so arrange the explanation of the method, 
aa to refer all the places to the ecliptic, and, therefore, we will suppose fom" longi- 
tudes and two latitudes to be given : but yet, as we take into account the latitude 
of the earth in our formulas, they can easily be transferred to the case in which 
the equator is taken as the fundamental plane, provided that right ascensions and 
dechnationa are substituted in the place of longitudes and latitudes. 

Finally, all that we have stated in the preceding section with respect to nuta- 
tion, precession, and parallax, and also aberration, applies as well here : unless, 
therefore, the approximate distances from the earth are otherwise known, so that 
method I., article 118, can be employed, the obsei-ved places will in the beginning 
be freed from the aberration of the fixed stars only, and the times will be cor- 
rected as soon aa the approximate determination of the distances is obtained in 
the course of the calculation, aa will appear more clearly in the sequel. 



167. 

We preface the explanation of the solution with a list of the principal sym- 
bols. We will make 

(, f, i", t"', the times of the four observations, 
a, a', a", a'", the geocentric longitudes of the heavenly body, 
fi, ft', |3", (5'", their latitudes, 
r, /, r", r"', the dlitances from the sun, 
(J, q', ()", ff'", the dwtancea from the earth, 
I, I', I", V", the heliocentric longitudes of the earth, 
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By B^y Bf\ S'\ the heliocentric latitudes of the earth, 
Ry Ry R'y R'\ the distances of the earth from the sun, 

(wOl), (nl2), (w23), (w 02), (w 13), the duplicate areas of the triangles which 
are contained between the sun and the first and second plac^ of the heavenly 
body, the second and third, the third and fourth, the first and third, the second 
and fourth respectively; (ij 01), (^12), (^23) the quotients arising from the 
division of the areas i {n 01), i {n 12), i (w 23), by the areas of the correspond- 
ing sectors ; 

p,_(nl2) p^_(nl2) 

V, v\ v'\ v"\ the longitudes of the heavenly body in orbit reckoned from an arbi- 
trary point Lastly, for the second and third observations, we will denote the 
heliocentric places of the earth in the celestial sphere by -4', A'^ the geocentric 
places of the heavenly body by R^ R\ and its heliocentric places by C\ C", 

These things being understood, the first step will consist, exactly as in the 
problem of the preceding section (article 136), in the determination of the posi- 
tions of the great circles AC'B', A"C"R\ the inclinations of which to the eclip- 
tic we denote by /, y"\ the determination of the arcs AR= d\ A'R'= cJ" will be 
connected at the same time with this calculation. Hence we shall evidently have 

/ = yj{q'q'-{-2q'Rcosd'J^RR) ' 

/'= v^ (^Y' + 2 q''R' cos r + R'R'), 
or by putting q' + RcosS' =:2fy q''+ R' cosd"=ixf\ Rsmd' = (/, R'Bmr=a% 

168. 

By combining equations 1 and 2, article 112, the following equations in sym- 
bols of the present discussion are produced : — 

= (;il2)i?cos5sm(/— a) — (w02)(9'cos/3'sin(a'— a)+iircos^sin(r— a)) 

+ (w 01) (v" cos f sm {a!' — «) + iT' cos R' sin {V — a)). 
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= (n 23) (9' COS p' sin (a'''— a') + iT cos jB' sin (a'"— /')) 
— (w 13) (9" cos /3"sin {a'''— a'') + i?" cos B"' sin (a'''— r)) 

+ (n 12) i2"' cos ^'' sin (a^" — r ). 

These equations, by putting 

^ cosB' sin (/' — a) yv w »/ 

cy ^-/ZT \ — R COSO z=h\ 

cos jX sm (o^ — a) ' 

COS p^ Sin (if — cr) ' 

COS p Sin (a — a ) ' 

COS pr sin (<r — a) ' 

i? COS ^ sin (/ — a) ^ 

COS ([' sin ((/' — a) ' 

jy^^ cos ^^^ sin {a!'' — V") _ ^ „, 
cosj^sirfCa"' — rtO ~ * 

■ 

cos ^ sin (a' — a) / 

cos^sin (fl^ — a) ^* 

cosjysin(«'^^— <0 „ 

C06l?sin(«'"— «')"~'^» 

and all the reductions being properly made, are transformed into the following: — 

<^^Jl^lgyi*5 = :r" + X" + U-, 

1+ — - — i 
1 + ^^ . 



or, by putting besides, 



x" — XP'=c', ju'(l + i>') = (f, 
x'_ X"F" = c", jtt" ( 1 + P") = ei", 



into these, 



1 + ^— -a 
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OP WHICH TWO OShY ABE 0OKFL£3!B. 



rf'Ca^+y) 



1+; 



With the aid of these two equations af and a:" can bo determined from a', i', t/, tf, 
Q". a", h", c", rf", Q('. If, indeed, a:' or ar" should be eliminated from them, we should 
obtain an equation of a very high order: but still the values of the unknown 
quantities a^, a^', will be deduced quickly enough from these equations by indi- 
rect methodfl without any change of form. Generally approximate values of 
the unknown quantities result if, at first, ^ and ^' are neglected ; thus: — 

» _ e'+ ^ (y + <0 + d'd'Jf 
X — d'd' 

But as soon as the approximate value of either unknown quantity ia obtained, 
values exactly satisfying the equations will be very easily found. Let, for ex- 
ample, 5' be an approximate value of 3!, which being substituted in equation I., 
there results a!' = X' ; in the same manner from 3!' = |" being substituted in 
equation II., we may have a^ = X'; the same processes may be repeated by sub- 
stituting for a/ in I., another value S' -{- >^j which may give 3I" == |" -f- »*" J this 
value being substituted in H, may give ^=:X'-\- iV. Thereupon the corrected 
value of 3/ will be 






and the corrected value of a^'. 






If it is thought worth while, the same processes will be repeated with the cor- 
rected value of ^ and another one shghtly changed, until values of if, a^' satisfy- 
ing the equations I., II. exactly, shall have been found. Besides, means will not 
be wanting even to the moderately versed analyst of abridging the calculation. 

In these operations the irrational quantities (ar'ar'-l- a'a'), (a:"jr"-|- «"«"), are 
conveniently calculated by introducing the area /, ?", of which the tangents are 
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respectively -7, 3, whence come 



= /=:i=:. 



v'Ky'+ii"a") = /' = 

These auxiliary arcs, which must be taken between 0° and 180°, in order that 
/, /'. may come out positive will, manifestly, be identical with the arcs CK, C"lf', 
whence it is evident that in this way not only / and /', but also the situation of 
the points C", G", are known. 

This determination ot the quantities ^, ^' requires (/, a", i', h", c, c", et, <I\ ^, 
§" to be linown, the first lour of which quantities are, in fact, had from the data 
of the problem, but the four following depend on P, P". Now the quantities 
P", F", Q', (^', cannot yet be exactly determined ; but yet, since 

TV P"— i!=^ (l?l' 
V. g'=ilik{f — !)(('- 



';?(70i)(,i2)«„iK-f)to,i(t'-.)„.j(,'-,o' 



the approximate values are immediately at hand, 

„_(^-£ p,_ e-e 
— t—,< -^ —t"—c 

(l=kkk[t — (){«' — i), Qt'=i]ck{f 
on which the first calculation will be baaed. 



H'' 



.K.-"-./r 



-t) ((■'-('), 



The calculation of the preceding article being completed, it will be necessary 
first to determine the arc C" C". Which may be most conveniently done, U", as 
in article 137, the intersection D of the great circles A'CB", A"C"/i", and their 
mutual inclination e shall have been previously determined: after thi8,\>i]l be 
found from e, C'D = ^-\-B'D, and C" D — ^' -\- B" D, by the same fonnulaa 
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which we have given in article 144, not only C C" = v" — /, but also the angles 
(m', w",) al which the g^'eat circles J^K^ A'B^\ cut the great circle C C". 

After the arc t/' — / has been found, xf — v^ and r will be obtained from a 
combination of the equations 

r sm (/ — t;) = ^^ ^, 

. rsm(e/— e; + e/'— e/)= -5, ^ ^ % 

and in the same manner, /" and e/'' — /' from a combination of these : — 

/" sin (/" - O = '^^^^^$=^\ 

All the numbers found in this manner would be accurate if we could set out in 
the beginning from true values of P', ^', P", ^" : and then the position of the 
plane of the orbit might be determined in the same manner as in article 149, 
either from Al^ Cj xi and y', or from A! C'\ u" and y" ; and the dimensions of the 
orbit either from /, /', t\ f, and v^' — v\ or, which is more exact, from r, /'", i, 
fj v'" — V. But in the first calculation we will pass by all these things, and will 
direct our attention chiefly to obtaining the most approximate values of P', P". 
^, Q[\ We shall reach this end, if by the method explained in 88 and the fol- 
lowing articles, 

from r, /, e/ — v^ f — t we obtain (ij 01) 
« r^^fJ'^v' — t/,f — r " (ijl2) 
« r",r'\^"—v\r—f ^ (ij23). 

We shall substitute these quantities, and also the values of r, /, /', /'', cos i {y' — v\ 
etc., in formulas in.-VL, whence the values of P', ^, P'', Q[' will result much 
more ,exact than those on which the first hypothesis had been constructed. With 
these, accordingly, the second hypothesis will be formed, which, if it is carried to 
a conclusion exactly in the same manner as the first, will furnish much more 
exact values of P', ^, P^', Q[\ and thus lead to the third hypothesis. These 
processes will continue to be repeated, until the values of P', ^, P", C seem to 

31 
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require no further correction, how to judge correctly of which, frequent practice 
will in time show. When the heliocentric motion is small, the first hyjjothesis 
generally supplies those values with sufficient accuracy; but if the motion in- 
cludes a greater arc, if, moreover, the intervals of the times are very miequal, 
hypotheses several times repeated will be wanted; but iu such a case the fii-st 
hypotheses do not demand great preciseness of calculation. Finally, m the last 
hypothesis, the elements themselves will be determined as we have just indicated. 



170. 

It will be necessary in the first hypothesis to make use of the times i, f, f, f, 
uncorrected, because the distances from the earth cannot yet be computed: as 
soon, however, as the approximate values of the quantities 3^, ar" have become 
known, we shall be able to determine also those distances approximately. But 
yet, since the formulas for (> and (>'" come out here a little more complicated, it 
will be well to piit off the computation of the correction of the times until the 
values of the distances have become correct enough to render a repetition of tlie 
work imnecessary. On which accoimt it \vill be expedient to base this operation 
on those values of the quantities 3/, x\ to which the last hypothesis but one leads, 
so that the last hypothesis may start with corrected values of the times and of 
the quantities P',P", ^, ^'. The following are the formulas to be employed 
for this purpose : — 

Vn. p' = /— ^c08(J', 
Vm <}"=7f'—Bf'cosd", 

IX. pC03j5^ ^C035c0B(fl: /) 

-j "^ — rsjIp'cos/J'cos {a' — a)-|-^cos^co9(/' — a)) 

— ^(p"cos/3"c08(tt" — tt)-j-i^'co85"coB(/" — a)K 



-RiaBA -"t^ ((./ Bin |5' - 

— y, (^"sin /»"+ B"«m B"), 



KtmB) 
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XL ^'''cos/3'" = — i?'"cos5'"cos(a'"— n 

J ^+-^' (n'' COS /3'' cos {a!" — a'0+ ^' cos ^' cos {a'" — T )) 

— ^ (^ cos i»' cos {a"' — a')-^It: cos 5' cos {a!" — T )), 
Xn. Q'''siiii3"' = — i2"'siii^"H ^"t^, (q'' sin /?'' + ir' sill ^0 

— i-,(Q'sm/?'+i?'siii^), 

The formulas IX.-Xn. are derived without difficulty from equations 1, 2, 3, article 
112, if, merely, the symbols there used are properly converted into those we here 
employ. The formulas will evidently come out much more simple if B^ B^^ E' 
vanish. Not only (), but also /? will follow from the combination of the formulas 
IX. and X., and, in the same manner, besides r"\ also ^"' from XI. and XII. : the 
values of these, compared with the observed latitudes (not entering into the 
calculation), if they have been given, will show with what degree of accuracy 
the extreme latitudes may be represented by elements adapted to the six remain- 
ing data. 

171. 

A suitable example for the illustration of this mvestigation is taken from Vesta^ 
which, of all the most recently discovered planets, has the least inclination to 
the ecliptic* We select the following observations made at Bremen, Paris, 
Lilienthal, and Milan, by the illustrious astronomers Olbers, Bouvard, Bessel, and 
Obiani: — 



* Nevertheless this inclination is still great enough to admit of a sufficiently safe and accurate deter- 
mination of the orbit based upon ihree observations: in fact the first elements which had been. derived 
in this way from observations only 19 days distant from each other (see voN Zach's MoncUliche Car- 
respondenz, Vol. XV. p. 595), approach nearly to those which were here deduced from four observa- 
tions, removed from each other 162 days. 
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Eight Aicenrioo. 




1807.Mfii-ch30, 12»33■■17• 
M«y 17. 8 16 5 
July 11, 10 30 19 
Sept 8, 7 22 16 


183' 52- 40".8 
178 36 42.3 
189 49 7.7 
212 50 3.4 


n°54'27".0N. 
11 39 46.8 

3 9 10 .IN. 

8 38 17 .OS. 



W'ti flud for the same times from the tables of the sun, 



H&rdiSO 
May 17 
Jniy 11 
Sept. 8 



Longitude of the Snn 
fVom ipp. Sqnlnox. 



of the Snn ij„,. j^ Diilsnce from LatltndB of Apparent obllqullr 
Equlnoi. "''»*""°- u,e Earth. (bo Sun. ol tbe Eoliptio. 



9" 21' 59^.5 
55 56 20 .0 
108 34 53 .3 
165 8 67 .1 



0.9996448 
1.0119789 

1.0165795 
1.0067421 



+ 0".23 

— .63 

— 0.46 
+ 0.29 



23° 27' 50".82 
49 .83 
49.19 

23 27 49 .26 



The observed places of the planets have, the apparent obliquity of the eclip- 
tic being used, been converted into longitudes and latitudes, been freed from 
nutation and aberration of the fixed stars, and, lastly, reduced, the precession 
being subtracted, to the beginning of the year 1807; the fictitious places of the 
earth have then been derived from the places of the sun by the precepts of arti- 
cle 72 (in order to take account of the pai-allax), and the longitudes transferred 
to the same epoch by subtracting the nutation and precession ; finally, the times 
have been counted from the beginning of the year and reduced to the meridian 
of Paria In this manner have been obtained the following numbers : — 



f. t, t, r 



89.505162 
178^3' 38".87 
12 27 6 .16 
189 21 33 .71 

9.9997990 



Uence we deduce 
/=168°32'41".34, 
^ = 173 6 15.68, 



137.344502 

174" 1'30".08 

10 8 7 .80 

235 56 .63 

0.0051376 



192.419502 
187M5'42".23 

6 47 25 .51 

288 35 20 .32 

0.0071739 



-251.288102 
213=34' 15".63 

4 20 21 .63 

345 9 18 .69 

0.0030625 



6'= 62*23' 4".88, 
3"— 100 45 1 .40, 



log a' = 9.9526104, 
log a" =9.9994839, 
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b'= — 11.009449, *' = — 1.083306, log X = 0.0728800, log/*' = 9.7139702 n 
b"=z— 2.082036, x" = + 6.322006, logr'= 0.0798512 « log /*"= 9.8387061 

A'D — 37° 17' 51".50, A"D = 89° 24' 11".84, e = 9° 5' 5".48 

5'2) = — 25 5 13 .38, B'D = — 11 20 49 .56. 

These preliminary calculations completed, we enter upon the ftrd Hypothesis. 
From the intervals of the times we obtain 

log k{f — t) = 9.9153666 
log y5:(r— = 9.9765359 
log k (r —f) = 0.0054651, 

and hence the first approximate values 

log P' = 0.06117, log (1 -I- P') = 0.33269, log ^ = 9.59087 
logP"= 9.97107, log(14-P") = 0.28681, log ^'= 9.67997, 

hence, further, 

</ = — 7.68361, log d' = 0.04666 n 
<?"= + 2.20771, log d"= 0.12552. 

With these values the following solution of equations I., XL, is obtained, afler a 

few trials : — 

/ = 2.04856, i/ = 23° 38' 17", log / = 0.34951 
a^'= 1.95745, g"=27 2 0, logr"= 0.34194. 

From /, /' and e, we get 

C'C" = »" — «/ = 17° r 5": 
hence t/ — v,r, if" — »", r'", will be determinable by the following equations : — 

log r sin (t/ — r) == 9.74942, log r sin («/ — 1» -f- 17° 7' 5") = 0.07500 
log/"sm(t/"—/)= 9.84729, logr'"sin(p"'— j/'4-17 7 5") = 0.10733 
whence we derive 

t/ — 1» = 14° 14' 32", log r = 0.35865 
t/"—t/'= 18 48 33, log/"= 0.33887. 

Lastly, is found 

log (« 01) = 0.00426, log (n 12) = 0.00599, log (« 23) = 0.00711, 

and hence the corrected values of P', P", ^, Q^\ 
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log P' = 0.05944, log Q' = 9.60374, 
log P"= 9.97219, log ^'= 9.69581, 

upon which the second hi/pothesis will be constructed. The principal results of this 
aie as follows : — 

c' = — 7.67820, log d' = 0.045736 n 

</'= + 2.21061, \ogd"= 0.126054 

y = 2.03308, / = 23" 47' 54", log / = 0.346747, 

a^'= 1.94290, 2"= 27 12 25, log r"= 0.339373 

C C" = v" — v'=ir 8' 0" 

t/ — v= 14° 21' 36", log r = 0.354687 

«/"—»"= 18 50 43, logr"'= 0.334564 

log (n 01) = 0.004359, log (« 12) = 0.006102, log (« 23) = 0.007280. 

Hence resvilt newly corrected values of P', P", Q^, Q", 

log P' = 0.059426, log ^ = 9.604749 
log P" = 9.972249, log ^' = 9.697564, 

from which, if we proceed to the third hypothesis, the following numbers result : — 

c' = — 7.67815, log d = 0.045729 n 

c" = + 2.21076, log rf"= 0.126082 

of = 2.03255, / = 23° 48' 14", log / = 0.346653 

«"= 1.94235, 2"= 27 12 49, log r"= 0.339276 

C"(7"=t/'— 1^=17° 8' 4" 

f/—v= 14° 21' 49", logr =0.354522 

t/"— »"=18 51 7, log/" = 0.334290 

log (n 01) = 0.004363, log (n 12) = 0.006106, log (n 23) = 0.007290. 

If now the distances from the earth are computed according to the precepts of 
the preceding article, there appears : — 

9' = 1.5635, 9" = 2.1319 

log Q cos /3 = 0.09876 log q'" cos /9'" = 0.42842 

log qsm(i = 9.44252 log q'" sin /?'" = 9.30905 

/J = 12° 26' 40" , p"' = 4° 20' 39" 

log Q = 0.10909 log q'" = 0.42967. 
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True anomaly for the first place 293° 33'43".7 

True anomaly for the fourth place 343 54 50 .2 

Hence the longitude of the perihelion 249 57 6 .5 

Mean anomaly for the first place 302 33 32 .6 

Mean anomaly for the fourth place 346 32 25 .2 

Mean daily sidereal motion 978''.7216 

Mean anomaly for the beginning of the year 1807 . 278 13 39 .1 

Mean longitude for the same epoch .•...• 168 10 45 .6 

Angle of eccentricity (p 5 2 58 .1 

Logarithm of the semi-axis major 0.372898 

If the geocentric places of the planet are computed from these elements 
for the corrected times /, ^, f\ f\ the four longitudes agree with a, a', a", a'", and 
the two intermediate latitudes with /?', /3'', to the tenth of a second ; but the 
extreme latitudes come out 12° 26' 43".7 and 4° 20' 40M. The former in error 
22".4 in defect, the latter 18".5 in excess. But yet, if the inclination of the 
orbit is only increased 6", and the longitude of the node is diminished 4' 40'', the 
other elements remaining the same, the errors distributed among all the latitudes 
wUl be reduced to a few seconds, and the longitudes will only be affected by the 
smallest errors, which will themselves be almost reduced to nothing, if, in addition. 
2" is taken j&om the epoch of the longitude. 
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173. 

In the fii-st place, it is of the greatest importanije, that the several positions of 
the heaveuly body oa which it is propo.sed to hase the orbit, should not be 
taken fmm single obsen'ations, but, if possible, from several so combined that the 
aceidental errors might, as far as may be, mutually destroy each other. Obser^ 
vations, for example, such as are distant from eiLch other by an interval of a few 
days, — or by so much, in some cases, as an interval of fiJleen or twenty days, — 
are not to be used in the calculation as so miuiy diflerent positions, but it would 
he better to derive from them a single place, which would be, as it were, a mean 
among all, admitting, therefore, much greater accuracy than single observations 
considered separately. This process is baaed on the following principles. 

The geocentric places of a heavenly body computed from approximate ele- 
ments ought to differ very little from the true places, and the differences between 
the former and latter should chajige very slowly, m that for an interval of a 
few days they can be regarded as nearly constant, or, at least, the changes may 
be regarded as proportional to the times. If, accordingly, the observations should 
be regarded as free from all error, the differences between the observed places 
corresponding to the times t, ^, f, f", and those which have been computed from 
the elements, that is, the differences between the observed and the computed 
longitudes and latitudes, or right ai*cen.sions and declinations, would be tjuanti- 
ties either sensibly equal, or. at least, uniformly and very slowly increajsing or de- 
creasing. Let, for example, the observed right ascensions r, a', a", «'", etc., cor^ 
respond to those times, and let a-\-d,a' -^-if, a" -|- d", a'" -}- iV", etc., be the 
computed ones ; then the differences d, d\ ij", /!'", etc. will diiler from the trtie 
deviations of the elements so far only as the ob3er^■ations themselves are errone- 
ous: if, therefore, these deviations can be regarded as constant for all tliese ob- 
servatious, the quantities d, d', d", 3"', etc. will furnish as many different determi- 
nations of the same quantity, for the correct value of which it will bi- proper to 
take the arithmetical mean between those determinations, so far, of course, an 
there is no reason for preferring one to the other. But if it seems that the same 
degree of accuracy cannot be attributed to the several observations, let a-^ assume 
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that the degree of accuracy m each may be considered proportional to the num- 
bers ey Cy e\ ^'\ etc. respectively, that is, that errors reciprocally proportional to 
these numbers could have been made in the observations with equal facility; 
then, according to the principles to be propounded below, the most probable 
mean value will no longer be the simple arithmetical mean^ but 

g g g + ^e'b ' + ^'d'^' + e"'e'"d''' + etc 
e e + e'/ + e'V + ^"e'" + etc. ' 

Putting now this mean value equal to A^ we can assiune for the true right ascen- 
sions, a -f" ^ — Ay(t -\'8' — Ay ci' -\' 8" — Ay ol"'\- d"' — Ay respectively, and then 
it will be arbitrary, which we use in the calculation. But if either the observa- 
tions are distant from each other by too great an interval of time, or if suffi- 
ciently approximate elements of the orbit are not yet known, so that it would 
not be admissible to regard their deviations as constant for all the observations,, it 
will readily be perceived, that no other difference arises from this except that the 
mean deviation thus found cannot be regarded as common to all the observa- 
tions, but is to be referred to some intermediate time, which must be derived from 
the individual times in the same manner as A from the corresponding deviations, 
and therefore generally to the time 

^ g t + e'e'^ -[- g V r + e"'e"'e" + e tc 
~ef + gV-f-VV' + e'V + etc • 

Consequently, if we desire the greatest accuracy, it will be necessary to compute 
the geocentric place from the elements for the same time, and afterwards to free 
it from the mean error Ay in order that the most accurate position may be ob- 
tained. But it will in general be abundantly sufficient if the mean error is 
referred to the observation nearest to the mean time. What we have said here 
of right ascensions, applies equally to declinations, or, if it is desired, to longitudes 
and latitudes : however, it will always be better to compare the right ascensions 
and declinations computed from the elements immediately with those observed ; 
for thus we not only gain a much more expeditious calculation, especially if we 
make use of the methods explained in articles 53-60, but this method has the 
additional advantage, that the incomplete observations can also bfe made use of ; 
and besides, if every thing should be referred to longitudes and latitudes, there 
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woiUJ be cause to fear lest an observation made correctly in right ascension, 
but badly in declination (or the opposite), should be vitiated in respect to both 
longitude and latitude, and thua become wholly useless. The degree of precision 
to be assigned to the mean found as above will be, according to the principles to 
be explained hereafter, 

V' {ee -{-^(^-\- /V -f /"e"' -\- etc.) ; 
so that four or nine equally exact observations are required, if the mean is to 
possess a double or triple accuracy. 



174. 

If the orbit of a heavenly body has been determined according to the methods 
given in the preceding sections from three or four geocentric positione, each one 
of which has been derived, according to the precepts of the preceding article, 
from a great many observations, that orbit will hold a mean, as it were, among 
all these observations; and in the differences between the observed and computed 
places there will remain no trace of any law, which it woidd be possible to re- 
move or sensibly diminish by a correction of the elements. Now, when the whole 
number of observations does not embrace too great an interval of time, the best 
agreement of the elements with all the observations can be obtained, if only 
three or four normal positions are judiciously selected. How much advantage 
we shall derive from this method in determining the orbits of new planets or 
cometj*. the observations of which do not yet embrace a period of more than 
one year, will depend on the nature of the case. When, accordingly, the orbit 
to be determined is inclined at a considerable angle to the ecliptic, it will be 
in general ba.sed upon three observations, which we shall take as remote from 
each other as possible : but if in this way we should meet with any one of the 
cases excluded above (articles 160-162), or if the inclination of the orbit should 
seem too small, we shall prefer the determination from four positions, which, also, 
wo shall take as remote as possible from each other. 

But when we have a longer series of observations, embracing several yean, 
more normal positions can be derived from them ; on which account, we ehoold 
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not insure the greatest accuracy, if we were to select three or four positions only 
for the determination of the orbit, and neglect all the rest But in such a case, 
if it is proposed to aim at the greatest precision, we shall take care to collect 
and employ the greatest possible number of accurate places. Then, of course, 
more data will exist than are required for the determination of the unknown 
quantities : but all these data will be liable to errors, however small, so that it 
will generally be impossible to satisfy all perfectly. Now as no reason exists, 
why, from among those data, we should consider any six as absolutely exact, but 
since we must assume, rather, upon the principles of probability, that greater or 
less errors are equally possible in all, promiscuously ; since, moreover, generally 
speaking, small errors oftener occur than large ones ; it is evident, that an orbit 
which, while it satisfies precisely the six data, deviates more or less from the 
others, must be regarded as less consistent with the principles of the calculus of 
probabilities, than one which, at the same time that it differs a little from those 
six data, presents so much the better an agreement with the rest. The investiga- 
tion of an orbit having, strictly speaking, the maximum probability, will depend 
upon a knowledge of the law according to which the probability of errors de- 
creases as the errors increase in magnitude: but that depends upon so many 
vague and doubtful considerations — physiological included — which cannot be 
subjected to calculation, that it is scarcely, and indeed less than scarcely, possible 
to assign properly a law of this kind in any case of practical astronomy. Never- 
theless, an investigation of the connection between this law and the most prob- 
able orbit, which we will undertake in its utmost generality, is not to be regarded 
as by any means a barren speculation. 

175. 

To this end let us leave our special problem, and enter upon a very general 
discussion and one of the most fruitful in every application of the calculus to 
natural philosophy. Let F", V\ V'\ etc. be functions of the unknown quantities 
jp, q, n 8j etc., fi the number of those functions, v the number of the unknown 
quantities ; and let us suppose that the values of the functions found by direct 
observation are F = JtfJ F' = M\ V" = M'\ etc. Generally speaking, the 
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determination of the unknown quantities will constitute a problem, indetermi- 
nate, determinate, or more than determinate, according as /* ■< v, fi^v, or 
^i^v.* We shall confine ourselves here to the last case, in which, evidently, an 
exact representation of all the observations would only be possible when they 
were uU absolutely free from error. And since this cannot, in the nature of 
things, happen, every system of values of the unknown quantities p, q, r, s, etc., 
must be regarded as pos.sible, which gives the values of the functions V — M, 
V" — M', V" — M", etc.. within the limits of the possible errors of observHtionj 
this, however, is not to be understood to imply that each one of these systems 
would possess an equal degree of probability. 

Let us suppose, in the first place, the state of things in all the observations to 
have been euch, that there is no reason why we should suspect one to be leBS 
exact than another, or that we are bound to regard errors of tlie same magnitude 
as equally probable in all. Accordingly, the probability to be assigned to each 
error J will be expressed by a function of J which we shall denote by (fJ. Now 
although we cannot precisely assign the form of this function, we can at least 
aHirm that ita vahie should be a maximum for .i ^^ 0, equal, generally, for equal 
opposite values of ^, and should vanish, if, for A is taken the greatest error, or a 
value greater than the greatest error: (f.'i, therefore, would appropriately be re- 
ferred to the class of discontinuous functions, and if we undci-take to Mub^titute 
any analytical function in the place of it for practical purposes, this must be of 
such a form that it may converge to zero on both sides, asymptotically, as it were, 
from ^ ;= 0, so that beyond this limit it can be regarded as actually vani^liing. 
Moreover, the probability that an error lies between the limits ^^ and //-)- d J 
differing from each other by the infinitely small difiereuce d J, will be expressed 
hy (fJ A.J; hence the probability generally, that the error lies between D and 



• If, in Uie third ease, the funclions V, V, V" should b« of such a nature that ^ + 1 — » of ibum, 
or mon.', might be regarded a^ functions of llie reiuaiiider, the problem would still he more than dctermi- 
nnlc with respect to these functions, but indulerminate with respect to the qiianlitie:: p, f, r, t, etc. i that 
is to say. it would be impossible to determine the values of the laUer, even if the values of the func- 
tions V, V, V, etc should tw p»en with absolute esactness : but we ahall exclude tliis case from onr 
discowion. 
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iy, will be given by the integral /(pJ.dJ extended from J=J) to J = iy. 
This integral taken from the greatest negative value of J to the greatest positive 
value, or more generally from J = — oo to ^ = -}-qo must necessarily be equal 
to unity. Supposing, therefore, any determinate system of the values of the 
quantities p, q, r, 5, etc., the probability that observation would give for V the 
value My will be expressed by cp [M — F), substituting in V for p, q^ r, 5, etc., 
their values; in the same manner y [M' — F), if (ilf" — V"\ etc. will express the 
probabilities that observation would give the values M'^ M'\ etc. of the func- 
tions V\ V'\ etc. Wherefore, since we are authorized to regard all the observa- 
tions as events independent of each other, the product 

cj)(ijf_r) (p{M'—r) if{M''—r') etc.,=i2 

will express the expectation or probability that all those values will result to- 
gether from observation* 

176. 

Now in the same manner as, when any determinate values whatever of the 
unknown quantities being taken, a determinate probability corresponds, previ- 
ous to observation, to any system of values of the functions F, V\ V'\ etc. ; so, 
inversely, after determinate values of the functions have resulted from observar 
tion, a determinate probability will belong to every system of values of the un- 
known quantities, from which the values of the functions could possibly have 
resulted : for, evidently, those systems will be regarded as the more probable in 
which the greater expectation had existed of the event which actually occurred. 
The estimation of this probability rests upon the following theorem : — 

If J awj hjpothem H heing made^ ilie probabiUty of any determinate event E is h, and 
if another hypothem H' being made excluding the former and equally probable in itself the 
probability of the same event is \i : then I say^ wJien the event E has actually occurred^ that 
the probability that H was the true hypothesis^ is to the probability that H' tvas the true 
hypothesis, ash to h'. 

For demonstrating which let us suppose that> by a classification of all the cir- 
cumstances on which it depends whether, with Hot H' or some other hypothesis, 
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the event E or some other event, should occur, a system of the different cases is 
formed, each one of which cases is to be considered as equally probable in itself 
(that is, as long as it is uncertain whether the event JF, or some other, will occur), 
and that these cases be so distributed. 



that amons them 
may be l^und 

• 


in which should be assumed 
the hypothesis 


in snch a mode as wonld gire 
occasion to the event. 


m 


H 


E 


n 


H 


different from E 


m' 


H' 


E 


n' 


H' 


different from E 


nf 


different from ^and IT 


E 


n' 


different from ^and H' 


different ^m E 



Then we shall have 



A = 



m 



, A' = -, 



m 



moreover, before the event was known the probability of the hypothesis ZTwas 

but after the event is known, when the cases w, w', w" disappear from the number 
of the possible cases, the probability of the same hypothesis will be 

m 



w -j- m' -|- m^ ' 

in the same way the probability of the hypothesis H* before and after the event, 
respectively, will be expressed by 



m'^n' 



and 



m 



,„-|.n + m' + n' + m''+n'^ ""^ m + m' + m"" 

since, therefore, the same probability is assumed for the hypotheses H and IT 
before the event is known, we shall have 

whence the truth of the theorem is readily inferred. 

Now, so far as we suppose that no other data exist for the determination of 
the unknown quantities besides the observations F=JS^ V'=^M'y V' = 3r\ 
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etc., and, therefore, that all systems of values of these unknown quantities were 
equally probable previous to the observations, the probability, evidently, of any 
determinate system subsequent to the observations will be proportional to i2. 
This is to be understood to mean that the probability that the values of the un- 
known quantities lie between the infinitely near limits ji? eindjp-\-dpy q and q-^-dq^ 
r and r-[- dr, « and « -|- d^, etc. respectively, is expressed by 

\Sldpdqdrd% , etc., 

where the quantity 1 will be a constant quantity independent of jt?, q^ r, «, etc. : 
and, indeed, i will, evidently, be the value of the integral of the order v, 

pQ.d'pdqdrds , etc., 

for each of the variables jt?, y, r, ^, etc., extended from the value — oo to the 
value -}- 00 • ^ 

177. 

Now it readily follows from this, that the most probable system of values of 
the quantities jt?, q^ r, «, etc. is that in which 12 acquires the maximum value, and, 
therefore, is to be derived from the v equations 

-7- = 0, ;t-= 0, -r-= 0? T- = 0> etc. 
d^ ^q 'dr ^d« ' 

These equations, by putting 

V—M=v, r— Jir==t/, r_J|f'' = t/',etc., and-^5^ = a)'^, 
assume the following form : — 

dt; / , dt/ , / , dt;^ / jf \ j. a 

dv , , dt/ , / , dt/' / // I . A 

dv , , di/ , , , di/' / // I X A 

d;:9 ^ + 579*^ +d7 ''^ + ®*^= ^» 

dv , , d«/ , , , dv^ / // I X A 

Hence, accordingly, a completely determinate solution of the problem can be 
obtained by elimination, as soon as the nature of the fimction y' is known. Since 

33 
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this cannot be defined a priori^ we will, approaching the subject from another 
point of view, inquire upon what function, tacitly, as it were, assumed as a 
base, the common principle, the excellence of which is generally acknowledged, 
depends. It has been customary certainly to regard as an axiom the hypothesis 
that if any quantity has been determined by several direct observations, made 
under the same circumstances and with equal care, the arithmetical mean of the 
observed values affords the most probable value, if not rigorously, yet very 
nearly at least, so that it is always most safe to adhere to it By putting, 
therefore, 

r=r=r'etc=jt?, 

we ought to have in general, 

y' ( JIf — j9) + y' (ilf ' — jt?) + y' ( JT' — /?) + etc. = 0, 
if instead of j9 is substituted the value 

r 

wnatever positive integer fi expresses By supposing, therefore, 

^ = 31"= etc. =M—iiN, 
we shall have in general, that is, for any positive integral value of ft, 

9'(,*-l)J\r=(i_^)y'(_iVr), 

whence it is readily inferred that ^ must be a constant quantity, which we will 
denote by h Hence we have 

log 9 2/ = i A: 2/2/ -j- Constant, 

denoting the base of the hyperbolic logarithms by e and assuming 

Constant ^ log x. 

Moreover, it is readily perceived that k must be negative, in order that £1 may 
really become a maximum, for which reason we shall put 

and since, by the' elegant theorem first discovered by Laplace, the integral 
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from J =^ — oo t02/ = -|-oo is ^, (denoting by n the semicircumference of 

the circle the radius of which is unity), our function becomes 

h 



(fj 



^n 



-hhAA 



178. 

The function just found cannot, it is true, express rigorously the probabilities 
of the errors : for since the possible errors are in all cases confined within certain 
limits, the probability of errors exceeding those limits ought always to be zero, 
while our formula always gives some value. However, this defect, which every 
analytical function must, from its nature, labor under, is of no importance in 
practice, because the value of our function decreases so rapidly, when hJ has 
acquired a considerable magnitude, that it can safely be considered as vanishing. 
Besides, the nature of the subject never admits of assigning with absolute rigor 
the limits of error. 

Finally, the constant h can be considered as the measure of precision of the 
observations. For if the probability of the error J is supposed to be expressed 
in any one system of observations by 



^n 



and in another system of observations more or lesa exact by 






.— hOi'AA 



the expectation, that the error of any observation in the former system is con- 
tained between the limits — J and -|- ^ will be expressed by the integral 

h 



J sin 



,^hhAA 



AA 



taken from // = — ^to^=-f-^; and in the same manner the expectation, that 
the error of any observation in the latter system does not exceed the limits — ^ 
and 4- ^ will be expressed by the integral 

extended from A=l — if to 2/ = -|-d': but both integrals manifestly become 
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(.-qual when we have hS =: A'd'. Now, therefore, if for example // ^ 2 A, a double 
error can be comraittecl in the former system with tlie «vrae faciUty as a single 
error In the latter, in which case, according to the common way of speaking, a 

lioitble degree of precision is attributed to the latter observationa. 



179. 

We will now develop the conclusions which follow from this law. It is evi- 
dent, in order that the product 

may become a maximum, that the sum 

vv-\-t/v'-\- t/V -\- etc., 
must become a minimum. Therefore, i/iai mS be the most probahk sj/stem of vafaes <f 
(he unknown qiianiUies p, q, r, s, etc., in tvhich the mtm of ike sqvai-es of the difereiwes 
bdween (he obseired mid compitted values of the funct'mis V, V, V", dc. is a trmamtim, if 
the same degree of accuracy is to be presumed in all the observationa. This prin- 
ciple, which promises to be of most frequent use in all applications of the mathe- 
matics to natural philosophy, mu-st, evei-ywhere, be considered an axiom with 
the same propriety as the arithmetical mean of several observed values of the 
same (juantity is adopted as the most probable value. 

This principle can be extended without difficulty to observations of vnegvat 
acciu-acy. l£, for example, the measures of precision of the observations by 
means of which V^M, V'^Jif, V'^M", etc. have been found, are expressed, 
respectively, by A, h', A", etc., that is, if it is assumed that errors reciprocally pro- 
portional to these quantities mlglit have been made with equal facility in those 
observations, this, evidently, will be the same as if, by means of observations of 
equal precision {the measure of which is equal to unity), the values of the funo- 
tiona hV, h'V, h"V", etc., had been directly found to be hM, h'M", h"M", etc.: 
wherefore, the most probable system of values of the quantities p, g, r, s, etc, 
will be that in which the sura o? hhvv -\- h'h'v'i^ -|- h"h"v"r" -\- etc , that is, in whkh 
the Kum of the squares of //«■ differences hdieecn the (KtvaUif obsen'i^ mui computed rahien 
muUiplied by numbers thai measure the degree of p-easam, is a nmirnum. lu this way it 
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is not even necessary that the functions Vy V\ V'\ etc. relate to homogeneous 
quantities, but they may represent heterogeneous quantities also, (for example, 
seconds of arc and time), provided only that the ratio of the errors, which might 
have been committed with equal facility in each, can be estimated. 

180. 

The principle explained in the preceding article derives value also from this, 
that the numerical determination of the unknown quantities is reduced to a very 
expeditious algorithm, when the functions Vy V\ V'\ etc. are linear. Let us 
suppose 

V — J!f = v=. — m'\-ap-{'bq-\'Cr '\-d8-\- etc. 

F— JIf'=e;'= — m'+<P + *'? + ^'^ + ^^+ete. 

etc., and' let us put 

at; + ej'2/ + aV4-etc. = P 
Iv -f-iV-f-yV + etc. = e 
cv + (ft/^c't/' + etc. = iJ 
dv + rf't;'+ rf'V'+ et€. = S 

etc. Then the v equations of article 177, from which the values of the unknown 
quantities must be determined, will, evidently, be the following : — 

P= 0, $= 0, J?= 0, S= 0, etc., 

provided we suppose the observations equally good ; to which case we have shown 
in the preceding article how to reduce the others. We have, therefore, as many 
linear equations as there are imknown quantities to be determined, from which 
the values of the latter will be obtained by common elimination. 

Let us see now, whether this elimination is always possible, or whether the 
solution can become indeterminate, or even impossible. It is known, from the 
theory of elimination, that the second or third case will occur when one of the 
equations 

P=0, C = 0, i2 = 0, >8'=0, etc., 

being omitted, an equation can be formed from the rest, either identical with the 
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omitted one or inconsistent with it, or, which amounts to the same thing, when 
it ]s pos^ble to assign a linear function 

aP-{-liQ-\-yIl-\-dS-\-etc., 
which is identically either equal to zero, or, at least, free from all the unknown 
quantities j>, g, r, s, etc. Let us assume, therefore, 

aP-^{iQ-j-yJt-\-S&--\- etc. = )t. 
We at once have the identical equation 

{v -\-m)v-{-{^-\-m')tf-\- {(/' -|- m") v" -}- etc. —pP-^-^Q-^-rB-^-sS-}- etc. 
If, accordingly, by the substitutions 

p ^^ ax, q = (ix, r = yx, s = Sx, etc 
we suppose the functions v, if, v", to become respectively, 

— m-\-\x, — m' -j- Vx, — m" -\- \"x, etc., 
we shall evidently have the identical equation 

[XX -\-X'X' -\-'K"'K" ~\- etc.) xx — (ilwi-l- XW-|- VVetc.)a:^ xr, 
that is, 

XX -\- X'X' -1- X"X" -\- etc. = U, X + X m -f- I'm' + X'V/" + etc. = : 
hence it must follow that X = 0, >,' = 0, X" — 0, etc. and also x = 0. Then it is 
evident, that all the functions V\ V V", are such that their values ai-e not 
changed, even if the quantities p, g, r, a, etc. receive any increments or decre- 
ments whatever, proportloniil to the numbers or, |5, y, d, etc. : but we have already 
mentioned before, that cases of this kind, in which evidently the determination 
of the unknown quantities would not be possible, even if the true values of the 
functions V, V, V", etc., should be given, do not belong to this subject. 

Finally, we can easily reduce to the case here considered, all the others in 
which the functions V, V, V", etc. are not linear. Letting, for instance, :i, ;;. y, 
a, etc., denote approximate values of the unkno'wn quantities y;,y, r, s, etc.. {which 
we sliall easily obtain if at first we only use v of the fi equations V=M, V'^M', 
F"= M", etc.), we will introduce in place of the unknown quantities the othem, 
p\ 4i ^f **> ^t^-j putting p^n -\-p', y = a: -f- y', r =: y -(-/,? = o -{- «', etc. : the 
values of these new unknown quantities will evidently be so small that their 
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squares and products may be neglected, by which means the equations become 
linear. If, after the calculation is completed, the values of the unknown quanti- 
ties y, q^ /, /, etc., prove, contrary to expectation, to be so great, as to make it 
appear imsafe to neglect the squares and products, a repetition of the same pro- 
cess (the corrected values of jt?, q^ r, 5, etc. being taken instead of tt, ;f, 9, a, etc.), 
• will furnish an easy remedy. 

181. 

When we have only one unknown quantity jt?, for the determination of which 
the values of the functions ap -f- w, OLf -f- w', ap -|- 1{\ etc. have been found, re- 
spectively, equal to M^ M\ M'\ etc., and that, also, by means of observations 
equally exact, the most probable value of p will be ^ 

J am-^- a'm' -|- d'rri' -j- etc 

^ — oa + oV + o'V 4- etc ' 

putting w, w', m\ respectively, for M — w, M' — w', M" — »'', etc. 

In order to estimate the degree of accuracy to be attributed to this value, let 
us suppose that the probability of an error A in the observations is expressed by 

Hence the probability that the true value of j9 is equal to 4 -f-y will be propor- 
tional to the function 

if A -j-y is substituted for p. The exponent of this function can be reduced to 
the form, 

— A A (aa + tf'tf' + tf'V 4- etc) (j9j9 — 2 jt? il + 5), 

in which B is independent of p : therefore the function itself will be propor- 
tional to 

It is evident, accordingly, that the same degree of accuracy is to be assigned to 
the value il as if it had been found by a direct observation, the accuracy of which 
would be to the accuracy of the original observations as A^(aa-f-^^"|-«"^H" ^*^0 
to A, or as v' {aa -\-dd '\' d'ol' -j- etc.) to unity. 
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182. 

It will be necessary to preface the discussion concerning the degree of accu- 
racy to be assigned to the values of the unknown quantities^ when there are sev- 
eral, with a more careful consideration of the function vv-\-v't/ -{-v'^v" -{- etc., 
which we will denote by W. 

I. Let us put 

i^=/ = X + a;>4-/5y + yr+(J«+etc., 
also 

a ' 

and it is evident that we have y = P, and, since 

dp dp a dp ' 

that the function W is independent of p. The coefficient a = aa -|- ^'^' ~h «"«"-|- 
etc. will evidently always be a positive quantity. 
n. In the same manner we will put 



dq 

also 



and we shall have 



}r—^=zW", 



whence it is evident that the function W" is independent both of p and q. 
This would not be so if j3' could become equal to zero. But it is evident 
that W is derived from e^t; -j- v'v -[- v"v" -\- etc., the quantity p being eliminated 
from e;, t/, t/', etc., by means of the equation y = ; hence, ^' will be the sum of 
the coefficients of qq va vv^ t/e/, r'V', etc., after the elimination; each of these 
coefficients, in fact, is a square, nor can all vanish at once, except in the case 
excluded above, in which the unknown quantities remain indeterminate. Thus 
it is evident that /S' must be a positive quantity. 
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in. By putting again^ 

i^=/ = r + A + r« + eta, and W" — y=W, 
we shall have 

also IF" independent of jt?, and q^ as well as r. Finally, that the coeflBcient of /' 
must be positive is proved in the same manner as in EL In fact, it is readily per- 
ceived, that y" is the sum of the coefi&cients of rr mvVy e^V, e^V, etc., after the 
quantities p and q have been eliminated from Vy v\ f/\ etc., by means of the equa- 
tions y = 0, / = 0. 

IV. In the same way, by putting 

J^' = «' = r4-<r''5 + etc., W^=Tr"— ^, 
we shall have 

W^ independent of jt?, q, r, «, and 6'^' a positive quantity. 

V. In this manner, if besides jt?, q^ r, 5, there are still other unknown quanti- 
ties, we can proceed further, so that at length we may have 

l^= — // + 3r/5'' + -p/// + y-^5V+etc.+ Constant, 

in which all the coeflScients will be positive quantities. 

VI. Now the probability of any system of determinate values for the quan- 
tities /?, q^ r, 5, etc. is proportional to the function ^■"**^; wherefore, the value of 
the quantity p remaining indeterminate, the probability of a system of determi- 
nate values for the rest, will be proportional to the integral 

fe^^^^Ap 

extended from jt>= — oo to jt?= -|-Qo , which, by the theorem of Laplace, becomes 

therefore, this probability will be proportional to the function e"**^'. In the 
same manner, if, in addition, q is treated as indeterminate, the probability of a 

34 
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system of determinate values for r, s, etc. will be proportional to the integral 
extended from q = — oo uptoj'=-j-oo, which is 

or proportional to the function ^~**^''. Precisely in the same way, if r also is 
considered as indeterminate, the probability of the determinate values for the rest, 
Sj etc. will be proportional to the function e""**^", and so on. Let us suppose the 
number of the unknown quantities to amount to four, for the same conclusion 
will hold good, whether it is greater or less. The most probable value of s will 
be — ^,, and the probability that this will differ from the truth by the quantity 
a, will be proportional to the function ^-**"'<y<yj whence we conclude that the 
measure of the relative precision to be attributed to that determination is ex- 
pressed by y/^'', provided the measure of precision to be assigned to the original 
observations is put equal to unity. 

183. 

By the method of the preceding article the measure of precision is conven- 
iently expressed for that unknown quantity only, to which the last place has 
been assigned in the work of elimination ; in order to avoid which disadvantage, 
it will be desirable to express the coefficient d"' in another manner. From the 
equations 

« = / + §/ 
it follows, that p', q\ /, /, can be thus expressed by means of P, Qy R, S, 

y=p 



Sect. 3.] any number of observations. 267 

so that % 5(', 33', W\ 93", S'' may be determinate quantities. We shall have, 
therefore (by restricting the niunber of unknown quantities to four), 

Hence we deduce the following conclusion. The most probable values of the 
imknown quantities jo, q^ r, 5, etc., to be derived by elimination from the equations 

P= 0, ^ = 0, i2 = 0, S= 0, etc., 

will, if P, Qy By Sy etc., are regarded for the time as indeterminate, be expressed 
in a linear form by the same process of elimination by means of P, Qy J?, S, etc., 
80 that we may have 

j9 = X+ilP + Pe + (7iJ4-i?/S'+etc. 

q = r, + AP'\-B'Q+C'Ii-^iyS^ etc. 

r = r'+A'P-{-ff'Q^G''E-{'iy'S-{' etc. 

^=X"'+il"'P+P"'$4-(7'"i?+i>'''/y+ etc. 

etc. 
This being done, the most probable values of jt?, g^ r, 5, etc., will evidently be 
X, Z', L'\ U"y etc., respectively, and the measure of precision to be assigned to 
these determinations respectively will be expressed by 

)J4^ ^ff^ yJG"^ ^U"^ ^ ^^ 

the precision of the original observations being put equal to unity. That which 
we have before demonstrated concerning the determination of the unknown 
quantity 8 (for which tjt, answers to ZX") can be applied to all the others by the 
simple interchange of the unknown quantities 

184. 

In order to illustrate the preceding investigations by an example, let us sup- 
pose that, by means of observations in which equal accuracy may be assiuned, 
we have found 
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p — q-{-2r = S 

3jo + 2y — 5r=5 
4jB+ y+4r=21, 

but from a fourth observation, to which is to be assigned one half the same 
accuracy only, there results 

— 2/>+6y + 6r = 28. 

We will substitute in place of the last equation the following : — 

— P+3?+3r = 14, 

and we will suppose this to have resulted from an observation possessing' equal 
accuracy with the former. Hence we have 

P = 27p-\- Qq — SB 

Q= Qp-^l6q-\-r — 70 
R= y_[-54r— 107, 

and hence by elimination, 

19899 j9 = 49154 + 809 P — 324 $ + 6 i? 

737?= 2617— 12P+ 6iQ — R 
6633 r = 12707+ 2P— 9^ + 1237?. 

The most probable values of the unkno^vn quantities, therefore, will be 

p = 2.470 
q = 3.551 
r = 1.916 

and the relative precision to be assigned to these determinations, the preci-^ion of 
the original observations being put equal to unity, will be 

for 



p v/w = 4-96 

for? v/W=^-^^ 

for r y/^ = 7.34. 
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185. 

The subject we have just treated might give rise to several elegant analytical 
investigations, upon which, however, we will not dwell, that we may not be too 
much diverted from our object For the same reason we must reserve for another 
occasion the explanation of the devices by means of which the numerical calcu- 
lation can be rendered more expeditious. I will add only a single remark. 
When the number of the proposed functions or equations is considerable, the 
computation becomes a little more troublesome, on this account chiefly, that the 
coefficients, by which the original equations are to be multiplied in order to ob- 
tain P, Qy Ry Sj etc., often involve inconvenient decimal fractions. If in such 
a case it does not seem worth while to perform these multiplications in the most 
accurate manner by means of logarithmic tables, it will generally be sufficient 
to employ in place of these multipliers others more convenient for calculation, 
and differing but little from them. This change can produce sensible errors in 
that case only in which the measure of precision in the determination of the 
unknown quantities proves to be much less than the precision of the original 
observations. 

186. 

In conclusion, the principle that the sum of the squares of the differences 
between the observed and computed quantities must be a minimum may, in the 
following manner, be considered independently of the calculus of probabilities. 

When the number of unknown quantities is equal to the number of the ob- 
served quantities depending on them, the former may be so determined as exactly 
to satisfy the latter. But wh6n the number of the former is less than that of the 
latter, an absolutely exact agreement cannot be obtained, unless the observations 
possess absolute accuracy. In this case care must be taken to establish the best 
possible agreement, or to diminish as far as practicable the differences. This idea, 
however, from its nature, involves something vague. For, although a system of 
values for the unknown quantities which makes dU the differences respectively 
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less than another system, is without doubt to be preferred to the latter, still the 
choice between two systems, one of which presents a better agreement in some 
obfiervations, the other in others, is left in a measure to our judgment, and innn- 
memble different principles can be proposed by which the former condition is 
satisfied. Denoting the differences between observation and calculation by J^ 
A\ A", etc., the first condition will be satisfied not only ^X A A -\- J' A' -\- A" A" -\- 
etc, is a minimum (which is our principle}, hut also if A^ -\- A'* -\- -■/"* -(- etc., or 
A^ -\- A'^ -\- A'"^ -\- etc., or in gencml. if the sum of any of the powei-s with an 
even exponent becomes a iiiiniiiiiiiii. liutof alltlicse principles ours is tbe most sim- 
ple; by the others we should be leii into the most complicated calculations. 

Our principle, which we have made use of since the year 1795, has lately 
been published by Leqendre in the work Nouvelles tueth&des pour h ddemmiolion des 
orbilet lies coniefcs, Paris, 1806, where several other properties of this principle have 
been explained, which, for the sake of brevity, we here omit. 

K we were to adopt a power with an iufiuite even exponent, we should be 
led to that system in which the greatest differences become less than in any other 
system. 

Tjati-ace made use of another principle for the solution of linear equations the 
number of which is greater than tbe number of the unknown quantities, which 
had been previously proposed by BoscoviCH, namely, that the sum of the errors 
themselves taken positively, be made a minimum. It can be easily shown, that a 
system of values of unknown quantities, derived from tbLs principle alone, must 
necessarily* exactly satisfy as many equations out of the number proposed, as 
there are iinknown quantities, so that the remaining equations come luider consid- 
eration only so far as they help to detennine the choice: if, therefore, the equation 
V^ M, for example, i.s of the number of those which are not satisfied, the sys- 
tem of values found according \o this principle would in no respect be changed, 
even if any other value N had been observed instead of M, provided that, denot- 
ing the computed value by «, the differences M — n, N — ?i, were affected by the 
same signs. Besides, Laplace qualifies in some measure this principle by adding 



* Except tlie special coses in whicli the problem remains, t( 



a extent, indetermiiUkte. 
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a new condition : he requires, namely, that the siun of the differences, the signs 
remaining imchanged, be equal to zero. Hence it follows, that the number of 
equations exactly represented may be less by unity than the number of unknown 
quantities ; but what we have before said will still hold good if there are only 
two unknown quantities. 

187. 

From these general discussions we return to our special subject for the sake 
of which they were undertaken. Before the most accurate determination of 
the orbit from more observations than are absolutely requisite can be com- 
menced, there should be an approximate determination which will nearly satisfy 
all the given observations. The corrections to be applied to these approximate 
elements, in order to obtain the most exact agreement, will be regarded as the 
objects of the problem. And when it can be assumed that these are so small 
that their squares and products may be neglected, the corresponding changes, 
produced in the computed geocentric places of a heavenly body, can be obtained 
by means of the differential formulas given in the Second Section of the First 
Book. The computed places, therefore, which we obtain from the corrected ele- 
ments, will be expressed by linear functions of the corrections of the elements, 
and their comparison with the observed places according to the principles before 
explained, will lead to the determination of the most probable values. These 
processes are so simple that they require no further illustration, and it appears at 
once that any number of observations, however remote from each other, can 
be employed. The same method may also be used in the correction of the paror 
hoUc orbits of comets, should we have a long series of observations and the best 
agreement be required. 

188. 

The preceding method is adapted principally to those cases in which the 
greatest accuracy is desired: but cases very frequently occur where we may, 
without hesitation, depart from it a little, provided that by so doing the calcula- 
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tion is considerably abridged, especially when the observations do not embrace a 
great interval of time; here the final determination of the orbit is not yet 
proposed. In such cases the following method may be employed with great 
a'lvantage. 

Let complete places L and IJ be selected from the whole number of observa- 
tions, and let the distances of the heavenly body from the earth be computed 
from the approximate elements for the corresponding times. Let three hypothe- 
ses then be framed with respect to these distances, the computed values being 
retained in the first, the first distance being changed in the second hypothesis, 
and the second in the third hypothesis ; these changes can be made in proportion 
to the uncertainty presumed to remain in the distances. According to these 
three hypotheses, which we present in the following table, 



Distance * corresponding to the first place, 
Distance corresponding to the second place, 



Hyp. I. 



D 



Hyp. n. 



2> + d 



Hyp. ni. 



D 



let three sets of elements be computed from the two places Z, L\ by the methods 
explained in the first book, and afterwards from each one of these sets the geo- 
centric places of the heavenly body corresponding to the times of all the remain- 
ing observations. Let these be (the several longitudes and latitudes, or right 
ascensions and declinations, being denoted separately), 

in the first set .... JtfJ M\ J!f ", etc. 

in the second set . . . M'\- a, M' -[- «', M''-^- a", etc. 

in the third set ... . Jf + /?, 3/' -f /3', M"-\- 1^\ etc. 
T-et, moreover, the observed 

places be respectively N^ N\ N'\ etc. 

Now, so far as proportional variations of the individual elements correspond 



* .'t will be still more convenient to use, instead of the distances themselves, the logarithms of the 
ciirtat*' distances. 
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to small variations of the distances Z>, iX, as well as of the geocentric places 
computed from them, we can assume, that the geocentric places computed from 
the foiuth system of elements, based on the distances from the earth D-\-xd. 
iy-\^yd'y are respectively M-\- a a? + /3y, -ST + a'a? + ^>, M'' -f a"x + /3>, etc. 
Hence, a?, y, will be determined, accordmg to the preceding discussions, in such a 
manner (the relative accuracy of the observations being taken into account), that 
these quantities may as far as possible agree with N^ N\ N'\ etc., respectively. 
The corrected system of elements can be derived either from X, L' and the dis- 
tances D'\'Xd^ D' -\-zd'y or, according to well-known rules, from the three first 
systems of elements by simple interpolation. 

189. 

This method differs from the preceding in this respect only, that it satisfies 
two geocentric places exactly, and then the remaining places as nearly as possi- 
ble ; while according to the other method no one observation has the preference 
over the rest> but the errors, as far as it can be done, are distributed among all. 
The method of the preceding article, therefore, is only not to be preferred to the 
former when, allowing some part of the errors to the places X, L\ it is possible to 
diminish considerably the en'ors in the remaining places : but yet it is generally 
easy, by a suitable choice of the observations X, X', to provide that this difference 
cannot become very important It will be necessary, of course, to take care that 
such observations are selected for X, X', as not only possess the greatest accuracy, 
but also such that the elements derived from them and the distances are not 
too much affected by small variations in the geocentric places. It will not, there- 
fore, be judicious to select observations distant from each other by a small inter- 
val of time, or those to which correspond nearly opposite or coincident heliocen- 
tric placea 

35 



FOURTH SECTION. 



ON THE DETERMINATION OF ORBITS, TAKING INTO ACCOUNT THE 
PERTURBATIONS. 



190. 

The perturbations which the motions of planets suflTer from the influence of 
other planets, are so small and so slow that they only become sensible after a 
long interval of time ; within a shorter trne, or even within one or severnl entire 
revolutions, according to circumstances, the motion would diJler so little from the 
motion exactly described, according to the laws of Kepler, in a perfect ellipse, 
that observations cannot show the difference. As long aa this is true, it would 
not be worth while to undertake prematurely the computation of the perturba- 
tions, but it will be sufficient to adapt to the observations what we may call an 
osculating conic section: but, afterwards, when the planet has been accurately 
observed for a longer time, the effect of the perturbations will show itself in such 
a manner, that it will no longer be possible to satisfy exactly all the observations 
by a purely elliptic motion ; then, accordingly, a complete and permanent agree- 
ment cannot be obtained, unless tlie perturbations are pi-opcrly connected with 
the elliptic motion. 

.Since the determination of the elliptic elements with which, in onier tbat the 
observations may be exactly represented, the perturbations are to be combined, 
supposes a knowledge of the latter; so, inversely, the theory of the perturbations 
cannot be accurately settled unless the elements are already very nearly known : 
the nature of the case does not admit of this difficult task being accomplished 
with complete success at tbe first trial : but the perturbations and the olcmontA 
can be brought to the highest degree of perfection only by alternate corrections 
(274) 
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often repeated. Accordingly, the first theory of perturbations will be constructed 
upon those purely elliptical elements which have been approximately adjusted to 
the observations ; a new orbit will afterwards be mvestigated, which, with the 
addition of these perturbations, may satisfy, as far as practicable, the observa- 
tions. If this orbit differs considerably from the former, a second determination 
of the perturbations will be based upon it, and the corrections will be repeated 
alternately, until observations, elements, and perturbations agree as nearly as 
possible. 

191. 

Since the development of the theory of perturbations from given elements is 
foreign to our purpose, we will only point out here how an approximate orbit 
can be so corrected, that, joined with given perturbations, it may satisfy, in 
the best manner, the observations. This is accomplished in the most simple 
way by a method analogous to those which we have explained in articles 124, 
165, 188. The numerical values of the perturbations will be computed from the 
equations, for the longitudes in orbit, for the radii vectores, and also for the helio- 
centric latitudes, for the times of all the observations which it is proposed to use, 
and which can either be three, or four, or more, according to circumstances : for 
this calculation the materials will be taken from the approximate elliptic ele- 
ments upon which the theory of pertiu-bations has been constructed. Then two 
will be selected from all the observations, for which the distances from the earth 
will be computed from the same approximate elements : these will constitute the 
first hypothesis, the second and third will be formed by changing these distances 
a little. After this, in each of the hypotheses, the heliocentric places and the 
distances from the sun will be determined from two geocentric places; from those, 
after the latitudes have been freed from the perturbations, will be deduced the 
longitude of the ascending node, the inclination of the orbit, and the longi- 
tudes in orbit. The method of article 110 with some modification is useful in 
this calculation, if it is thought worth while to take account of the secular varia- 
tion of the longitude of the node and of the inclination. If /?, |S', denote the 
heliocentric Altitudes freed from the periodical perturbations; X, X', the heliocen- 
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trie longitudes ; Q, Si-\- J, the longitudes of the ascending node ; i,i-\-d, the 
inclinations of the orbit; the equations can be conveniently given in the follow- 
ing form : — 

tan (5 = tan i sin (). — Q ), 

■■- ,. ! - , T tan S' = tan i sin (V — J — Q ). 

tan (i -|- o) "^ ^ ' 

acquires all the requisite accuracy by substituting an 
': i and Q can afterwards be deduced by the common 



This value of — ,. . .. 
Ian (i + B) 

approximate value for 
methods. 

Moreover, the sum of the perturbations will be subtracted from the longitudes 
in orbit, and also from the two radii vectores, in order to produce purely elliptical 
values. But here also the effect, which the secular variations of the place of the 
perihelioij and of the eccentricity exert upon the longitude in orbit and radius 
vector, and which is to be determined by the differential formulas of Section I. 
of the First Book, is to be combined directly with the periodical perturbations, 
provided the observations are sufficiently distant from each other to make it 
appear worth while to take account of it. The remaining elements will be deter- 
mined from these longitudes in orbit and corrected radii vectores together with 
the corresponding times. Fiually, from these elements will be computed the 
geocentric places for all the other observations. These being compared with the 
observed places, in the manner we have explained in article 188, that set of 
distances will be deduced, from which will follow the elements satisfying in the 
best possible manner all the remaining obsei-vations. 



192. 

The method explained in the preceding article has been principally adapted 
to the determination of the ^r»i orbit, including the perturbations: but as soon 
as tlio mean elliptic elements, and the equations of the perturbations have both 
become very nearly known, the most accurate determination will be very con- 
veniently made with the aid of sis many observations lus pofs^ible by tiie method 
of article 187, which will not require particular exphinatiou in this place. Now 
if the number of the best obaervationa is sufficiently great, and a great interval 
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of time is embraced, this method can also be made to answer in several cases for 
the more precise determination of the masses of the distiu-bing planets, at least 
of the larger planets. Indeed, if the mass of any distiu-bing planet assumed in 
the calculation of the perturbations does not seem sufficiently determined, besides 
the six imknown quantities depending on the corrections of the elements, yet 
another, /i, will be introduced, putting the ratio of the correct mass to the assumed 
one as 1 -|- i"' to 1 ; it will then be admissible to suppose the pertiu-bations them- 
selves to be changed in the same ratio, whence, evidently, in each one of the com- 
puted places a new linear term, containing /i, will be produced, the development 
of which will be subject to no difficulty. The comparison of the computed places 
with the observed according to the principles above explained, will furnish, at the 
same time with the corrections of the elements, also the correction fi. The 
masses of several planets even, which exert very considerable perturbations, can 
be more exactly determined in this manner. There is no doubt but that the mo- 
tions of the new planets, especially Pallas and Juno, which suffer such great per- 
turbations from J upiter, may furnish in this manner after some decades of years, 
a most accurate determination of the mass of Jupiter ; it may even be possible 
perhaps, hereafter, to ascertain, from the perturbations which it exerts upon the 
others, the mass of some one of these new planets. 
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The value of t adopted in the Solar Tables of Hansen and Olufsen, (Copen- 
hagen, 1853,) is 365.2563582. Using this and the value of fiy 

1 

f^ 354936' 

from the last edition of Laplace's Syst^me du Monde^ the computation of A: is 

log2 7r 0.7981798684 

CompLlog< 7.4374022154 

Compl. logv/(l + ii^) . . . 9.9999993882 

log* 8.2355814720 

k= 0.01720210016. 

11. 

The following method of solving the equation 

M=zE — emiEj 

is recommended by Encke, Berliner Astronomisches Jahrbuchj 1838. 
Take any approximate value of Ey as c, and compute 

J!f' = 6 — /'sine, 



• The numbering of the Notes of the Appendix designates the articles of the original work to 

which they pertain. 

(279) 
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e" being used to denote e expressed in seconds, then we have 
or 

•=.{E «) (1 ^COS€), 

if jE — e is regarded as a small quantity of the first order, and quantities of 
the second order are neglected for the present : — so that the correction of e is 

1 — e cos £ ^ 

and a new approximate value of e is 

« + l y 

' 1 C cos E ^ 

with which we may proceed in the same manner until the true value is obtained. 
It is almost always unnecessary to repeat the calculation of 1 — e cos e. Gener- 
ally, if the first € is not too far from the truth, the first computed value of 
1 — e cos c may be retained in all the trials. 

This process is identical with that of article 11, for X is nothing piore than 

^ d log sin E cos E 

'dE~ ~^^irE' 

if we neglect the modulus of Briggs's system of logarithms, which would subse- 
quently disappear of itself, and 

d log (e^ sin E) 1 

^ rf(«"8in^) esin-^' 

therefore, 

H — >l 1 — e cos E ' 

and 

fi4->l^ ' ' ^ ^ H ^k 1 — e cos Jb ' 

and the double sign is to be used in such a way that X shall always have the same 
sign as cos E. In the first approximations when the value of € differs so much 
from E that the differences of the logarithms are uncertam, the method of this 
note will be found most convenient But when it is desired to insure perfect 
agreement to the last decimal place, that of article 11 may be used with 
advantage. 
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As an illustration, take the data of the example in article 13. 



Assume e = 326% and we find 
log sine 9.74756 w 
log^" 4.70415 
log /'sine 4.45171/1 
/' sm 8 = — 28295'' == 
Jir= e — c" sin e = 333' 51' 35" 
j!f— JIT = — 4960" 

^—^' = — 6226" 

= — r 43' 46". 



1 — e cos £ 



9.91857 
9.38973 
9.30830 
tf cos « = .79662 
log (1 — e cose) 9.90125 
log M—Jif 3.69548 n 

log ^^- ^' 3.79423« 

° 1 CC08« 



log COS € 

log^ 

log e cos 8 
7^5r35" 1- 



And for a second approximation, 

= 326° — r 43' 46" = 324^ 16' 14" 



8 



log sin 8 9.7663820 » 






log/' 4.7041513 






log /'sine 4.4705333 n 






V' sin e — 29548".36 — - 


- 8° 12' 28".36 




JIT = 332° 28' 42".36 


log(l — tfcose) 


9.90856 


M JIT = + 12".41 


log (M— JIT) 


1.09377 


M-Af' ^jg„5Q 

1 — e cos £ ' 


M—W 

°1 «C08« 


1.19021 



which gives 



E= 324° 16' 14" + 15".50 = 324^ 16'29^50. 



Putting 



we have 



X 

logX: 



18. 

ip = perihelion distance, 
8.0850664436, 

tan i v-^i tan* i t; = x r, 
r == Q- ( 3 tan it;-}- tan* iv); 

36 
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a table may be computed fiom this formula, giving v for values of t as the argu- 
ment, which will readily furnish the true anomaly corresponding to any time 
from the perihelion passage. Table Ho is such a table. It is taken from the 
first volume of Annales dc V ObservtUoire Impinak de Paris, (Paris, 1S55,) and differs 
from that given in Delambre's Astronomy, (Paris, 1814,) Vol. III., only in the 
intervals of the argument, the coefficients for interpolation, and the value of k 
with which it was computed. 

The true anomaly corresponding to any value of the argument is found by 
the formula 

,.= ,■. + .4,^-^.)+ A (';-*.)'+ (T-rorA + A^—r.)'. 

The signs of Ai_, A^, Aj, are placed before the logarithms of these quantities 
in the table. 

Bitrckiiaedt's table, BoWDrrcn'a Appendix to the third volume of the Meeamqiu 
Celeste, is similar, except that logr is the argument instead of t. 

Table lla contains the true anomaly corresponding to the time from peri- 
helion passage in a parabola, the perihelion distance of which is equal to the 
earth's mean distance from the sun, and the mass /t equal to zero. For if we put 
y = 1 , ,u :=; , we have t^t. 

By substituting the value of x in the equation 

T ^ — (3 tan 1 V -\- tiin^ j v) 
it becomes 

X = 27.40389544 (3 tan i y + tan» i v) 
= 1.096155816(75tanif-|-2.5tanMt'i 
and therefore, if we put x' = 0.912279061, 

75 tan ii'-\-2o tan' iv=^x''i 

log x' = 9.9601277009 

Barker's Table, explained in article 19, contains x'r for the argument r. 

The Mean daiiy ?no(ion or the quantity M, therefore, of Barker's Table may be 

obtained from table Iln, for any value of v, by multiplying the coiTeuponding 

value of T by x'. 

The follow^ing examples will sei-ve to illustrate the use of the table. 
Given, the perihelion distance y^^O.l; the time after perihelion passage 
(=6^590997, to find the true anomaly. 



or 
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Assuming ji* = 0, we find • 

r = 208.42561 

To = 200. 

T— To= 8.42561 

vo = 110" 24' 46".69 

^, (t — To) = + 1' 14' 42".42 

^ (r _ To)* = — 2' 20".19 

4,(t— To)» = + 4".76 

j^(r_ro)« = — 0".16 

V = 111° 37' 13".62 

T = 208.42561 
To = 210. 
T— To = —1.57439 
Vo = 111" 50' 16".87 
^j(t— To) = — 12'58".96 
j,(t_To)*=:_ 4".35 

^(t_To)« = — 0".03 

^(t— To)* = — 0".00 

r = 111° 37' 13".53 

The latter form of calculation is to be preferred because the value of t — r Tj 
is smaller, and therefore the terms depending on (t — Tj), (t — To)', (t — To)', are 
smaller, and that depending on (t — Tq)* is insensible ; and it is the only form 
of which all the appreciable terms are to be found in the table. 

Beyond t = 40000, the limit of the table, we can use the formula, 

V = 180° — [6.0947259] (i)*— [6.87718] (\) — [7.313] Q* etc., 

in which the coefficients expressed in arc are given by their logarithms. 
For T = 40000, for example, we have 

V = 180° — 10° 6' 6".87 — 3' 8".4 1 — 0".44 
= 169° 50' 44".28. 

If V is given, and it is required to find t, we have 

^-ro = ^-^'-^'(T-ro)»-^;(r-To)» 
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For a first approximation the terms depending on the square and third power 
of r — To may be neglected, and the value of r — Tq thus found can be corrected 
so as to exactly satisfy the equation. 

K V exceeds 169°, the formula 

T = [1.9149336] tan 4 v + [1.4378123] tan« i v 

may be used instead of the table. 
Thus, for V = 169° 60' 44^28, 

log tan ie;. .1.0513610 

19149336 
925.33 2.9662946 

log tan* ie;. .3.1540830 

1.4378123 
39074.67 4.5918953 

r = 40000.00 

This method will often be found more convenient than the table, even where 
V is less than 169°. 



35. 

Table Ya contains Bessel's table here referred to, in a slightly modified 
form ; and also a similar table by Posselt, for the coefl&cients t/ and i^' in the 
formula of article 34, 

«^ = t; + <Jf/ + Mt;'' + dV" + etc., 

it is taken from Encke's edition of Olbers Abhandlung Uber die leichteste und hequemde 
Methode die Bahn eines Comeien zu berechnen (Weimar, 1847). The following 
explanation of its construction and use is taken from the same work, with 
such changes as are needed to adapt it to the notation of the preceding 
articles : — 

If we put 

& = tan i to 
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the fonnnlas of article 34 become 

"*" (1 + ^')* 



+ 



(1 + d^y 



The second equation, in which v is expressed in terms of w^ia that given by 
Bessel, MonaiHche Correspondem^ VoL XIL, p. 197. He also gives the third coeffi- 
cient of the series, but has computed a table of only the first two. Posselt, in 
the Zeit8chrift fur Adrononde und verwandte WissmscJiaften^ Vol. V., p. 161, has given 
the first equation ; he has also given three coefficients of the series, but a table of 
the second only, since Bessel's table will give the first coefficient simply by 
changing the sign. Posselt has changed the sign of the second coefficient also. 

Instead of the logarithms as given in the tables of Bessel and Posselt, the 

corresponding numbers are given in table Va, and to avoid large numbers, 0.01 

is taken as the unit of d. 

Putting 

tan i 3? = I 

the table contains 

, A— - 100 (1 + ^y ^"^^^^ 

^ — 10000(1+?)* ^UbZb& 

^ — 10000 (1 + ?)* ^UbZbD 

So that when a? = ?(; we have 

And when x =.Vy 

^(; = t; — ^(100(J) — ^(100d)2 

It seems unnecessary to recompute the table in order to be certain of the 
accuracy of the last place, or to extend it further, as its use is limited. For 
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absolute values of d greater than 0.03, and for values of x considerably greater 
than 90°, the terms here given would not be sufficient In such cases the 
method of 37 and the following articles should be used. 
Example. — For Hallet's cornet, 

log<J = 8.5099324, and < = 63''.43592, we have 

by table Ha, w = 99" 36' 55".91 

and by table Ya, A= ■\- 417.45 1st cor. + 22^ 30".63 

B=-\- 3.111 2d cor. + 32';57 

V = W 59' 59".ll 

which, rigorously, should be 100° ; so that ^ is in this case too great. 
Inversely, we find, for v =: 100°, 

» = 100° 0'00".00 
il = 4- 426.78 1st cor. — 23' 0".83 

B = -\- 0.297 2d cor. — 3^11 

w= 99°S6'56".06 

which agrees nearly with the preceding value. The change of * the table to the 
present form has been made under the supervision of D'Abbest. 

39. 

When table Ila is used instead of Babkeb's table, w is the value of v, which 

corresponds to the argument 

at 



If we put 



40. 



jF,= 



the formulas for computing the true anomaly and radius vector are 

tan iv=:E,Y tan i w 
r = jE> J sec* J t». 
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Table la for the Ellipse contains log E^ and log E^ for the argument A , to- 
gether with the logarithms of their differences corresponding to a change of a imit 
in the seventh decimal place of the argument It was computed by Prof J. S. 
Hubbard, and has been used by him for several years. Since it was in type, a 
similar table, computed by Mr. A. Marth, has appeared in the Astrojionusche Nachr 
nchten. Vol. XLUX, p. 122. The example of article 43 will furnish an illustra- 
tion of its use. 

Formulas expressing the differentials of the true anomaly and radius vector 
in a very eccentric ellipse, in terms of the differentials of the time of perihelion 
passage^ the perihelion distance and the eccentricity may be obtained from the 
equations of this article. 

If we put B = ly 67= 0, we have, article 39, 

tan i «^ -}" i *^^* i ^ = 75 
which, by article 20, gives 

We also have, article 40, 

log tan i t; = log tan i w — i log (1 — 1 15 tan^ i w^) 4-log y 
and, therefore, 

2 sin i r cos \v 2 siniti?cos»iw (1 — J^) "^ ~ "^ \ — %A~J 

dv aco%^\w y, Satcos^^vf , 

6mv~75t&n^w(l—iA) 2y 75 taniir(l — f ^) ^^ 

I tcos^w .^ , rfy I jA d^ 

which, by putting 

~ 75tanitt7(l — J^) 

x=± 

M= 



iVr= 



2(l + 9«) 

4 
(l + .)(l + 90 
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p_ 10 



(l-e)(l+9«) 

is reduced to 

^ = — KdT—KLtdq-\- [KMt—N-^Op-] de, 

observing that dt^ — dT, if T denotes the time of perihelion passage. 
If we differentiate the equation ' 

l + ^coar 

we find 

These formulas are given by Nicolai, {MonatUche Correspondem^ Vol. XXVIL, 
p. 212). The labor of using them is greatly abridged by the fact that jBT, Z, 
-Jf, etc., are computed once for all, and that the quantities needed for this pur- 
pose are those required for computing the true anomaly and radius vector. 

If the ellipse so nearly approaches the parabola that> in the coefficients, we 

may assume 

tan ir=}^ tan ^w 

jnr k^2 cos* \ V 

2q^\xai^v 

the values of dv and dr assume a much more simple form. In this case we 
should have 

j^ . ^^2co8*^t?8in^p k^2co&^\v k^2q 

2qitsji^v qi ^ 

[ 44-4tan*^p 1 . Stan^p 
(l+e)(l + 9e)J^^ — (l + e)(l+9e) 

and consequently^ 

t* f'^Tq^^l f' 2(l + 9«) (1+«)(1+9«)J 
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This form is given by Encke {Berliner Astronondsches Jahrhuch^ 1822, page 184.) 
If we put ^= 1 in the coefficient of c?^ it becomes 

If we substitute the value of rft; in the expression for dr given above, it 
may be reduced to the form 

rfr = =8in V dT'\-oo^vdq + (A ^'"T + yV ^ ^^ iv)de. 

41. 

The time t may be found from table Ila, by multiplying the value of % cor- 
responding to w^ by 

li B 



45. 

Table \a for the hyperbola is similar to that for the ellipse, and contains 
log E^ and log E^ for the formulas 

tan i t; = ^^ y tan i w 
r = ErSec?iv. 

The differential formulas of article 40, of the Appendix, can be applied to 
the hyperbola also, by changing the sign of A and of 1 — e in the coefficients. 

56. 

As the solution here referred to may sometimes be found more convenient 
than the one given in articles 53-57, the formulas sufficient for the use of prac- 
tical computers are given below. 

Using the notation of 50 and the following articles, the expressions for the 
rectangular coordinates referred to the equator are, — 

x=^r cos u cos Q — r sin w sin 8 cos i 
(1) y = r coswsin Q cos « -j~ ^ s^^ ^ cos Q cos i cose — r sin m sin « sine 
z = rc08usm Q sin e -(- r sin w cos Q cos af sin e -f- ^ sin ti sin « cose 

37 
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which can be put in the form 

:r = r sin a sin (-4 -(- m) 

(2) y = rsinJsin (^-f-**) 

2? = r sin (? sin ( C^-|" ^) 
or 

a? = r sin a sin ^ cos u-^-rmia cos il sin ti 

(3) y = r sin J sin -B cos m -(- r sin J cos ^ sin u 

2? = r sin (? sin C^cos u-^-r^Mic cos C^sin u 

equations (3), compared with (1) give 

sin a sin il = cos S sin a cos ^ = — sin Q cos i 

(4) sin J sin -B = sin 8 cose sin i cos -B = cos Q cos i cos « — sinisine 
sin (? sin C^ = sin 8 sin « sin c cos C = cos 8 cos i sin « -|" ^^ * ^^^ • 

By introducing the auxiliary angle E 

tant 



tan J?: 



we shall find 



cos Q 



cotan -4 = — tan Q cos t 

cotan5="^'*'^'^^(t+^>- 

tan 8 C08 E cos e 

cotan C'==*''''i,''^^^+^ 

tan 8 cos £j sin e 

cos 8 8in Q cos t 

8mg= . °: = 5^-2 — 

sin A cos ud 

• , 8U1 fi cos 6 cos 8 cos t COS I — Sin t SUd « 

Sm = — ?^-„ — = ^- = 

sm B cos B 

sin Q sin e cos Q cos t sin 6 4- sin % co3« 

sm C = . ^ = ^-^- . 

sin iJ cos iJ 

sin a, sin &, sin e are always positive, and the quadrants in which A^ Bj are to 
be taken, can be decided by means of equations (4). 

The following relations between these constants, easily deducible from the 
foregoing, are added, and may be used as checks : 

. . sin b sin c sin ( (7 — B) 

xan t —^ i ; — 5 

sin a sin A 



APPENDIX. 291 



COS a = sin Q sin i 

cos J = — cos Q sin i cos c — cos « sin e 

cos (? = — cos Q sin « sin € -[" ^^^ * ^^^ * 

sin* a 4" ^^^^ * 4" sill* (? = 2 

cos* a 4- cos* J 4" ^^^ ^ = 1 
cos {A — -B) = — cotan a cotan i 

cos (-B — ^) = — cotan J cotan c 

cos (-4 — 0) = — cotan a cotan c. 



58. 

If in the formulas of article 56 of the Appendix, the ecliptic is adopted as 
the fundamental plane, in which case e := ; and if we put 

n = long, of the perihelion 

sina = Ar, ^=:^ — {n — Q) 

mi b = k^ B-=Ky — {n — 8) 

sin (? = ^, 0=. K^ — {n — ft ) 
we shall have 

^^ sin {K^ — {n — 8 )) = cos Q 

*,cos(ji5^ — {n — a)) = — sin 9> cost 

*,sinJ^=cos a cos(7r — Q) — sin Q sin(7r — Q)cosi 

A;bCOSjK^= — [cos 8 sin(7r — 0)4" sin 8 cos(7r — 8)cosJ] 

which can easily be reduced to the form, 

A, sin ^ = cos^ i i cos n 4- sin* i / cos (tt — 2 8) 
*, cos ^ = — [cos* i « sin TT 4- sin* i « sin (tt — 2 8)] 
and m like manniei^ we should find 

^y sin ^ = cos* } e sin TT — sin* i « sin (tt — 2 8 ) 
^yCOs^ = cos* i i cos n — sin* i « cos (tt — 2 8 ) 

Ar, sin K^ = sin i sin {n — 8 ) 

A-, cos jff!^ = sin i sin (tt — 8 ) 
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If these values are substituted in the general expression for coordinates^ 

a h cos if cos ^sin jF -|- a Ar sin ^(cos E — e) 
and if we put 

a cos if'=-l 

a cos? i i cos tt 1 1 + tan^ i i ^^^ ~ ^1 = A 

— /i co8» i I sin TT fl + tan» i »• 'i^-^^^;^^^! = 5 

L ' sinTT J 

aco8» i »sin;t fl _ tan" i » ?^^fc^^l = ^' 
* cos" i »■ cos 71 fl — tan" i »■ ^^i^^^^^^l = ^ 

L cos ;r J 

a sin / sin (tt — Q ) = -4'' 
J sin I cos (n — Q ) = i?'' 

the coordinates will be 

x=A (cosE — ^) + 5 sinE = ^ (1 — ^secE)4-5 sinE 
y = ^' (cosE — ^) + ^sinE = ^' (l_^8ecE)4-^ sinE 
;? = ^"(cosE — ^) + ^'sinE = ^"(l — ^secE) + ^'sinE. 

If the equator is adopted as the fundamental plane instead of the ecliptic, 
the same formulas may be used, if 8 , ^ , and i are referred to the equator by 
the method of article 55. Thus, if Q ^ denote the right ascension of the node 
on the equator, for 8, tt, and e, we must use 8^, Q^ + C^ — S) — ^t a^^d t 
respectively. ' 

This form has been given to the computation of coordinates by Prof, Peirce, 
and is designed to be used with Zech's Tables of Addition and Subtraction Logaritkms. 

Example. — The data of the example of articles 56 and 58, furnish 
Q = 158°30'50".43, 7r= 122"12'23''.55, « = ir 43' 52'^89 when the equator 
is adopted as the fundamental plane j and also log b z= 0.4288583. 

Whence we find 

log cos (tt — 2 8 ) 9.9853041 n log sin (tt — 2 8 ) 9.4079143 

log sec TT 0.2732948 w logcosecTr ""^ O.0725618 

log tan^ i I 8.0234332 log tan* i i ' " ' ' ^10234332 

logc 8.2820321 logc •-'7:5039093 
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add. log - 


0.0082354 


C. 8uh. log - 


9.9916052 


log cos 71 


9.7267052 n 


log cos n 


9.7267052 


log cos^ i t 


9.9954404 


log cos* i i 


9.9954404 


log a 


0.4423790 


log J 


0.4288533 


logil 


0.1727600 m 


log^ 


0.1426041 n 


add, log - 


0.0013836 


C. sub. log -> 


9.9986120 


log sin n 


9.9274382 


log sin n 


9.9274382 


log co^ i » 


9.9954404 


log cos^ i i 


9.9954404 


log* 


0.4288533 


log a 


0.4423790 


log 5 


0.3531155 n 


log^' 


0.3638696 



This method may also be used to compute k and K for the general formula 
of article 57. Thus: — 



add, log - 


0.0082354 


C. sub. log - 


9.9916052 


log cos TT 


9.7267052 n 


log cos TT 


9.7267052 n 


log cos^ i % 


9.9954404 


log cos^ i i 


9.9954404 


; log k^ sin K^ 


9.7303810 n 


logATy cos TTy 


9.7137508 n 


add' log - 


0.0013836 


C. sub. log - 


9.9986120 


l.-Jogsin;r. 


9.9274382 


log sin 7T 


9.9274382 


log cos^ i i 


9.9954404 


log cos? i i . 


9.9954404 


• 'rji Ifeg/ta-cos K:^ 


9.9242622 « 


log ky sin ^ 


.9.9214906 


log tan K^ 


9.8061188 


log tan K, 


0.2077398 n 


log COS K^ 


9.9254698 n 


log sin ^ 


9.9294058 



log K — 9.9987924 
Z;=212°.36'56".l 



log k, = 9.9920848 



K, = 121° 47' 28".l 



It will not be necessary to extend the example to the final expressions for 
z,i/,s,as illustrations of similar applications of the Addition and Subtraction 
Logarithms are given in the directions accompanying Zech's Tables. 
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59. 

If r, J, and / denote the radius vector, the heliocentric latitude and longitude 
of any planet, the rectangular coordinates referred to three axes, — of which 
that of X is directed towards the vernal equinox, that of 0, parallel to the earth's 
axis, and that of y , 90° of right ascension in advance of x^ — will be as in case 11. 

X'=-r cos I cos I 

y'=-r cos i sin / cos c — r sin & sin a 

z=,r cos i sin « sin ?-{- r sin J cos « 



and by putting 



cos u = COS h cos / 

sin h sin I cos h 



sm U = -7-7. = 



tan^ = 



sin(? 

tan h 
sin / 



cos^ 



they assume the following forms convenient for computation : 

X'=-r cos u 

ffzzureinu cos {6 -(- e) 
2? = rsinttsin(d "I"*)* 



74. 

The following are the solutions and examples from the MonaiUche Correspon- 
denz referred to in this article, adopting the notation of article 74, and using L' 
to denote the longitude of the Sun. 

Given, 8, L\ /, i, t, R^ to find w, r, J, and the auxiliary angles Aj B^ C^ etc. 



1. 



2. 



3. 



4. 



sm (x# — /) 
sin UJ — /) tan t . ^ 

«^(/;-Q)/JL"»=taiiC' 

Sin (2/ — 1) tan t 
COS (Z» — /) tan t 



Sin (-A 4" t) 

^ «?A^ni^L=a) = tan « 

sin (^+6) COS* 

8in Csin (Z|^ — Q )_ . 

rin (C+X' — a ) cos »• ~ •*" " 

gin Z) tan (Z^ — a ) cos (Z^ -^ Q ' 1. . 
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The angle w is to be taken between O'' and 180° when h is positive, and be- 
tween 180'' and SGO"" when h is negative. When I = 0% the body is in one of the 
nodes of its orbit^ in the ascending node when 8in(Z' — l) and sin {I — 8) have 
the same sign ; and in the descending node when they have opposite signs. 

It is immaterial in which of the two quadrants that give the same tangent^ 
the auxiliary angles AjB ^ C, etc., are taken. In the following examples they 
are always taken between -}- 90° and — 90^ 

II. 

5. _^^ = ten ^ ^^°^,f^" (j;::::^>= ^ 

sin (/ — Q ) sin (t — E) sm u E 

a X • ' /J f\\ J. r? cosFsmCL' — Q)sin& r 

6. tanfsinf/ — a) = tan-r , ,j^ \. . ^ — ^ = -5 

^ ^ sin (i' — b) sin u cos t Ji 

Hr . . . y^ cos 6r sin (Z' — I) r 

7. cositantt = tan ^ -r-77 — r^ r>\ = p 

sm (/ — Q — 6r) cos M ic 

g tan(/--8) _^^^ 8in irsin(Z^ — _ r 

cos i sin (JI — u) sin (/ — Q) H 

Q tan ft , J- Bin I cos {L' — Q) j* 

sin«cos(/ — Q) sin(u — I) i? 

in ••/f^\x J. TT COS ^sin ft cos (Z' — Q ) r 

10. smicosf/ — Q)tanw = tanA r-z-^ — r^ 2°/-- 

\ "^ / Bin (a — ft) cos u Ic 

^ I sin Csin (Z — I) , ^ sin Z r 

^^' co8(C7+Z' — tan (Z' — Q) cost" ^^^-^ sin (u— Z) cos (Z'— Q) ~ 5 

19 Bin 2? cos (£^ — ) _. «• gini/ _ r 

^^- co8(2)+i:'— a)cofl»"~"™-™ Bm(« — if)oo8 {L' — Q)~Ji 






III. 



-10 r Sin u Sin « . 

10. 7—T — = J 

sinb 

-|i i? sin ^ sin (Z ^ — 8)sint i? cos -^ sin (Z' — Q)8ini ^ 

sin (» — £) sinft sin (t — U) sin (/ — Q) cosft 

^ K jg cos jPsin (L' — Q) tan t i? sin i^sin (Z^— a ) sin (7— Q ) j 

^' sin (i^— ft) — sin (F—b) "~ "^ 

Other expressions for J may be obtained by combining 13 with all the 
formulas II. 

Examples : — 

Given, 8=80"59'12".07, r =2Sr V SA'\99, /=53"23'2".46, e= 10^37' 9".55, 
5 = — 3° 6' 33".561, log R= 9.9926158. 
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1°. 



log tan b 
log cos {L' 
Clog sin (X' 
log tan .1 

A = - 
A + i — 






8.7349698 n 
9.9728762 « 
0.1313827 n 



8.8392287 » 
3' 57' 2".136 
6' 40' 7".414 



logsin(X' — /) 9.8686173 n 

log tan »• 9.2729872 

C.logco8(Z'— Q) 0.027123 8 « 
log tan 5 9.1687283 

5=8°23'21".888 
5-|-i = 5°16'48".327 



log sin {L' — Q) 9.5348776 n 



log tan b 
a. log sin (X' - 
C. log tan i 
log tan C 

0-\-L'—Q = 



8.7349698 n 
-I) 0.1313827 » 
0.7270128 
9.1282429 n 
— 7° 39' 7".058 
192° 23' 15".864 



log sin A 
logtan(r— a) 
C log sin (J. -|- i) 
log tan u 



2\ 



Z\ 



8.8381955 n 
9.5620014 
0.9350608 
9.3352577 /» 



« = — 12°12'37".942 



log cos B 

log sin b 

log tan (X' — a ) 

C.logsin(5 + i) 

C. log cos t 

log tan u 



log sin C 

log sin (X' — 8 ) 

C.logsin(C+X'- 

C. log cos » 

log tanu 



9.9953277 
8.7343300 « 
9.5620014 
1.0360961 
0.0075025 
9.3352577 « 



9.1243583 n 
9.5348776 n 
a) 0.6685194 « 
0.0075025 
9.3352678 n 



4°. 



log cos (X' — a ) 9.9728762 n 



log tan & 
C. log cos (X' 
C. log tan i 
log tan D 

D = - 



8.7349698 n 
-I) 0.1714973 n 
0.7270128 
9.6063561 n 
21° 59' 51".182 



log sin D 
log tan (X'— a) 
log cos (X' — t) 
Clog sin (2>+X' 
C. log cos }' 
log tan u 



9.5735295 n 
9.5620014 
9.8285027 n 
7)0.363721711 
0.0075025 
9.3352578 n 



D + L' — l= 205° 38' 41".348 





APPENDIX. 


2 


log tan £ 


8.734969811 


& . 


log sin .£ 


9.0661081 


log Bin (i— 


■ 8) 9.666897311 




log sin (i'— a) 


9.681877611 


log tan ^ 


9.0690725 




Clogsm(i — .ff) 


1.1637907 


E 


= 6"4ri2''.412 
= 3° 56' 57".138 




0. log ain u 
logs 


0.6746802 » 


i—E 


0.4394666 








logr=logi?+log^ = 


= 0.4320724 


log taut 


9.2729872 


6°. 


log cos F 


9.9983674 


log8ui(/ — 


■ 8) 9.665897311 




log sin * 


8.7343300 n 


log tan J 


8.988884511 




log sin (X'— 8) 


9.6848776 n 


F= 


— 4°67'5S".965 




C.log8in(J' — *) 


1.489699011 


F—b = 


— l-51'2r.394 




0. log sin w 
0. log COS t 

logs 


0.674680211 
0.007602611 
0.4894567 


.log cost 


9.9924975 


7°. 


log COS G 


9.9908922 


„ (((gtwiti 


9.3362577 n 




log sin (Z' — r) 


9.8686173 n 


log tan 


9.3277552 n 




CAogsm{l—Q~G) 


0.6705092 » 


a=- 


-12° 0'27".118 




C. log cos « 


0.0099379 


i—a—o=- 


-lB°36'4r.492 




>°g5 


0.4894566 


y^taii't/- 


-8) 9.71837441. 


8°. 


log sin ff 


9.6717672 n 


log cost 


9.9924976 




log sin (X' — l) 


9.8686173 n 


log tan # 


9.725876911 




0.logsia{S—u) 


0.6649695 » 


iJ=i- 


-28° 0'39".879 




C.logsln(; — a) 


0.334102711 


ff— »=- 


-16''48' 1".937 




'"KS 


0.4394667 
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log tan 2 « 


8.7349698 n 


log sin I 




9.4991749 n 


C. log sin » 


0.7345153 


log sin (Z' - 


-a) 


9.9728762 n 


C. log cos (/— 


-Q) 0.0542771 


C. log sin (m — 


■r) 


0.9674054 


log tan / 


9.5237622 n 


logj 




0.4394565 


/— - 


- 18° 23' 55".334 








u I— 


6° 11' 17".392 


10^ 






log sin % 


9.2654847 


log COS K 




9.9997290 


log cos (/ — 


C) 9.9475229 


log sin J 




8.7343300 ft 


log tan u 


9.3352577 n 


log cos (Z'- 


-a) 


9.9728762 n 


log tan K 


8.5482653 n 


C. log sin (A" - 


-*) 


1.7225836 


K= 


: — 2° 1' 26".344 


C. log cos ti 




0.0099379 


K—b = 


: r5' 7".217 


logs 

11°. 
= 219° 59' 25".474 




0.4394567 


log sin G 


9.1243583 n 


log sin L 




9.5279439 n 


log sin (X' - 


-t) 9.8686173 n 


C. log sin (« — 


■ X) 


0.8843888 


Clog cos (C'+i'—O 0.1156850 n 


Clog cos (X'- 


-a) 


0.0271238 n 


C. log tan (X'- 


-a) 0.4379986 


logi 




0.4394565 


C. log cos i 


0.0075025 








log tan L 


9.5541617 n 








L — - 


- 19' 42' 32".533 






i' 


u — Z = 


T 29' 54".591 
12°. 




13°. 


1 ■* 


D-\-L'- 


— a— 178°2'31".738 


logr 




0.4320724 


log sin D 


9.5735295 n 


log sin u 




9.3253198 ft 


log cos {L' - 


-a) 9.9728762 n 


log sin % 




9.2654847 


C:iogcos(i)+Z'— Q ) 0.0002536 n 


C. log sin b 


■ 1 


, 1.2656700 ft 


Clog cost 
lofftan M(: 


0.0075025 
= D 9.5541618 n 


log J 

• 




0.2885469 
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76. 

If in the equations of article 60, 

X — X=J cosS cos a 
y — 1^= ^ cos d sin ct 
— Z= J sind 

a denoting the right ascension, and d the declination, we suppose X, F, Z known, 

we have 

dx = cos a cos d dJ — J sin a cos d da — J cos a sin d dd 
dff = 8ma cos ddJ-^-J cos a cos d da — J smasind dd 
d 2 = Bmd dJ -j- ^ cos d dd. 

Multiply the first of these by sin a , and subtract from it the second multiplied by 
cos a , and we find 

J cos d da = — dxsina '■\- dy sin a. 

Multiply the first by cos a and add to it the second multiplied by sin a , and 

we find 

rfarcosa '\-dy svo.a = cosd dJ — J sind dd. 

Multiply this equation by — sin ^ and add it to the third of the differential equa- 
tioiis above multiplied by cos d and we find 

— dx cos a sin d — dysina smd -\- dz cos d =zj dd 
and, therefore, 

•,7 sin a 7 I cos a , 

cosoaa= —dx-^'-j-dy 

J ^ cos a sin d , sin a sin d , , cos ^ , 

rf(J = ^ dx ^ — dy + '-j'dz. 

From the formulas of article 56 of the Appendix are obtained 

dx X dy y dz z 

dr r' dr r' dr r' 

^-;"^ = ^cotan(il+w), ^=ycotan(5+M), ^ = 2?cotan( C^+w) 

-r?m:2;sinMC0sa, -r^ = r sin M cos J, j^. = r sinwcosc, 
d% 'at ' o» ' 

and the partial differentials 

ax . dy dsf . 

T7^ = — ycose — 2fsm«, T7; = :rcose, 3-^1= a? sm« 



300 APPENDIX. 

whence 

dx = ''dr-\-x cotan (-4 + w) rf v + 2? cotan (A + u) dn 

— [x cotan(-4-|-w)+y cose'\'Zmit]dQ -j-r^ucosadi 

dy = ^dr-\-y cotan {B-^u)dv +y cotan {B'^u)d7i 

— [y cotan (5 4" ^) — ^cose] dQ -{-rmiucosbdi 

dz=:-dr — cotan {C'\-u) dv-^-ZQotein {C'^u)dn 

— \z cotan ( 0'\-u) — ^ ain e] ^ Q -|" r sin ii cos (? eft. 

These formulas, as well as those of 56 may be found in a small treatise 
Ueber die Difererdialformeln fur ConietenrBaJinenj etc., by G. D. E Weyer, (Berlin^ 
1852). They are from Bessel's Abhandltmg viber dm Olbera'schen Comete)u 

90. 

Gauss, in the Berliner Astronomisches Jahrbuch for 1814, p. 256, has given an- 
other method of computing {, and also C of article 100. It is as follows : — 

We have 

5 , 10 xX—iX4"J^ 



5=^— 6 + 9lf 



X 



This fraction, by substituting for X the series of article 90, is readily trans- 
formed into 

t 8 ^/i_i_2.8 , 8.8.10 ^ , 4.8.10.12 ^ , 5.8.10.12.14 4^^ A 

*""i05^\-^"T""9"^"f""9Tir^ "T" 9.11.13 ^"T" 9.11.13.15 ^ i" ^^ J 

Therefore, if we put 



^ = l + ii^;r + ^V + etc 



9.11 



we shall have 



xX—iX-{-^=:jh^^ 



X= 



|(1-tW^«') 

■ 1— f« 



by means of which I can always be found easQy and accurately. 
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For C, article 100, it is only necessary to wnt^ ? in plaoQ of 9S m tbQ pre- 
ceding formulas. 

A may be computed more conveniently by the following formula : — 

M /^ \ n it I 1»0 i XaOaOaf A ■ l.»U»OmO»4mU Q I . \ 



142. 

Prof. Enckb, on the 18th of January, 1848, read a paper before the Royal 
Academy of Sciences at Berlin, entitled Ueber den AusnahmefaU einer doppeUen 
Baknbeatimmung auB denselben drei geocentriachen Oerterriy in which he entered into a 
full discussion of the origin of the ambiguous case here mentioned, and the 
manner m which it is to be explained. The following paragraphs, containing 
useful instructions to the practical computer, embody the results of his in- 
vestigation : — 

By putting 

y = (ai + a), 

Equation IV., 141, becomes, for / > >R' 

m sin*0 = sin (0 — q) 
and for / < ^ 

V msin^fw; sin(ir ^-S') 

m is always positive. 

The number and the limits of the roots of this equation may be found by 
examining both forms. 

Take the first form, and consider the curves^ the equq.tions of which are 

y = f»sin*2r, y'=:sin(r — q) 

y and t/ being ordinates, and z abscissas. 
The first differential coefficient Are 

5^ = 4wsin«^cos£f, g^=cos(0 — j), 
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There will, therefore, be a contact of the curves when we have 

msia^z = Bm{z — g) 
and 

4 m sm® e cos = cos (z — g) 

or when 

4 sin (a? — g) cos z = cos {z — ^) sin0 

which may be more simply written 

sin (2 — g) = | sin g. 

When the value of z deduced from this equation satisfies 

m sin* z= sm{z — g) 

then there is a contact of the curves, or the equation has two equal roots. These 

equal roots constitute the limits of possibility of intersection of the curves, or the 

limits of the real roots of the equation. 

. For the delineation of both curves it is only necessary to regard values of 

z — g between 0° and 180% since for values between 180° and 360** the solution 

is impossible ; and beyond 360'* these periods are repeated. 

The curve 

y^=&m{z — g) 

is the simple sine-curve, always on the positive side of y, and concave to the axis of 
abscissas, and has a maximum for 

z — g= 90^ 



The curve 



y z= sin*^ 



is of the fourth order, and since it gives 



dz 

it has a maximum for 



-j^ = 4 m sin*2f COS0 => m8in2z — imsinAz 

dz 

-r-T = Vlmm?zQO^z — 4wsin*af 

oar 

== 4f»sin*2f(l + 2cos20) = 2m(cos20 — cos42?) 
-7-4 = — 4 m (sin 2z — 2 sin 4 2?) 

dz* ^ ' 

;r-^ = — 8f»(cos20 — 4co840) 



0=90* 
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and a point of contrary flexure for 

z = 60% and z = 120^ 

From is? = 0"* to gr = 60% it is convex to the axis of abscissas, from eO'' to 
120^ it is concave, and convex from 120° to 180^ 
For osculation, the three equations, 

m sin* 2? = sin (2? — q) 
4 m sin* cos = cos [z — q) 
4 m sin' 2? (1 -f- 2 cos 2 z)=, — sin {z — q) 
must coexist, or 

m sin*2f =: sin (z — q) 

sin (2 2? — j') = fsinj 

cos 22? = — f . 

In this case we should have 

Bin(22f — J') = I cos J' -f- 1 sin J', 



consequently, 
and 



tanj'zisf 
8my = |, 



or 



fif = 45^ + isin-^|. 

From these considerations we infer that for the equation 

m sin*0 = sin (0 — q) 
or even when it is in the form 

m' sin® — 2 m cos q sin^ z -f- sin' 2? — sin' j' = 

of the eighth degree, there can only be four real roots ; because, in the whole 
period from z — ^=:0°to z — j' = 360°,only four intersections of the two curves 
are possible on the positive side of the axis of ordinates. 

Of these, three are between 2?=0°and 0=180% and one between 180* 
and 180° -h J' ; or, inversely, one between 0° and 180% and three between 180° 
andl80°-f-^; consequently, there are three positive and one negative roots, or 
three negative and one positive roots for sin z. 
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and 



Contact of the curves can exist only when for a given value of g^ 



/ •in(/— ^) 
m = — T-j-/ 



If the contact of the curve of the fourth order with the sine-curve is with- 
out the latter, then will m' constitute the upper limit, — for m greater than this 
values of the roots will be impossible. There would then remain only one positive 
and one negative root 

If the contact is within the sine-curve, then will the corresponding w" con- 
stitute the lower limit, and for m less than this, the roots again would be re- 
duced to two, one positive and one negative. 

If ^ is taken negative, or if we adopt the form 

m sin* 2 =: sin (£f -f- j) 

180° — must be substituted for z. 
The equation 

rn^siD? z — 2 iw cos y flin* ii -f- sin* is? — sin*^== 

shows, moreover, according to the rule of Descartes, that, of the four real 
roots three can be positive only when q^ without regard to sign is less than 
90°, because m is always regarded as positive. For g greater than 90% there is 
always only one real positive root Now since one real root must always cor- 
respond to the orbit of the Earth, that is, to / = ^ ; and since sin d', in the 
equation, article 141, — '.' • jm 

jR'sin y -.'fir*.: 

sim=z — 7 — 

r 

is always positive, so that it . can be satisfied by none but positive values 
of 2f ; an orbit can correspond to the observations only when three real roots ajp e 
positive, or when g without regard to its sign is less than 90^ These limits are 
still more narrowly confined, because, also, there can be four real roots only 
when m lies between n/ and mf\ and when we have 

in order that a real value of ^ may be possible. 
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Then the following are the conditions upon which it is possible to find a 
planet's orbit difierent from that of the earth, which shall satisfy three complete 
observations. 

Mrst. The equation 

wi sin* is? = sin {^-\-q) 

must have fom* real roots. The conditions necessary for this are, that we must 
have, without regard to sign, 

sinj'<| 

and m must lie between the limits mf and m^\ 

Second. Of these four real roots three must be positive and one negative. 

For this it is necessary that cos q should remain positive for all four of those 

values for which 

sm5'<=t|, 

the two in the second and third quadrants are excluded, and only values between 
— 36° 52' and + 36° 52' are to be retained. 

If both these conditions are satisfied, of the three real positive roots, one must 
always correspond to the Earth's orbit, and consequently will not satisfy the 
pcoblem. And generally there will be no doubt which of the other two will 
igiire a solution of the problem. And since by the meaning of the symbols, arti- 
cles 139, 140, we have 

H - . sin a? sin (^ — z) sin ^ 



aIi rn .'. . 



R ~ q' "" / 



f . .%- 



not only must z and d^ be always less than 180°, but, also, sin(d' — z) must be 
positive, or we must have 

d'>z. 

i{y therefore, we arrange the three real positive roots in the order of their 
absolute magnitudes, there may be three distinct cases. Either the smallest root 
approacnes most nearly the value of d', and corresponds, therefore, to the Earth's 
orbit, in which case the problem is impossible; because the condition d' ^z can 
never be fulfilled. Or the middle root coincides with ^, then will the problem 
be solved only by the smallest root Or, finally, the greatest of the three roots 
diflFers least from d\ in which case the choice must lie between the two smaller 

39 
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roots. Each of these will give a planetary orbit, because eacli one fulfils all 
the conditions, and it will remain to be determined, from obseirations other than 
the three given ones, which is the true solution. 

As the value of m must lie between the two limits m' and m", so also must 
all four of the roots lie between those roots as limits which correspond to m' and 
m". In Table IVa. are found, therefore, for the argument g from degree to degree, 
the roots corresponding to the limits, arranged according to their magnitude, and 
dist'mguished by the symbols z', z", e'", z". For every value of m which gives a 
possible solution, these roots will lie within the quantities given both for m and 
m", and we shall be enabled in this manner, if d' is found, to discern at the first 
glance, whether or not, for a given m and q, the paradoxical case of a double orbit 
can occur. It must, to be sure, be considered that, strictly speaking, (f would 
only agree exactly with one of the z's, when the corrections of P and Q belong- 
ing to the earth's orbit had been employed, and, therefore, a certain difference 
even beyond the extremest limit might be allowed, if the intervals of time should 
be very great 

The root z", for which sin s is negative, always falls out, and is only intro- 
duced here for the sake of completeness. Both parts of this table might have 
been blended in one with the proviso of putting in the place o^ z it« supplement ; 
for the sake of more rapid inspection, however, the two forms sin [s — q\ ahii 
sm {z -\- q) have been separated, so that q is always regai'ded as positive in the 
table. 

To explain the use of Table IVa. two caies are added ; one, the example of Ceres 
in this Appendix, and the other, the exceptional case that occurred to Dr.! Could, 
in his computation of the orbit of the fifth coruet of the year 1847, an account of 
which is given in his Astronomical Jotirnal, Vol. I., No. 1 9. 

I. In our example of Ceres, the final equation In the fii-st hypothesis is 

[0.9112987] sin*a = sin {2 — T 49' 2".0} 

d'=24°19'u3".34 

the factor in brackets being the logarithm. By the table, the numerical factor 
lies between m' and m", and this d' answers to y, concerning, which there can be 
no hesitation, since ?" must lie between 10° 27' and 87° 34'. Accordmgly, we 



and 
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have only to choose for the ^ which occurs in this case, and which, as we per- 
ceive, is to be sought between 7^ 50' and 10^ 27'. 

The root is in fact 

^= 7°69'30".3, 

and the remaining roots, 

0"= 26 24 3 

0° = 148 2 35 

0^=187 40 9 

are all found within the limits of the table. 

2. In the case of the fifth comet of 1847, Dr. Gould, derived from his first 
hypothesis the equation 

[9.7021264] sm*;? = sin (^ + 32^ 53' 28".5). 

He had also 

(J' = 133" 0' 31". 

I 

Then we have sin j' «< f , and the inspection of the table shows that the factor 
in the parenthesis lies between rri and rri' ; therefore, there will be four real roots, 
of which three vill be positive. The given i' approximates here most nearly to 
2f™, about which, at any rate, there can be no doubt. 

Consequently, the paradoxical case of the determination of a double orbit 
occurs here, and the two possible values of z will lie between 

* ^ > i / 

88° 29' — 105" 59' 
and 

105 59 —131 7 
In fact, the foiu: roots are, 

^=^ 95"31'43".5 
0" = 117 31 13.1 

0° = 137 38 16 .7 
^ = 329 58 35 .5. 

By a small decrease of m without changing ^, or by a small decrease of q 
without changing m, a point of osculation will be obtained corresponding to 
nearly a mean between the second and third roots ; and on the contrary, by a 
small increase of m without changing ^, or a small increase of ^ without changing 
m, a point or osculation is obtained corresponding to nearly a mean between the 
first and second roota 



We have, therefore, the choice between the two orbits. The root used by Dr. 
Gould was s", which gave him an ellipse of very short period. The oUier obser- 
vations showed hira that this was not the real orbit M. D'Arrest was involved in 
a similar difficulty with the same comet, and arrived al(<o at an ellipse. An ellipse 
of eightynane years resulted from the use of the other root. 

" Finally, both forms of the table show tliat the exceptional case can never 
occur when d" < 63° 26'. 

'■ It will also seldom occur when d' <^ SO". For then it can only take place 
with the first form sin (a — q), and since here for all values of y either the limits 
are very narrow, or one of the limits approximates very nearly to 90°, so it will 
he perceived that the case where there are two possible roota for <f < 91.1° will 
very seldom happen. For the smaller planets, therefore, which for the most part 
are discovered near opposition, there is rarely occa.iion to look at the table. For 
the comets we shall have more frequently if >• 90° ; still, even here, on accoimt 
of the proximity to the sun, 3" >■ 150° can, for the most part, be excluded. Con- 
.sequently, it will be necessary, in order that the exceptional case should occur, 
that we should have in general, the combination of the conditions J'> 90' and 
q between 0° and 32° in the form sin (z — g), or between 22° and 36° 52' in (ho 
form sin (z -|- q)." , 



Professor Peirce has communicated to the American Academy several idotboda 
of exhibiting the geometrical construction of this celebrated equation, and of 
others which, like this, involve two parameters, some of which are novel and 
curious. In order to explain them, let us resume the fundament;il equation, 

m sin* z = sn(z — y). 
1. The first method of representation is by logarithmic curves j the logarithm 
of the given equation is 

log m -|- 4 log sin z ^= log sin (s — q). 
If we construct the curve ^ 

y ^ 4 log sin s, 
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and also the same curve on another scale^ in which y is reduced to one fourth of 

its value, so that 

y = log sin 2?, 

it is plain that if the second curve is removed parallel to itself by a distance equal 
to 9 in the direction of the axis of 0, and by a distance equal to — log m in the 
direction of the axis of y^ the value of z on the first curve where the two curves 
intersect each other will be a root of the given equation ; for, since the point of 
intersection is on the first curve, its coordinates satisfy the equation, 

y = 4 log sin 0, 
and because it is on the second curve its coordinates satisfy the equation, 

y 4- logm = log sin (e — q)\ 
and by eliminating y from these two equations we return to the original equation, 

m sin*;? = sin {z — q). 

A diagram constructed on this principle is illustrated by figure 5, and it will 
be readily seen how, by moving one ciurve upon the other, according to the 
changeable values of q and tw, the points of intersection will be exhibited, and also 
the limits at which they become points of osculation. 

On this and all the succeeding diagrams, we may remark, once for all, that 
two cases are shown, one of which is the preceding example of the planet Ceres, 
in which the four roots of the equation will correspond in all the figures to the 
four points of intersection 2?, ZX, 2)", ZX", and the other of which is the very 
reniarkable case that occurred to Dr. Gould, approaching the two limits of 
Itfadi'fosculation of the second order, the details of which are given in No. 19 of his 
Aglrbmmical Joumaly and the points of which are marked on all our diagrams 
G, G\:Q\ G". 

2. The second method of representation is by a fixed curve and straight line, 
as follows. 

(a.) The fun&mental equation, developed in its second member, and divided 
by m cos z^ assumes the form 



By putting 



' -r . > 



sin'z 
cos;s 


cos 
m 


?(tan;? — 


t^an 


?) 


> 

X — 


tan 0, 


h — tan q^ 


a = 


cos 7 
m 
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the roots of the equation will correspond to the pointa of intersection of tlif 

curve 

wij*« a* 

y — ^7— ^, +a^)t 

with the straight line 

y = a{z — b). [Figs. 6 and 6'.] 

It wHI be perceived that the curve line, in this as in all the following cases 
under this form, is not affected hj any change in the values of m and q, and tliat 
the position of the straight line is determined by its cutting the axis of x at 
the distance tan q from the origin, and the axis of y at the distance — ^^ 
fi-om the origin. The tangent of its inclination to the axis is obviously equal to 
— ^, which may in some cases answer moi'e conveniently for determining its 
position than its intersection with the axis of y. 

(i.) The development of the fundamental equation divided by msinz, is 

m^z ^ — - (cotany — cotans) ; 

and by putting 

X = cotan 2 
b := cotan q 

the roots of the equation correspond to the intersection of the cm^e 

witli the straight line ! imt^ 'nfT 

y =»(}-!). [Fig. 7.] • ,,^,;,„^i. 

The position of the straight line is determined by its cutting the aMSpffiftt a 
distance equal to cotan y from the origin, and the axis of^ at a distance equal to r — - 
from the orijpn. This form of construction Is identical with that given by M. 
Binet in the Journal de FEcole Pof^iechitiqiie, 20 Cahier, Tome XIU. p. 2S5t J^i^ 
method of fixing the position of the straight line is not strictly aceurntG, This 
mode of representation is not surpassed by either of the others under this form. 

(c.) The fourth root of the fundamental equation developeit and divided by 
008 (z — g), assumes the form j . 

^ » cos , ( tan (» - j) + ton J) = *^?'-(fi=i)! 
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By putting 

X = tan {z — q) 

h = tan q 

a=^ \l m cos q 

the roots of the equation correspond to the mtersection of the curve 

with the straight line 

y = a{x-\-b). [Fig. 8.] 

The straight line cuts the axis of a? at a distance equal to — tan q^ and the axis 
of y at a distance equal to '^mmiq, from the origin. 

{d.) The development of the fourth root of the fundamental equation divided 
by sin {z — q) is, 

^mmiq (cotan (z — ?) "f" cotan q) = cosec {z — qy 

By putting 

X = cotan {z — q) 

h = cotan q 

a=- ^ m smq 

the roots of the equation correspond to the intersection of the curve 

i^ = (l+a^)» 
with the straight line 

y = a (i? + b). [Figs. 9 and 9'.] 

The straight line cuts the axis of ^ at a distance equal to — cotan q^ and the 
axis of y at a distance equal to^ m cos q, from the origin. 

[^[e\yTtom the reciprocal of the fundamental equation multiplied by m, its 
ropt^ mfty be seen to correspond to the intersection of the curve 

t^th^Wiiglitiine 
'•'^'^ '" ' r = w cosec (^ — y). [Figs. 10 and 10'.] 

Both these equations are referred to polar coordinates, of which r is the radius 
vector, z the angle ^hich the radius vector makes with the polar axis, m the dis- 
tance of the straight line from the origin, and q the inclination of the line to the 
polar axis. 



cosec* z 
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(/). From the reciprocal of the fourth root of tlie fuudjiiueiital equation, it« 
roots may be seen to correspond to the intersection of the curve 



with the straight line 
in ^vhich 



[Fig. 11.] 



Both these equations are referred to polar coordinates, of which 9 is the 
angle which the radius vector r makes with the polar axis, ^ - the distance of the 
straight line from the origiuj and q the inclination of the line to the polar axis. 

3, The third method of representation is Ity a curve and a circle. 

(ffl.) The roots of the fundamental equation correspond to the intersection 
of the curve 



with the circle 



i sin (2-4 [Fig. 12.]. 



Both these equations are referred to polar coordinates, of which r is the radiua 
vector, z the angle which the radius vector makes with the polar axis, - the 
radiua of the cu:cle which passes through the origin, and 90° -|- j is the angle 
which the diameter dra^vn to the origin makes with the polar axis. 

{b.) From the fourth root of the fundamental equation it appears that its 
roots correspond to the intersection of the equation ; 

r ^ ij' sin 9 I 

with the circle 

r=^wsin(<p + y) [Fig.l3], 

in which ^^{z — q) is the inclination of the radius vector to the polar Rxie, 
ij m is the diameter of the circle which passes through the origin, and 90" — y 
is the inclination of the diameter drawn through the origin of the polar axis. 

In these last two delineations the curve I K T K" I" incloses a space, within 
which the centre of the circle must be contained, in order that there should be 
four real roots, and therefore that there should be a possible orbit. The curve 



APPENDIX. 



313 



itself corresponds to the limiting points of osculation denoted by Professor Encke's 
iri and ni'^ and the points K and K' correspond to the extreme points of oscula- 
tion of the second order, for which Encke has given the values (^ = up 36° 52' 
and rri = 4.2976, and m'' = 9.9999. 

On the delineations, S is the centre of the circle for our example of Ceres, 
and /S" the same for Dr. Gould's exceptional case. A careful examination of the 
singular position of the point S' will illustrate the peculiar difficulties attending 
the solution of this rare example. 



159. 

We add another example, which was prepared with great care to illustrate the 
Method of Computing an Orbit from three observations published in pamphlet 
form for the use of the American Ephemeris and Nautical Almanac in 1852. It 
furnishes an illustration of the case of the determination of two orbits from the 
same three geocentric places, referred to in article 142. 

We take the following observations, made at the Greenwich Observatory, 
from the volume for the year 1845, p. 36. 



Mean Time, Greenwich. 


Apparent Right Ascension. 


Apparent Declination. 


1845. July 80, U 5 10.8 
Sept 6, 11 5 56.8 
Oct- 14, 8 19 35.9 


339 51 15.15 
332 22 39.30 
328 7 51.45 


S. 23, 31 34.60 
27 10 23.13 
26 49 57.23 



From the Nautical Almanac for the same year, we obtain 



Date. 



July 30. 
Sept 6. 
Oct. 14. 



Longitude of the San 
from A pp. Equinox. 



127 40 11.32 
164 9 40.85 
201 21 12.49 



Nutation. 



// 
--14.99 

--14.06 

--12.16 



Distance from the 
Earth. 



0.0064168 

0.0031096 
9.9984688 



Latitude of the 
Sun. 



—0.17 
--0.21 
--0.53 



Apparent Oblic^uity 
of the EcHptic. 



o / // 

23 27 28.13 

28.41 
28.05 



The computation is arranged as if the orbit were wholly unknown, on which 

account we are not at liberty to free the places of Ceres from parallax, but must 

transfer it to the places of the eartL 

40 
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Reducing the observed places of the planet from the equator to the ecliptic, 
we find 



Date. 


App. Longitude of Ceres. 


App. Latitude of Ceres. 


July 30. 
Sept. 6. 
Oct 14. 


332 28 28.02 
324 35 58.87 
321 4 54.55 


S. 13 54 52.47 
14 45 30.00 
13 5 35.33 



And also^ 



Date. 


Longitude of Zenith. 


Latitude of Zenith. 


July 30. 
Sept 6. 
Oct 14. 


i! 4 

4 49 
1 4 


N. 53 2^ 
56 22 
58 4 



The method of article 72 gives 



Date. 


Reduction of Longitude. 


Reduction of Distance. 


Seduction of Time. 


July 30. 
Sept 6. 
Oct 14. 


+16.32 
— 7.10 
—26.95 


-fO.0001368 
1421 
0907 


—0.070 

0.065 

—0.071 



The reduction of time is merely added to show that it is wholly insensible. 

All the longitudes, both of the planet and of the earth, are to be reduced to 
the mean vernal equinox for the beginning of the year 1845, which is taken afl 
the epoch ; the nutation, therefore, being applied, we are still to subtract the 
precession, which for the three observations is 28".99, 34''.20, and 39".4l, re- 
spectively; so that for the first observation it is necessary to add — 43".98, for 
the second, — 48''.26, and for the third, — 51^57. 

Finally, the latitudes and longitudes of Ceres are to be freed from the aber- 
ration of the fixed stars, by subtracting from the longitudes 18''.76, 19''.69, and 
10".40, respectively, and adding to the latitudes — 2.02, +1-72, and +4.02, 
numbers which are obtained from the following formulas of Prof. Peirce : — 

d a = mcos (O — a) sec/5 
d p =im8m{Q — a) sin a ; 

where O = sun's longitude, and m = aberration of O- 
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The longitudes of the sun were corrected for aberration by adding 20".06, 
2(y\21j and 20''.43, respectively, to the numbers given in the Nautical 
Aimaiiac. 

These reductions having been made, the correct data of the problem are as 
follows : — 

Times of observation. 



For Washington Meridian. 


July so. 87290S. 


Sept. 6. 248435. 


Oct. 14. 132915. 


Ceres's long, a, a', a'' 


330' 27' 25".28 


324 34 50.92 


321 3 52.58 


latitudes /J, /J', /3" 


— 13 54 54 .49 


14 45 28.28 


— 13 5 31.31 


Earth's long. ^ ^, t' 


307 39 43 .66 


344 8 45.49 


21 19 53.97 


logs, of dist i?, R, R' 


0.0064753 


0.0031709 


9.9985083 


By the formulas of 


Arts. 136 and 137, 


we find 




y,/,/' 


329° 25' 34".81 


218° 11' 22".38 


194 59 35.15 


d,d',^' 


28 12 56 .84 


24 19 53 .34 


61 6 50.78 


log 9, d', d" sines 


9.6746717 


9.6149131 


9.9422976 


A'D,Aiy,Aiy' 


199° 45' 41".00 


204° 8'25".14 


203° 56' 46".56 


A" D, A" ly. A' !>', 


233 54 11 .72 


233 31 23 .54 


199 30 24 .04 


t e' t" 


27 32 45 .72 


142 37 25 .44 


115 4 41 .10 


log «, e', «" sines, . . 


9.6650763 


. 9.7832221 


9.956992 


log sin i «' 




9.9764767 




log cos i e' 


» 


9.5057153 




■ ^ 

And by article 138, 


1 






r' 


log Ttnixi . 


. . . 6.2654993 


n 




log T'cos^ 


9.2956278 1 


n 



wherefore 



Whence 



<=180'' 3' 12".63, log I' . . . 9.2956280 
< + /= 38° 14' 35".01, log sin (^ + /) 9.7916898 

log/S' 8.6990834 

log 2^8in (< 4- y) . . 9.0873178 
log tan («J' — (t) . . . 9.6117666 
«r — (T = 22° 14' 47".47 and a = 2° 5' 5".87. 
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By articles 140-143, we find 

X' ly—d" = 172° 24' 32".76 log sin 9.1208995 log cos 9.9961773 n 
Aiy—d =175 55 28.30 8.8516890 9.9989004 n 

A'D — d" =172 47 20.94 9.0987168 

AD — d'-\-a =177 30 53.53 8.6370904 

Al/' — d =175 43 49.72 8.8718546 

^'i)"_a' + a=177 15 36 .57 8.6794373 

log a 0.0095516, a =1.0222370 

log* 0.1389045. 

Fonnula 13, which serves as a check, would give log J = 0.1389059. We 
prefer the latter value, because sin {A D — d' -)- a) is less than sin {Ji Lf 
-d' + a). 

The interval of the time (not corrected) between the second and third obser^ 
vations is 37.884480 days, and between the first and second 37.875532 dajra 
The logarithms of these numbers are 1.5784613 and 1.5783587 ; the logarithm 
of k is 8.2355814 ; whence log d = 9.8140427, log r = 9.8139401. 

We shall put, therefore, for the first hypothesis 

ar=logP = f =9.9998974 



and we fiind 



9 

y = log ^ = <5 ^" = 9.6269.828 



w = 5" 43' 56".13 

a) + a = 7 49 2 .00 
log ^ c sin w = 0.9112987 

It is found, by a few trials, that the equation 

Qcmiia sin* z = sin {z + 7° 49' 2".00) 

is satisfied by the value 

e—T 59' 30".30, 

whence log sin z = 9.1431101, and 

/=:?^ = 0.474939. 

8in % 
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Besides this solution, the equation admits of three others^ — 

»= 26° 24' 3" 
0=US 2 35 
^ = 187 40 9 

The third must be rejected, because sin £r is negative ; the second, because s is 
greater than d^ ; the first answers to the approximation to the orbit of the earth, 
of which we have spoken in article 142.* 

The manner of making these trials is as follows. On looking at the table of 
sines we are led to take for a first approximation for one of the values, 2 = 8" 
nearly, or S" -f- x. Then we have 

logsing 9.14356 4- 89 a; 

logsin*2 6.57424 + 356 ar 

log^csin© 0.91130 

logsin(2 — CO— o) . . . 7.485544-356* 
«_ ft, _ a = 0° 10' 52" + ^jftf a: 
a»4-a = 7 49 3 

«=7 59 56 -\-^x, nearly ^S'-^-x. 

For the second approximation, we make 

«= r 59' 30" + /; and have 

log sin « . . . . . 9.1431056 + 150/ 

log sin* 6.5724224 + 600/, 

^tfsincei 0.9112987 

log sin (« — ai — a) . 7.4837211 + 600/ 

e — (a — a = 0°10' 28".27 + iV ^^ nearly. 

01 + (T = 7 49 2. 00 

2=7 59 30. 27 + iV ^ = 7° 59' 30".80. 

The process is the same for the other roots. 



See article 142 of the Appendix. 
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Again, bj art 143 we obtain 

C=185»10'31".78 

r = 189 25 30 .25 

log r = 0.4749722 

log »^'= 0.4744748 

J («" + m) = 264° 21' 48".61 

J («"_„) = 288 49 5.19 

2/ == 6 57 7 .46 

2/" = 6 56 32 .68 

The sum 2/-|- 2/", which is a check, only differs by 0".20 from 2/', and the 

equation 

p _ rrinVl' _ »!' 

■'^ — /'sin 2/ — » 

is sufficiently satisfied by distributing this 0".2 equally between 2/ and 2/", so 
that 2/= 6°59'7".36, and 2/" = 6''56'32".58. 

Now, in order that the times may be corrected for aberration, the distances 
q, 9', q" must be computed by the formulas of Art. 145, and then multiplied into 
the time 493* or 0*.005706, as follows : — 

logr 0.47497 

log8in(AD — C) .... 9.51187 
comp. log sin ^ 0.32533 



log 9 




0.31217 


log const 




7.76054 


log of reduction 




8.07271 


Beduction = 


; 0.011823 




log^, 




0.47497 


log sin (^ — z) 




9.44921 


comp log sin ^, 




0.38509 


log of reduction 




0.30927 


Reduction, 0.011744. 





• The constant of aberration is that of M. Stnive. 
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log/' 0.47447 

logsin(A"D' — C") . . . 9.84253 

log sin <J" 0.05770 

log of reduction .... 0.37470 
Reduction = 0.013653 



Observations. 

L 


Corrected Times. 

July 30. 361080 


Intenrals. 


Logarithms. 


n. 


Sept 6. 236691 


37.875611 


1.5783596 


m 


Oct 14. 119260 


37.882569 


1.5784395 



Hence the corrected logarithms of the quantities 6^ 6" become 9.8140209, 
and 9.8139410. 

We are now, according to the precept of Art 146, to commence the determi- 
nation of the elements from the quantities/, /, /', 6, and to continue the calcula- 
tion so far as to obtain t], and again from the quantities /", r, /, d" so as to 

obtain V'. 

logij 0.0011576 

log ri". .... 0.0011552 

logP' .... 9.9999225 

log^ .... 9.6309476 

From the first hypothesis, therefore, there results X ^ 0.0000251, and 
r= 0.0029648. 

In the second hypothesis, we assign to P and Q the values which we find 
in the first hypothesis for P' and Q^. We put, therefore, 

:r=logP= 9.9999225, 
y = log^= 9.6309476. 

Since the computation is to be performed in precisely the same manner as in 
the first hypothesis, it is sufficient to set down here its principal results: — 



o> 5''43'56".10 

w + a 7 49 1 .97 

log (? (? sin 01 . . . . . 0.9142633 



g 7° 59'34"98 

log/ 0.4749037 

0.7724177 



log- 
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log 



«V 



n 



// 



C" 



. 0.7724952 
185° 10' 39" 64 
189 25 42 .36 



logr 0.4748696 

logr" 0.4743915 



i («" — u) 

2/' . • 
2/. . . 
2/" . . 



264° 21' 50" .64 
288 49 5 .57 
.13 53 58 82 
. 6 57 15 58 
. 6 56 43 41 



In this case we distribute the difference 0".17 so aa to make 2/= 6° 51' 15".49 
and 2/"= 6° 56' 43".33. 

It would not be worth while to compute anew the reductions of the time on 
account of the aberration, for they scarcely differ 1" fix>m those which we de- 
rived from the first hypothesis. 

Further computations furnish 

log ij = 0.0011582, log«j" = 0.0011558, whence are deduced 

log P' = 9.9999225, X= 0.0000000 
log ^ = 9.6309955, r=0.0000479. 

From which it is apparent how much more exact the second hypothesis is than 

the first. 

For the sake of completing the example, we will still construct the third 

hypothesis, in which we shall adopt the values of P' and Q^ derived from the 

second hypothesis for the values of P and Q. 

Putting, therefore, 

rr = log P = 9.9999225 

t/ = logQ = 9.6309955 
the following are obtained for the most important parts of the computation : — 



01 5M3'56M0 

o> + (y 7 49 1.97 

log Qc 8m 0) .... 0.9143111 

7"59'35".02 



losrr' 



nV 



n 



log 



1 n'f^ 



0.4749031 
0.7724168 



n 



c 



. 0.7724943 
185° 10' 39".69 



r . . . 

logr . . 
log;^' . . 
i («"+ «) 
i («"— m) 

2/' . . 

2/ . . 

2/" . . 



189° 25' 42".45 
. 0.4748690 
. - 0.4743909 
264° 21' 50".64 
288 49 5 .57 

13 53 58 .94 

6 57 15 .65 

6 56 43 .49 
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The difference 0".2 between 2/ and 2/4-2/' is divided as in the first 
hypothesis, making 2/= 6° 57' 15".55, and 2/'= 6° 56' 43".39. 

All these numbers differ so little from those given by the second hypothesis 
that it may safely be concluded that the third hypothesis requires no further cor- 
rection ; if the computation should be continued as in the preceding hypotheses, 
the result would be X= 0.0000000, r= 0.0000001, which last value must be 
regarded as of no consequence, and not exceeding the unavoidable uncertainty 
belonging to the last decimal figure. 

We are, therefore, at liberty to proceed to the determination of the elements 
from 2/', r, /', fl' according to the methods contained in articles 88-97. 

The elements are found to be as foUows : — 



Epoch of the mean longitude, 1845, 
Mean daily motion, .... 
Longitude of the perihelion, . . 
Angle of eccentricity, . . . • 
Logarithm of the major semi-axis 
Longitude of the ascending node, 
Inclination of the orbit, .... 

' The computation of the middle place from these elements gives 

a'= 324° 34' 51".05, /3'= — 14° 45' 28".31 

which differ but little from the observed values 

a'= 324° 34' 50".92, /S'= — 14° 45' 28".28. 



278° 47' 13".79 

771".5855 

148° 27' 49".70 

4 33 28 .35 

0.4417481 

80° 46' 36".94 

10 37 7 .98 



'■■'' \ Vi' \\ 



41 
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«', 


«", 


in 
(X 


/S', 


r, 


r 


A% 


A", 


A'" 


K, 


R', 


R" 


9', 


9", 


9'" 



FORMULAS FOR COMPUTING THE ORBIT OF A COMET. 

Given 

Mean times of the observations in di^s^ ^, fy f 

Observed longitudes of the cornet^ 

Observed latitudes of the comet* 

Longitudes of the s\m^ 

Distances of the sim from the earthy 
Bequired 

The curtate distances from the earthy 

Compute 

L 

tan/y^ „ f— f m sin ((/ — A'^ — tBLU (T 

^— 'sinK— ^^^ ^-^ f—i \SLXif'—m%vcL{pP'—A^) 

and by means of this^ approximately, 

f^" = Jf 9'. 

n. 

jr is the chord of the earth's orbit between the first and third places of the earth. 
O the longitude of the first place of the earth as seen from the third place. 

m. ^ ^ ^ 

M— cos {a"'— a') = A cos C cos {H— a'") 
sin {a'"— a') = A cos C sm {H— a!") 
ilf tan ^'"— tan /S' = A sin C. *"^-^^' 

A is always positive. If iVis a point, the coordinates of which, referred to .the 
third place of the earth, are 

9' cos a\ q' sin a\ q tan jS, 
then are 
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the polar coordinates of iihe third place of the comet, (that is, the distance, longi- 
tude and latitude,) referred to the point iV as the origin. 

IV. 

cos C cos (G' — ^) = cos 9 ffsmq> = A 

cos /S' cos («' — A') = cos 1//' Hf sin i//'= B' 

cos r cos («'" — A'") = cos v'" B"' sin i/;'" = B"' 
By means of y , i/'', f'", ^, ^, -B"', Olbers's formulas, become : — 

A^ ={hQ'— ff cos (pf-\-A^ 
r^ ={Q'8ecli'—Il'cosifj'f-{-B^ 
r'"^ ={Mi)' sec (i'" — i?"' cos xf>"y + 5"" 

The computation would be somewhat easier by 

V. 

h cos (i'=/', g cos 9 — ^/' B! cos i//'= </ 
*^^' =/'" g cos v — /'" B" cos f '"= tf"' 



/'.=(!i+f:y+^' 



in which 



u = hq' — g cos 9 



VI. 

A value of wis to be found by trial which will satisfy the equation 

(r' + /"+#-(r'+r'"-# =^, 

in which 

log »»'= 0.9862673 

If no approximate value for q' or for / or r'" is otherwise known, by means 
of which an approximate value of u can be found, we may begin with 
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This trial will be facilitated by Table Ilia, which gives fi corresponding to 

by means of which is found ky which corresponds rigorously to r, /'', and f^' — f: — 

in which 

log X = 8.5366114. 

The process may be as follows : For any value of u compute k, /, /'', by V, 
and with /, r"', compute tj, with which jit is to be taken from Table Ilia, and a value 
of A is to be computed which corresponds to the /, /^\ f — l! used. And w is to 
be changed until the second value of h shall agree exactly with that computed 
byV. 

Then we have 

vn. 

9' cos (a' — ^') — ir = / cos y cos {t — M) 

q' sin (a' — A') = / cos *' sin (/ — A') 

q' tan |5' = / sin b' 

Q cos [a — A ) — Jt =r cos o cos (i — A ) 

f sin (a'" — A'") = r'" cos b'" sin (r — il"') 

q'" tan /3"' = /" sin b"'. 



. ' 



FIRST CONTROL. 

The values of /, /^', obtained from these formulas, must agree exactly with 

those before competed. 

tj b' ; r% y"y are heliocentric longitudes and latitudes of the comet 

The motion is direct when t" — t is positive, and retrograde when V — t is 

negative. 
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vm. 

± tan V = tan i sin {Jl — Q ) 
=*= 8in(r^-jO ^ = tantcos(r— a) 

2 the inclination is always positive, and less than 90**. The upper signs are to be 
used when the motion is direct ; the lower when it is retrograde. 

IX. 

^(^^-:Q) = tan(r-8), ^^^^^T^> = tan(J--8). 

cos » ^ ^' COS » ^ ' 

L and U" are the longitudes in orbit. 

SECOND CONTROL. 

The value of Tc before computed must be exactly 

*=v/[r'' + /''^ — 2//''cos(i;''' — r)]. 

» X. 

1 _ cos^(Z^ — ^) 
^{IJ"—L') coseci(Z^^^— ZQ _ 8in^(Z^— ^) 

TT, the longitude of the perihelion, is counted from a point in the orbit from which 
the distance, in the direction of the order of the signs, to the ascending node, is 
equal to the longitude of the ascending node. 

XI. 
The true anomalies are 

v' = r — n,i/'' = r''—n. 

With these the corresponding M^ and M"' are to be taken from Barker's 
Table, and we have then the time of perihelion passage 
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in which M' and M'^' have the sign of v' and v'" \ the constant log n is 

log n= 0.0398723. 

The upper signs serve for direct, the lower for retrograde motion. 
For the use of Table Ila instead of Barker's Table, see Article 18 of the 
Appendix. 

THIRD CONTROL. 

The two values of Ty firom H^ and f\ must agree exactly. 

XXL 

With T^ y, TT, Q , «, r, -4", -R", compute a" and |3'', and compare them with the 
observed values. And also compute with these values the formula 

If this value agrees with that of m of formulas L, the orbit is exactly deter- 
mined according to the priuciples of Olbers's Method. That is, while it satisfies 
exactly the two extreme places of the comet, it agrees with the observations in 
the great circle which connects the middle place of the Comet with the middle 
place of the Sun. 

If a difference is foimd, M can be changed until the agreement is complete. 
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'M:0.0 
OlO. 

81-0. 
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TABLE !• (See articlea 42, 46.) 




1 




ELLIPSE. 




HYPERBOLA. 


A 


LogB 





T 


LogB 





T 


0.000 








0.00000 








0.00000 


.001 








.00100 










.00100 


.002 





2 


.00200 







2 


.00200 


.003 


1 


4 


.00301 




1 


4 


.00299 


.004 


1 


7 


.00401 




1 


7 


.00399 


0.005 


2 


11 


0.00502 




2 


11 


0.00498 


.006 


8 


16 


.00603 




8 


16 


.00597 


.007 


4 


22 


.00704 




4 


22 


.00696 


.008 


5 


29 


.00805 




5 


29 


.00795 


.009 


6 


87 


.00907 




6 


87 


.00894 


0.010 


7 


46 


0.01008 




7 


46 


0.00992 


.Oil 


9 


56 


.01110 




9 


55 


.01090 


.012 


11 


66 


.01212 




11 


66 


.01189 


.013 


13 


78 


.01314 




18 


77 


.01287 


.014 


15 


90 


.01416 




15 


89 


.01384 


0.015 


17 


108 


0.01518 




17 


102 


0.01482 


.016 


19 


118 


.01621 




19 


116 


.01580 


.017 


22 


133 


.01723 




21 


131 


.01677 


.018 


24 


149 


.01826 




24 


147 


.01774 


.019 


27 


166 


.01929 




27 


164 


.01872 


0.020 


30 


184 


0.02032 




80 


182 


0.01968 


.021 


83 


203 


.02136 




83 


200 


.02065 


.022 


36 


223 


.02239 




36 


220 


.02162 


.023 


40 


244 


.02348 




89 


240 


.02258 


.024 


43 


265 


.02447 




43 


261 


.02855 


0.025 


47 


288 


0.02551 




46 


288 


0.02451 


.026 


51 


312 


.02655 




50 


306 


.02547 


.027 


55 


836 


.02760 




54 


830 


.02643 


.028 


59 


362 


.02864 




58 


355 


.02739 


.029 


63 


388 


.02969 




62 


881 


.02834 


0.030 


67 


416 


0.03074 




67 


407 


0.02930 


.081 


72 


444 


.03179 




71 


435 


.03025 


.032 


77 


473 


.03284 




76 


463 


.03120 


.033 


82 


503 


.03389 




80 


492 


.03215 


.034 


87 


535 


.03495 




85 


523 


.03310 


0.035 


92 


567 


0.03601 




91 


554 


0.03404 


.036 


97 


600 


.03707 




96 


585 


.03499 


.037 


103 


634 


.03813 




101 


618 


.03593 


.038 


108 


669 


.03919 




107 


652 


.03688 


.039 


114 


704 


.04025 




112 


686 


.03782 


.040 


120 


741 


.04132 




118 


722 


.03876 





1 


1 


^^TTT^^^^^I^r^^H 


^1 


^ 


2 






TABLE I. 










ELLIPSE. 




HYPERBOLA. 




A 


LogB 


C 


T 


LogB 


C 


T 


0.040 


120 


741 


0.041319 


118 


722 




0.038757 




.041 


126 


779 


.1142387 




124 


758 




.039695 






.042 


133 


818 


.043457 




130 


795 




.040632 






.043 


139 


858 


.044528 




136 


833 




.041367 






.044 


146 


898 


.045601 




143 


872 




.042500 






0.045 


152 


940 


0.046676 




149 


912 


0.04S432 






.046 


159 


982 


.047753 




, 156 


953 




.044363 






.047 


166 


1026 


.048831 




163 


994 




.045292 






.048 


173 


1070 


.049911 




170 


1037 




.046220 






.049 


181 


1116 


,050993 




177 


1080 




.047147 






0.050 


188 


1162 


O.Oa-2077 




184 


1124 




0.048072 






.051 


196 


1210 


.053163 




191 


1169 




.048995 






.05a 


204 


1258 


.054250 




199 


1215 




.049917 






.053 


212 


1307 


.055339 




207 


1262 




.050838 






.054 


220 


1358 


.056430 




215 


1310 




.051757 






0.055 


228 


1409 


0.057523 




223 


1338 




0.052675 


m 




.056 


236 


1461 


.058618 




231 


1407 




.053392 






.057 


245 


1514 


.059714 




239 


1458 




.054507 


^^H 




.058 


234 


1568 


.060812 




247 


1509 




.056420 


^^H 




.059 


263 


1623 


.061912 




256 


1561 




.056382 


■ 




U.OCO 


272 


1679 


0.063014 




26.i 


1614 


0.057348 


■ 




.061 


281 


1736 


.064118 




273 


1667 




,058152 






.062 


290 


1794 


.063223 




282 


1722 




.069*60 


^^H 




.063 


300 


1853 


.066331 




291 


1777 




.069867 ' 


^^H 




.064 


309 


1913 


.067440 




301 


1833 




.090872 


■ 




0.0C5 


319 


1974 


0.068551 




310 


1891 




).06M76 


■ 




.066 


329 


2036 


.069664 




320 


1949 




.088«?8 






.067 


339 


2099 


.070779 




329 


2007 




.0Wi79 


^^^ 




.068 


350 


2163 


.071896 




339 


2067 




.0^4479 






.069 


360 


2228 


.073014 




349 


2128 




.0»fi»77 






0.070 


■371 


2294 


0.074135 




359 


2189 




).0Rfi274 


^_ 




.071 


381 


2360 


.075257 




370 


2251 




.OBTITO 


^^1 




.072 


892 


2428 


.076381 




380 


2314 




.(WSft64 


^^1 




.073 


403 


2497 


.077507 




390 


2378 




.()fih«.o7 


^^1 




,074 


415 


2567 


.078635 




401 


2443 




.066S48 


^1 




0.075 


4-2 fi 


2638 


0.079765 




412 


2m 




9.07fi788 


^1 




.076 


437 


2709 


.080897 




423 


2575' 




.071627 






.077 


449 


2782 


.082030 




434 


2 is' 




.0?2514 


^H 




.078 


461 


2856 


.083166 




445 


^iv 




.078400 


^H 




.079 


473 


2930 


.084303 




457 


2's' 




.074285 


^^1 




.om 


4S5 


3006 


.085443 




468 


2 W' 




.075168 


fl 










J 



F 


I 


TABLE I. 
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1 




ELLIPSE. 




HYPERBOLA. 


1 


A 


Logfl 


c 


T 


LogB 


c 


T 


0.080 


485 


3006 


0.085443 


468 


2850 


0.075168 




.081 


498 


3088 


.086584 




480 


2921 


.076050 


^^H 


^H 


.082 


610 


3160 


.087727 




492 


2992 


.076930 


^^H 


^H 


.083 


523 


3239 


.088872 




504 


3065 


.077810 


^^H 


H 


.084 


535 


3319 


.090019 




516 


3138 


.078688 


^M 


H 


0.085 


548 


3399 


0.091168 




528 


3212 


0.079564 


^H 


^H 


.086 


561 


3481 


.092319 




540 


3287 


.080439 


^^H 


^H 


.087 


575 


3564 


.093472 




r>:,3 


8363 


.081313 


^^H 


^H 


.088 


588 


3647 


.094627 




566 


3440 


.082186 


^^^1 


H 


.089 


602 


3732 


.095784 




578 


3517 


.083057 


^^^^H 


H 


0.090 


615 


3818 


0.09694-1 




591 


3595 


0.083927 


^^^^H 


^^B 


.091 


629 


3904 


.098104 




604 


3674 


.084796 


^^^^^^^H 


^^B 


.092 


64.3 


3992 


.099266 




618 


3754 


.085663 


^^^^^^^H 


^^H 


.093 


6.^8 


4081 


.100431 




631 


3836 


.086529 


^^^^^^^H 


^H 


.094 


672 


4170 


.101598 




645 


3917 


.087394 


^^^^H 


^H 


0.095 


687 


4261 


0.102766 




658 


3999 


0.088257 


^^^^H 


^1- 


.096 


701 


4353 


.103937 




672 


4083 


.089119 


^^H 


v~ 


.097 


'716 


4446 


.105110 




686 


4167 


.089980 


^^H 




.098 


731 


4539 


.106284 




700 


4252 


.090840 


^^H 




.099 


746 


4634 


.107461 




714 


4338 


.091698 


^H 


H^^ j 


0.100 


762 


4730 


0.108640 




728 


4424 


0.092555 


^^^H 


^^^^^■^j 


.101 


777 


4H26 


.109820 




743 


4512 


.093410 


^^^^^^^H 


^^^^^^■i 


.102 


793 


4924 


.111003 




758 


4600 


.094265 


^^^^^^^H 


^^^^^^p 


,103 


809 


5023 


412188 




772 


4689 


.095118 


^^^^^^^H 


^^^^ 


.104 


825 


5123 


.113375 




787 


4779 


.095969 


^^^^1 




ttios 


841 


5224 


0414563 




802 


4870 


0.096820 


^H 




-.106. 


857 


5325 


.115754 




817 


4962 


.097669 


^^H 




-403 


873 


5428 


.116947 




833 


5054 


.098517 


^^H 




,408 


890 


5532 


.118142 




848 


5148 


.099364 


^^H 




,409. 


907 


5637 


.119339 




864 


5242 


.100209 


^H 




iftilB. 


924 


5743 


0420538 




880 


5337 


0.101053 


^1 




4U 


941 


5850 


.121739 




895 


5432 


.101896 


^^H 




, -4ia, 


958 • 


5958 


.122942 




911 


5529 


.102738 


^^H 




M-.U8.^ 


975 


6{)67 


424148 




928 


5626 


.103578 






-i4M.., 


m 


6177 


425355 




944 


5724 


.104417 


^^^^H 




*1i$<i, 


lOU 


6288 


0.126564 




960 


5823 


0.105255 


^^^^H 




.11& 


1029 


6400 


.127776 




977 


5923 


.106092 


^^^^^^^^H 




.117 


mi 


6513 


.128989 




994 


6024 


.106927 


^^^^^^^^^^^M 




418 


ms 


6627 


.130205 




1010 


GI25 


.107761 


^^^^^^^^^^^M 




419 


IMf- 


6742 


.131423 




1027 


6228 


.108394 


^^^^^^^^^^^1 




.120 


nm 


6858 


.132643 




1045 


6331 


.109426 ! 


^^M 












1 


b 












J 





1 




^H 


^^^^^^^ 4 
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ELLIPSE. 




HYPERBOLA. 




A 


LogB 





T 


LogB 


c 


T 


0.120 


1102 


6858 


0.132643 


1045 


6331 


0.109426 




.121 


1121 


6!>76 


.133865 




1062 


6435 


.1 10256 






.122 


1139 


7094 


.135089 




1079 


6589 


.111085 






.123 


1158 


7213 


.136315 




1097 


6645 


.111913 






.124 


1178 


7334 


.137543 




1114 


6751 


.112740 






0.125 


1197 


7455 


0.138774 




1132 


6858 


0.113566 






.126 


1217 


7577 


.140007 




1150 


6966 


.114390 






.127 


1236 


7701 


.141241 




1168 


7075 


.115213 






.128 


1256 


7825 


.142478 




1186 


7185 


.116035 






.129 


1276 


7951 


.143717 




1205 


7295 


.116855 






0.130 


1296 


8077 


0.144939 




1223 


7406 


0.117675 






.131 


1317 


8205 


.146202 




1242 


7518 


.118493 






.132 


1337 


8334 


.147448 




1261 


7631 


.119310 






.133 


1358 


8463 


.148695 




1280 


7745 


.120126 






.134 


1378 


8594 


.149945 




1299 


7859 


.120940 






0.135 


1399 


8726 


0.151197 




1318 


7974 


0.121754 






.136 


1421 


8859 


.152452 




1337 


8090 


.122566 






.137 


1442 


8993 


.153708 




1357 


8207 


.123377 






.138 


1463 


9128 


.154967 




1376 


8325 


.124186 






.139 


1485 


9264 


.156228 




1396 


8448 


.124996 






O.HO 


1507 


9401 


0.157491 




1416 


8562 


0.I25S02 






.Ul 


1529 


9539 


.158756 




1436 


8682 


.126609 






.142 


1551 


9678 


.160024 




1466 


8803 


.1271! A 






.143 


1673 


9819 


.iei294 




1476 


8925 


.V2S^7 






.144 


1696 


9960 


.162566 




1497 


9047 




29M0 






0.U5 


1618 


10102 


O.I 63840 




1517 


9170 


0. 


2989&< 






.146 


1641 


10246 


.165116 




1538 


9294 




SOttJ 






.147 


1664 


10390 


.166395 




1559 


9419 




SlttL 






.148 


1687 


10536 


.lfi7676 




1580 


9545 




32C2». 






.149 


1710 


10683 


.IU8'J59 




1601 


9671 




38M9. 






0.150 


1734 


10830 


0.170245 




1622 


9798 - 


0. 


3SM»>^ 






.151 


1757 


10979 


.171533 




1643 


9926 




34Wf 






.152 


1781 


1U29 


.172823 




1665 


10055 




35899 






.153 


1805 


11280 


.174115 




1686 


10I8&, ■: 




3CJ8i, 






.154 


1829 


11432 


.175410 




1708 


1031J}. 




36m. 






0.155 


1854 


11585 


0.176707 




1730 


1044«,,.; 


^ 0. 


mj%.n 






.156 


1878 


1173D 


.178006 




1752 


10578.,: 




S8JS6I 






.157 


1903 


11894 


.179308 




1774 


10711 ■, 


' . 


39949 






.158 


1927 


12051 


.180612 




1797 


1084i.: 




40185 






.159 


I9.'r2 


12208 


.181918 




1819 


10974... 




40920 






.160 


1977 


12366 


.183226 




1842 


11119)' 1 


!UI704 










1 





ELLIPSE. 




HTPERBOLA. |l 


A 


LogB 


c 


T 


l^gB 


c 


T 


0.160 


1977 


12366 


0.183226 


1842 


11113 


0.141704 


.161 


2003 


12526 


.184537 




1664 


11249 


.142487 


.162 


2028 


12686 


.185850 




1887 


11386 


.143269 


.163 


2054 


12848 


.187166 




1910 


11.523 


.144050 


.164 


2080 


13011 


.188484 




1933 


11661 


.144829 


0.165 


2106 


13175 


0.189804 




1956 


11800 


0.145608 


.166 


2132 


13340 


.191127 




1980 


11940 


.1463«5 


.167 


2158 


13506 


.192452 




2003 


12061 


.147161 


.168 


2184 


13673 


.193779 




2027 


12222 


.147337 


.169 


2211 


13841 


.195109 . 




2051 


123B4 


.148710 


0.170 


2238 


14010 


0.196441 




2075 


12507 


0.149483 


.171 


2265 


14181 


.197775 




2099 


12651 


.150255 


.172 


221)2 


14352 


.199112 




2123 


12795 


.151026 


.173 


2319 


14525 


.200431 




2147 


12940 


.151795 


.174 


2347 


14699 


.201793 




2172 


18086 


.152564 


0.175 


2374 


14873 


0.203137 




2196 


1.1233 


0.153331 


.176 


2402 


15049 


.204484 




2221 


13380 


.154097 


.177 


24.^0 


15226 


.205832 




2246 


13529 


.154862 


.178 


2458 


15404 


.207184 




2271 


13678 


.155626 


.179 


2486 


15583 


.208538 




2296 


13827 


.156389 


0.180 


2515 


15764 


0.209894 




2321 


13978 


0.157151 


.181 


2543 


15945 


.211253 




2346 


14129 


.157911 


.182 


2572 


16128 


.212614 




2372 


14281 


.158671 


.IBS 


2601 


16311 


.213977 




2396 


14434 


.159429 


.18* 


2630 


16496 


.215343 




2423 


14588 


.160187 


0.189' 


2660 


16682 


0.216712 




2449 


14742 


0.160943 


.im- 


2689 


16868 


.218083 




2475 


14698 


.161096 


.187:' 


2719 


17057 


.219456 




2302 


15054 


.162453 


.?«»- 


2749 


17246 


.220832 




2528 


15210 


.163206 


AW- 


2779 


17436 


.222211 




2554 


15368 


.163956 


0.1 «: ■ 


2809 


17627 


0.223592 




2581 


15526 


0.164709 


i .m ■' 


2839 


17820 


.224975 




2608 


15685 


.165458 


1 .19S' ■'■ 


2870 


18013 


.226361 




2634 


15845 


.166207 


.m-' 


■ 2900 


18208 


.227750 




2661 


16005 


.166955 


.m-'' 


aaai 


' 18404 


.229141 




2688 


16167 


.167702 


0.195''- 


■> 296«'l 


' 18601 


0.230535 




2716 


16329 


0.168447 


.198' ■ 


299» • 


18799 


.231931 




2743 


16491 


.169192 


.197' ■■ 


■ ffl»23 1 ■ 


' 18998 


.233329 




2771 


16653 


.169935 


.198 


SOS*'- 


19198 


.234731 




2798 


16819 


.170678 


.199 


3088'- 


' 19400 


.230135 




2826 


16984 


.171419 


.200 


312ft' 


' 19602 


.237541 




2854 


17150 


.172139 



^^^^^^^^6^ 
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TABLE I. 


■ 






ELLIPSE. 




HYl'EHBOLA. 




A 


LogB 


c 


T 


LogB 


C 


T 


0.200 


3120 


19602 


0.257541 


2854 


17150 


0.172159 




.201 


3152 


19806 


.2.^8950 




2882 


17317 




.172899 






.20a 


3184 


20011 


.240361 




2910 


17484 




.173637 






.203 


3216 


20217 


.2417^6 




2938 


17652 




.174374 






.204 


8249 


20424 


.243192 




2967 


17821 




.175110 






0.205 


3282 


20632 


0.244612 




2995 


17991 




). 175845 






.206 


3315 


20842 


.246034 




3024 


18161 




.176579 






.207 


3.^48 


21052 


.247458 




3053 


18332 




.177312 






.208 


3381 


21264 


.248885 




8082 


18504 




.178044 






.209 


34U 


21477 


.250315 




3111 


18677 


.178775 






0.210 


3446 


21690 


0.231748 




3140 


18850 


0.179505 






.211 


34«2 


21905 


.233183 




3169 


19024 


.180234 






.212 


3516 


22122 


.254620 




3199 


19199 


.180962 






.213 


3550 


22339 


.236061 




3228 


19375 


.181688 






.214 


3584 


22557 


.2.^7504 




3258 


19551 


.182414 






0.215 


3618 


22777 


0.258950 




3288 


19728 


0.183139 






.216 


3653 


22998 


.260398 




3318 


19906 


.183863 






.217 


3688 


23220 


.261849 




3348 


20084 


.184585 






.218 


3723 


23443 


.263303 




S378 


20264 


.185307 






.219 


3758 


23667 


.264759 




3409 


20444 


.186028 






0.220 


3793 


23892 


0.266218 




3439 


20625 


0.186747 






.221 


3829 


2-1)19 


.267680 




3470 


20806 




.187466 






.222 


3865 


24347 


.269145 




3500 


20988 




.188184 






.223 


3900 


24576 


,270612 




3531 


21172 




.188900 






.224 


3936 


24806 


.272082 




3562 


21355 




.189616 






0.225 


3973 


25037 


0.273555 




3594 


21540 




.190331 






.226 


4009 


25269 


.275031 




3625 


21725 




■1910J4 






.227 


4046 


25502 


.276509 




3656 


21911 




.101257 






.22S 


4082 


25737 


.277990 




3688 


22098 




.193468 






.229 


4119 


25973 


.279474 




3719 


22285 




.193J79 






0.230 


4156 


26210 


0.280960 




3751 


22478 


M9»88» 






.231 


4194 


26448 


.2H2450 




3783 


226C2 




.104537 






-232 


4231 


26687 


.2K3942 




3815 


22852 




.195305 






.233 


4269 


26928 


.2H5437 




3847 


2304^, 




.136012 






.234 


4306 


27169 


.286935 




3880 


«32^ , 




.1^6717 






0.235 


4344 


27412 


0.2884.35 




3912 


S3-*^>„ 




.19742)1 






.236 


4382 


27656 


.289939 




394.5 


236Mu 




.19^136 






.237 


4421 


27'.I01 


.291445 




3977 


SS^Ui , 




.198829 






.im 


4459 


2W14H 


.292954 




4O10 






.199530 






.239 


4498 


283a5 


.2!l446e 




4043 


um[ ', 




.200281 






.210 


4537 


28644 


.2S5980 




4076 






.200931 






\j 



TABLE I 





ELLIPSE. 




HYPERBOLA. 


A 


LogB 


1 

c 


T 


LogB 


C 


T 


0.240 


4537 


28644 


0.295980 


4076 


24396 


• 

0.200931 


.241 


4576 


28894 


.297498 




4110 


24592 


.201630 


.242 


4615 


29145 


.299018 




4143 


24789 


.202328 


.243 


4654 


29397 


.300542 




4176 


24987 


.203025 


.244 


4694 


29651 


.802068 




4210 


25185 


.203721 


0.245 


4734 


29905 


0.303597 




4244 


25384 


0.204416 


.246 


4774 


80161 


.805129 




4277 


25584 


.205110 


.247 


4814 


30418 


.306664 




4311 


25785 


.205803 


.248 


4854 


30676 


.308202 




4346 


25986 


.206495 


.249 


4894 


80935 


.309743 




4380 


26188 


.207186 


0.250 


4935 


31196 


0.311286 




4414 


26391 


0.207876 


.251 


4976 


81458 


.812833 




4449 


26594 


.208565 


.252 


5017 


81721 


.314382 




4483 


26799 


.209254 


.253 


5058 


31985 


.315935 




4518 


27004 


.209941 


.254 


5099 


82250 


.817490 




4553 


27209 


.210627 


0.255 


5141 


32517 


0.319048 




4588 


27416 


0.211313 


.256 


5182 


82784 


.320610 




4623 


27623 


.211997 


.257 


5224 


83053 


.322174 




4658 


27830 


.212681 


.258 


5266 


83323 


.823741 




4694 


28039 


.213364 


.259 


5809 


83595 


* .325812 




4729 


28248 


.214045 


0.260 


5351 


33867 


0.326885 




4765 


28458 


0.214726 


.261 


5394 


84141 


.328461 




4801 


28669 


.215406 


• .262 


5436 


34416 


.330041 




4838 


28880 


.216085 


:263 


5479 


34692 


.331623 




4873 


29092 


.216763 


.264 


5522 


84970 


.333208 




4909 


29305 


.217440 


6:265 


5566 


35248 


0.834797 




4945 


29519 


0.218116 


I'M I 


5609 


35528 


.336388 




4981 


29733 


.218791 


'M 


5653 
5697 


35809 
36091 


.337983 
.339580 




5018 
5055 


29948 
30164 


.219465 
.220138 


''.m ^ 


5741 


36375 


.341181 




5091 


30380 


.220811 


6:m[ 


5785 


36659 


0.342785 




5128 


30597 


0.221482 


•:27b(*' 


5829 


36945 


.344392 




5165 


30815 


.222153 


5874 


37232 


.346002 




5202 


31033 


.222822 


■m[ 


5919 


87521 


.347615 




5240 


81253 


.223491 


.274- 


5964 


37810 


.349231 




5277 


81473 


.224159 


h,27t ' 


600^' 


38101 


0.350850 




5315 


31693 


0.224826 


.276 • 


6084' 


38393 


.352473 




5352 


31915 


.225492 


.277 


610(r 


38686 


.354098 




5390 


32137 


.226157 


.278 


6143 


3.S981 


.355727 




5428 


32359 


.226821 


.279 


61T)1-^' 


30277 


.357359 




5466 


32583 


.227484 


.280 


62d7^'^' 


39573 


.358994 




5504 


32807 


.228147 



8 



TABLE I 





ELLIPSE. 




HYPERBOLA. 


A 


LogB 





T 


LogB 


C 


T 


0.280 


6237 


39573 


0.358994 


5504 


32807 


0.228147 


.281 


6283 


39872 


.360632 




5542 


33032 


.228808 


.282 


6330 


40171 


.362274 




5581 


33257 


.229469 


.283 


6876 


40472 


.363918 




5619 


33484 


.230128 


.284 


6423 


40774 


.365566 




5658 


33711 


.230787 


0.285 


6470 


41077 


0.367217 




5697 


33938 


0.231445 


.286 


6517 


41381 


.368871 




5736 


34167 


.232102 


.287 


6564 


41687 


.370529 




5775 


34396 


.232758 


.288 


6612 


41994 


.372189 




5814 


34626 


.233413 


.289 


6660 


42302 


.373853 




5853 


34856 


.234068 


0.290 


6708 


42611 


0.375521 




5893 


35087 


0.234721 


.291 


6756 


42922 


.377191 




5932 


35319 


.235374 


.292 


6804 


43233 


.378865 




5972 


35552 


.236025 


.293 


6852 


43547 


.380542 




6012 


35785 


.236676 


.294 


6901 


43861 


.382222 




6052 


36019 


.237326 


0.295 


6950 


44177 


0.383906 




6092 


36253 


0.237975 


.296 


6999 


44493 


.385593 




6132 


36489 


.238623 


.297 


7048 


44812 


.387283 




6172 


36725 


.239271 


.298 


7097 


45131 


.388977 




, 6213 


36961 


.239917 


.299 


7147 


45452 


.390673 




6253 


37199 


.240563 


j .300 

! . 


7196 


45774 


.392374 




6294 


37437 


.241207 



TABLE II. (See Artide 93.) 



9 



h 


logyy 


h 


logyy 


h 


logyy 


0.0000 


0.0000000 


0.0040 


0.0038382 


0.0080 


0.0076183 


.0001 


.0000965 


.0041 


.0039284 


.0081 


.0077071 


.0002 


.0001930 


.0042 


.0040235 


.0082 


.0078009 


.0008 


.0002894 


.0043 


.0041186 


.0083 


.0078947 


.0004 


.0003858 


.0044 


.0042186 


.0084 


.0079884 


0.0005 


0.0004821 


0.0045 


0.0043086 


0.0085 


0.0080821 


.0006 


.0005784 


.0046 


.0044036 


.0086 


.0081758 


.0007 


.0006747 


.0047 


.0044985 


.0087 


.0082694 


.0008 


.0007710 


.0048 


.0045934 


.00^8 


.0088630 


.0009 


.0008672 


.0049 


.0046883 


.0089 


.0084566 


0.0010 


« 

0.0009634 


0.0050 


0.0047832 


0.0090 


0.0085502 


.0011 


.0010595 


.0051 


.0048780 


.0091 


.0086487 


.0012 


.0011556 


.0052 


.0049728 


.0092 


.0087872 


.0013 


.0012517 


.0053 


.0050675 


.0093 


.0088306 


.0014 


.0013478 


.0054 


.0051622 


.0094 


.0089240 


0.0015 


0.0014438 


0.0055 


0.0052569 


0.0095 


0.0090174 


.0016 


.0015398 


.0056 


.0053515 


.0096 


.0091108 


.0017 


.0016357 


.0057 


.0054462 


.0097 


.0092041 


.0018 


.0017316 


.0058 


.0055407 


.0098 


.0092974 


. M19 


.0018275 


.0059 


.0056853 


.0099 


.0098906 


0.0020 


0.0019284 


0.0060 


0.0057298 


0.0100 


0.0094888 


.0021 


.0020192 


.0061 


.0058243 


.0101 


.0095770 


.0022 


.0021150 


.0062 


.0059187 


.0102 


.0096702 


.0023 


.0022107 


.0063 


.0060131 


.0103 


.0097683 


.0024 


.0023064 


.0064 


.0061075 


.0104 


.0098564 


0.0025 


1 

0.0024021 


0.0065 


0.0062019 


0.0105 


0.0099495 


.0026 


.0024977 


.0066 


.0062962 


.0106 


.0100425 


.0027 


.0025933 


.0067 


.0068905 


.0107 


.0101355 


.0028 


.0026889 


.0068 


.0064847 


.0108 


.0102285 


.0029 


.0027845 


.0069 


.0065790 


.0109 


.0103215 


0.0030 


0.0028800 


0.0070 


0.0066732 


0.0110 


0.0104144 


.0031 


.0029755 


.0071 


.0067673 


.0111 


.0105073 


.0032 


.0030709 


.0072 


.0068614 


.0112 


.0106001 


.0033 


.0031663 


.0078 


.0069555 


.0118 


.0106929 


.0034 


.0082617 


.0074 


.0070496 


.0114 


.0107857 

1 


0.0035 


0.0033570 


0.0075 


0.0071436 


0.0115 


0.0108785 


.0036 


.0034523 


.0076 


.0072376 


.0116 


.0109712 


.0037 


.0035476 


.0077 


.0078316 


.0117 


.0110639 


.0038 


.0036428 


.0078 


.0074255 


.0118 


.0111565 


.0039 


.0037380 


.0079 


.0075194 


.0119 


.0112491 


.0040 


.0038332 


.0080 


.0076183 


.0120 


.0113417 



^^^^^^^1^^^ 


TABLE ri. 


■^ 




h 


logyy 


b 


logyy 


h 


logyy 


1 


0.0120 


0.0113417 


0.0160 


0.0150202 


0.0200 


0.0186501 




.0121 


.0114343 


.0161 


.0151115 


.0201 


.0187403 


^H 




.0122 


.0115268 


.01G2 


.0152028 


.0202 


.0188304 


^H 




.0123 


.0116193 


.01 S3 


.0152941 


.0203 


.018920.> 


^^1 




.0124 


.0117118 


.01 S4 


.0153854 


.0204 


.0190105 


H 




0.0125 


0.0118043 


0.0165 


0.0154766 


0.0205 


0.0191005 


^M 




.0126 


.0118967 


.0166 


.0155678 


.0206 


.0191005 


^^M 




.0127 


.0119890 


.om7 


.0156589 


.0207 


J)19280.i 


^H 




.0128 


.0120814 


.01 G8 


.0157500 


.0208 


.0193704 


^H 




.0129 


.0121737 


.0169 


.0158411 


.0209 


.0194603 


H 




0.0180 


0.0122660 


0.0170 


0.01.M322 


0.0210 


0.0195602 


H 




.0131 


.0123582 


.0171 


.0160232 


.0211 


.0196401 


^^1 




.0132 


.0124505 


.0172 


.0161142 


.0212 


.0197299 


^^1 




.0133 


.0125427 


.0173 


,0162052 


.0213 


.0198197 


^^1 




.0134 


.0126348 


.0174 


.0162961 


.0214 


.0199094 


H 




0.0135 


0.0127269 


0.0175 


0.0163870 


0.0215 


0.0199992 


H 




.0136 


.0128190 


.0176 


.0164779 


.0216 


.0200889 


^^M 




.0137 


.0129111 


.0177 


.0165(^8 


,0217 


.0201 7j*:. 


^^M 




.0138 


.0130032 


.017* 


.0166596 


.0218 


.02090M' 


^^M 




.0139 


.0130952 


.0179 


.0167504 


.0219 


.020807 ■- 


H 




0.0140 


0.0I3IS71 


0.0180 


0.0168412 


0.0220 


0.0204474 


H 




.0141 


.0132791 


.0181 


.0169319 


.0221 


.0205369 ' 


^1 




.0142 


.0133710 


.0182 


.0170226 


.0222 


.0206264 






.0143 


.0134629 


.0183 


.0171133 


.0223 


.0207159 


^^1 




.0144 


.0135547 


.0184 


.0172039 


.0224 


.0208054 


H 




0.0145 


0.013646.') 


0.0185 


0.0172945 


0.<I225 


O.OWt8948 


H 




.0146 


.0137383 


.0186 


.0173851 


.0226 


.02(»9a42 


^^1 




.0147 


.0138301 


.0187 


.0174757 


.0227 


.02ltl7.S6 


^^1 




.0148 


.0139218 


.0188 


.0175662 


.0228 


.0211ifi30 


^^M 




.0149 


.0140135 


.0189 


.0176567 


.0229 


.0Siajt23 


^M 




0.0150 


0.0141052 


0.0 190 


0.0177471 


0.0230 


o.ona4t6 


^M 




.0151 


.0141968 


.0191 


.0178376 


.0231 


.0B148O9 


^^1 




.0152 


.0142884 


.0192 


.0179280 


.0232 


.(I2I5201 


^^1 




.0153 


.0143800 


.0198 


.0180183 


.0233 


.mn:«tl93 


^^H 




.0154 


.0144716 


.0194 


.0181087 


.0234 


.0216985 , 


^1 




0.0155 


0.0145631 


0.01 95 


0.0181990 


0.0235 


0.0217876 


^1 




.0156 


.0146546 


.0196 


.0182893 


.0236 


.0218768 


^^H 




.0157 


.0147460 


.0197 


.0183796 


.0237 


.0219659 


^^H 




.0158 


.0148374 


.0198 


.0184698 


.0238 


.0220549 


^^H 




.0159 


.0149288 


.0199 


.0185600 


.0239 


.0221440 


^^^1 




.0160 


.0150202 


.0200 


.0186501 


.0240 


.0222830 


H 










^ 
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TABLE II. 
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b 


logyr 


h 


logyy 


h 


logy 7 


1 


0.0240 


0.0222330 


0.0280 


0.0257700 


0.0320 


O.0292G26 




.0241 


.0223220 


.0281 


.0258579 


.0321 


.0293494 






.0242 


.0224109 


.0282 


.0259457 


.0322 


.0294361 


^^H 




.0243 


.0224998 


.0283 


.0260335 


.0323 


.0295228 


^^1 




.0244 


.0225887 


.0284 


.0261213 


.0324 


.0296095 


^H 




0.0243 


0.0226776 


0.0285 


0.0262090 


0.032.5 


0.0296961 


^1 




.0246 


.0227664 


.0286 


.0262967 


.0326 


.0297827 


^^^^^^H 




.0247 


.0228552 


.0287 


.0263844 


.0327 


.0298693 


^^^^^^^1 




.0248 


.0229440 


.0288 


.0264721 


.0328 


.0299559 


^^^^^^^1 




.0249 


.0230328 


.0289 


.0265597 


.0329 


.0300424 


^^^^M 




0.0250 


0.0231215 


0.0290 


0.0266473 


0.0330 


0.0301290 


^^^^H 




.0251 


.0232102 


.0291 


.0267349 


.0331 


.0302154 


^^^^^^^H 




.0353 


.0232988 


.0292 


.0268224 


.0332 


.0303019 


^^^^^^^H 




, .0853 


.0233875 


.0293 


.0269099 


.0333 


.0303883 


^^^^^^^H 




i '.0254 


.0234761 


.0294 


.0269974 


.0334 


.0304747 


^^^^H 




0.0255 


0.0235647 


0.0295 


0.0270849 


0.0335 


0.0305611 


^^^^1 




-.oas6 


.0236532 


.0296 


.0271723 


.0336 


.0306475 


^^^^^^^H 




".0207 


.0237417 


.0297 


.0272597 


.0337 


.0307338 


^^^^^^^H 




■-.02fi8 


.0238302 


.0298 


.0273471 


.0338 


.0308201 


^^^^^^^H 




,0Bfl9 


.0239187 


.0299 


.0274345 


.0339 


.0309064 


^^^^H 




0.0260 


0.0240071 


0.0300 


0.0275218 


0.0340 


0.0309926 


^^^^1 




.0201 


.0240956 


.0301 


.0276091 


.0341 


.0310788 


^^^^^^^1 




.0262 


.0241839 


.0302 


.0276964 


.0342 


.0311650 


^^^^^^H 




.0263 


.0242723 


.0303 


.0277836 


.0343 


.0312512 


^^^1 




.0264 


.0243606 


.0304 


.0278708 


.0344 


.0313373 


^H 




'0.09S5 


0.0244489 


0.0305 


0.0279580 


0.0345 


0.0314234 


^1 




tJS99B 


.0245372 


.030fi 


.0280452 


.0346 


.0315095 


^^H 




;■ ,0287 


.0246254 


.0307 


.0281323 


.0347 


.0315956 






'.02BB 


.0247136 


.0308 


.0282194 


.034rt 


.0316816 


^^^^^^H 




.0289 


.024801« 


.0309 


.0283065 


.0349 


.1)317676 


^^^^M 




0i)270 


0.0248900 


0.0310 


0.0283936 


0.0350 


0.0318536 


^^^^M 




XWi '. 


.0249781 


.0311 


.0284806 


.0351 


.0319396 


^^^^^^^H 




■XW3> 


.0250662 


.0312 


.028 .'167 6 


.0352 


.0320255 


^^^^^^^1 




i«^S 


.0251543 


.0313 


.0286546 


.0353 


.0321114 


^^^^^^^H 




i02?4 


.0252423 


.0314 


.0287415 . 


.0354 


.0321973 


^^^^^^H 




0.0375 


0.0253303 


0.0315 


0.02882«4 


0.0355 


0.0322831 


^^^^^^H 




.(t276 


.02.".4I83 


.0316 


.0289153 


.0336 


.0323689 


^^^^^^^^^^^1 




.0277 


.02.1.^063 


.0317 


.0290022 


.0357 


.0324547 


^^^^^^^^H 




.0278'. 


.I)2.>.'i;il2 


.0318 


.0290890 


.0358 


.0325405 


^^^^^^^H 




.0279 


.02.if;rt21 


.0319 


.0291758 


.0359 


.0326262 


^^^^^^^M 




.0280 


.1)257 700 


.0320 


.0292626 


.0360 


.0327120 
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« 


iDgyy 


>■ 


loByy 


- 


logjy 


1 


OMdO 


0.0327120 


0.040 


0.0361192 


0.080 


0.0681057 




.0361 


.0327976 


.041 


.0369646 


.081 


.0688612 






.0362 


.0328833 


.042 


.0378075 


.082 


.0696146 


^^H 




.0363 


.0329689 


.043 


.0386478 


.083 


.0703661 


^^1 




.0364 


.0330546 


.044 


.0394856 


.084 


.0711157 


■ 




0.0365 


0.0331401 


0.045 


0.0403209 


0.085 


0.0718638 


f 




.0366 


.03322.57 


.046 


.0411537 . 


.086 


.0726090 






.0367 


.0333112 


.047 


.0419841 


.087 


.0733527 






.0368 


.03331)67 


.048 


.0428121 


.088 


.0740945 






.0369 


.0334822 


.049 


.0436376 


.089 


.0748345 






0.0370 


0.0335677 


0.050 


0.0444607 


0.090 


0.0755725 






.0371 


.0336531 


.051 


.0452814 


.091 


.0763087 






.0372 


.0337385 


.052 


.0460997 


.092 


.0770480 






.0373 


.0338239 


.053 


.0469157 


.093 


.077776^ 


^^m 




.0374 


.03390^2 


.0.54 


.0477294 


.094 


.0785040 


m 




0.0375 


0.0339946 


0.055 


0,0485407 


0.095 


0.O792848 


■ 




.0376 


.0340799 


.056 


.0493496 


.096 


.0799617 






.0377 


.0341651 


.057 


.0501563 


.097 


.0806t«i8 


^H 




.0378 


.0342504 


.068 


.0509607 


.098 


.0814101 


^H 




.0379 


.0343356 


.059 


.0517628 


.099 


.082131J) 


^ 




0,0380 


0.0344208 


O.OGO 


0.0525626 


0.100 . 


0.0828518 






.0381 


.0345059 


.061 


.0533602 


.101 


.0835698 






.0382 


.0345911 


.062 


.0541556 


.102 


.0842854 


^^m 




.0383 


.0346762 


.063 


.0549488 


.103 


.0849999 


^^H 




.0384 


.0347613 


.064 


.0557397 


.104 


.0857125 


^^ 




0.0385 


0.0348464 


0.065 


0.056.5285 


0.105 


0.0864886 


^1 




.0386 


.0349314 


.066 


.0573150 


.106 


.0871%ij7 


^^1 




.0387 


.0350164 


.067 


.0580994 


.107 


.0878^ 


^^1 




.0388 


.0351014 


.068 


.0588817 


.108 


.0885^ 


^^H 




.0389 


.0351864 


.069 


.0596618 


.109 


.(«9aa0!i) 


^1 




0.0390 


0.0352713 


0.070 


0.0604398 


O.I 10 


0.6899&2^ 


^1 




.0391 


.0353562 


.071 


.061-21.57 


.111 


.090l^aO 


^^H 




.0392 


.0354411 


.072 


.0619895 


.112 


.091.1520 


^^1 




.0393 


.0355259 


.073 


.0627612 


.113 


i)92(M94 


^^1 




.0394 


.0356108 


.074 


.0635308 


.114 


.0927451 


^^ 




0.0395 


0.0356956 


0.075 


0.0642981 


0.115 


0.0934391 


^1 




.0396 


.0357804 


.076 


.0650639 


.116 


.0941315 


^^H 




.0397 


.0358651 


.077 


.06.58274 


.117 


.0948223 


^^1 




.0398 


.0359499 


.078 


.0665888 


.118 


.095.5114 


^^H 




.0399 


.0360346 


.079 


.0673483 


.119 


J09f.l990 


^^H 




.0400 


.0361192 


.080 


.0681057 


.120 


.0968849 
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■ 


TABLE IE. 


^^^^^B 




h 


logyy 


h 


i-g.vy 


h 


Knyy 


H 


, O.ISO 


0.0968849 


0.160 


0.1 2.30927 


0.200 


0.1471869 




.121 


.0975692 


.161 


.1237192 


.201 


.1477653 


^^^^^^^1 




.122 


, .0982520 


.162 


.1243444 


.202 


.1483427 


^^^^^^^1 




.123 


.0989331 


.163 


.1249682 


.203 


.1489189 


^^^^^^^1 




.124 


.0996127 


.164 


.1255908 


.204 


.1494940 


^^^H 




.0.125 


0.1002907 


0.165 


0.1262121 


0.205 


0.1500681 


^1 




.126 


.1009072 


.166 


.1268331 


.206 


.1506411 


^^H 




' .127 


.1016421 


.167 


.1274508 


.207 


.1512130 


^^H 




.128 


.1023154 


.168 


.1280683 


.208 


.1517838 


^^1 




.129 


.1029873 


.169 


.1286*45 


,209 


.1523535 


^^^B 




0.180 


0.1036576 


0.170 


0.1292994 


0.210 


0.1529222 


^^^^ 




.ISl 


.1043264 


.171 


.1299131 


.211 


.1534899 


^^^^^^M 




.188 


.1049936 


.172 


.1305255 


.212 


.1540565 


^^^^^^H 




.138 


.1056594 


.173 


.1311367 


.213 


.1546220 






.'18« 


.1063237 


.174 


.1317466 


.214 


.15.il 866 


^^^H 




0.135 


0.1069865 


0.175 


0.1323563 


0.215 


0.1557499 


^^^^1 




.186 


.1076478 


.176 


.1329628 


.216 


.1563128 


^^^^^^H 




.187 


.1083076 


.177 


.1335190 


.217 


.15(W737 


^^^^^^H 




.186 


.1089660 


.178 


.1341740 


.218 


.1574340 


^^^^^^H 




.189 


.1096229 


.179 


.1347778 


.219 


.1679988 


^^^^1 




Oil 40 


0.1102783 


0.180 


0.1353804 


0.220 


0.1685516 


^^^^M 




.141 


.1109323 


• IKl 


.1359B18 


.221 


.1691089 


^^^^^^^H 




.142 


.1115849 


.182 


.1365821 


.222 


.1596652 


^^^^^^^^^^H 




.143 


.1122360 


.183 


.1371811 


.223 


.1602204 


^^^^^^^^^^H 




.144 


.1128857 


.184 


.1377789 


.224 


.1607747 


^^^^^^M 




OiHS 


0.1135340 


0.185 


0.1383755 


0.225 


0.1613279 


"^^^^H 




.«6 


.1141809 


.186 


.1389710 


.226 


.1618802 


^^1 




.*« 


.1148264 


.187 


.1395653 


.227 


.1624315 






:m8 ■ 


.1154704 


.188 


.1401685 


.228 


.1029817 


^^^^^^1 




.»»■ 


.1161131 


.189 


.1407504 


.229 


.1635310 


^^^^1 




aroO' 


0.1167544 


0.190 


0.1413412 


0.230 


0.1640793 


^^^^1 




■.IS!""' 


.1173943 


.191 


.1419309 


.231 


.1646267 


^^^^^^^1 




;i59' ' 


.1180329 


.192 


.1425194 


.232 


.1651730 


^^^^^^^1 




.163 


.1186701 


.193 


.1431068 


.233 


.1637184 


^^^^^^^1 




.154 


.1193059 


.194 


.1436931 


.234 


.1662628 


^^^^^^H 




0.155 


0.1199404 


0.195 


0.U42782 


0.235 


0.1668063 


^^^^^^1 




.156 


.1205735 


.196 


.1448622 


.236 


.1673488 


^^^^^^^^^^H 




.1.57 


.1212053 


.197 


.1454450 


.237 


.1678903 


^^^^^^^^^^H 




.158 


.1218357 


.198 


.1460-268 


.238 


.1684309 


^^^^^^^^^^H 




.159 


.1224649 


.199 


.1466074 


.239 


.1689705 


^^^^^^^^^^H 




.160 


.1230927 


.200 


.1471869 


.240 


.1695092 


^^^H 
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r 


^^ 


H 
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log 77 


h 


iogJT 


h 


i«R7y 




0.240 


0.1695092 


0.280 


0.1903220 


0.320 


0.2098315 


^^^^^^^1 


.241 


.1700470 


.281 


.1908249 


.321 


.2103040 




^^^^^^^H 


.242 


.1705838 


.282 


.1913269 


.322 


.2107759 




^^^^^^^B 


.243 


.1711197 


.283 


.1918281 


.323 


.2112470 




^^^^1 


.244 


.1716547 


.284 


.1923286 


.324 


.2117174 




^^^^1 


0.245 


0.1721887 


0.285 


0.1928282 


0.325 


0.2121871 . 




^^^^^^^M 


.246 


.1727218 


.286 


.1933271 


.326 


.2126562 




^^^^^^^M 


.247 


.1732540 


.287 


.1938251 


.327 


.2131245 




^^^^^^^M 


.248 


.1737833 


.288 


.1943224 


.328 


.2135921 




^^^^M 


.249 


.1743156 


.269 


.1948188 


.329 


.2140591 




^^^^1 


0.250 


0.1748451 


0.29O 


0.1953145 


0.330 


0.2145253 




^^^^^^^M 


.251 


.1753736 


.291 


.1958094 


.831 


.2149909 




^^^^^^H 


.252 


.1759013 


.292 


.1963035 


.332 


.2154558 




^^^^^^H 


.253 


.1764280 


.293 


.1967968 


.333 


.2159500 




^^^^1 


.254 


.1769538 


.294 


.1972894 


.334 


.2168885 




^^^^1 


0.255 


0.1774788 


0.295 


0.197781 1 


0.335 


0.2168464 




^^^^^^^B 


.256 


.1780029 


.296 


.1982721 


.336 


.2178085 




^^^^^^^1 


.257 


.1785261 


.297 


.1987624 


.837 


.217?7<« 




^^^^^^^B 


.258 


.1790484 


.298 


.1992518 


.338 


.2182968 




^^^^H 


.259 


.1795698 


.299 


.1997406 


.339 


.2186010 


^m 


^^^^H 


0.260 


0.1800903 


0.300 


0.2002285 


0.340 


0.2191505 


■ 


^^^^^^^^ 


.261 


.1806100 


.301 


.2007157 


.341 


.2196093 




!^^^^^^^ 


.262 


.1811288 


.302 


.2012021 


.342 


.2200673 


^^1 




.268 


.1816467 


.303 


.2016878 


.343 


.2206250 


^^1 




.264 


.1821(138 


.304 


.2021727 


.344 


.2209816 


■ 




0.265 


0.1826800 


0.305 


0.2026569 


0.345 


0.2214S80 


■ 




.266 


.1831953 


.306 


.2031403 


.346 


.2218985 






.267 


.1837098 


.307 


.2036230 


.347 


.2228483 


^^1 




.266 


.1842235 


.308 


.2041050 


.348 


.2228095 


^^1 




.269 


.1847363 


.309 


.2045862 


.349 


.2238561 


■ 




0.270 


0.1852483 


0.310 


0.205OC07 


0.350 


0.S237O90 


■ 




.271 


.1857594 


Jll 


.20554(14 


.351 


:. 22*16(3 






.272 


.1862696 


J12 


.2060254 


.352 


!.22«(80 


^^H 




.278 


.1867791 


.313 


.2065037 


.353 


'.225(1640 


^^H 




.274 


.1872877 


.314 


.2069813 


.354 


:. 22351 43 


■ 




0.275 


0.1877955 


OJl.^ 


0.2074581 


0.355 


0.2259640 


■ 




.376 


.1883034 


.31A 


.2079342 


.856 


.2264131 






.277 


.1888085 


.317 


.2084096 


.357 


.2266615 


^^1 




.278 


.1893138 


.S\8. 


.2088843 


.358 


.2273093 


^^H 




.279 


.1898183 


.319 


.2093582 


.859 


.2277565 


^^H 




.280 


.1903220 


.320 


.2098315 


.860 


.2282031 
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TABLE II. 
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h 


logyy 


h 


logyy 


h 


logyy 


0.360 


0.2282031 


0.400 


0.2455716 


0.440 


0.2620486 


.361 


.2286490 


.401 


.2459940 


.441 


.2624499 


.362 


.2290943 


.402 


.2464158 


.442 


.2628507 


.363 


.2295390 


.403 


.2468371 


.443 


.2632511 


.364 


.2299831 


.404 


.2472578 


.444 


.2636509 


0.365 


0.2304265 


0.405 


0.2476779 


0.445 


0.2640503 


.366 


.2308694 


.406 


.2480975 


.446 


.2644492 


.367 


.2313116 


.407 


.2485166 


.447 


.2648475 


.368 


.2317532 


.408 


.2489351 


.448 


.2652454 


.869 


.2321942 


.409 


.2493531 


.449 


.2656428 


0^70 


0.2326346 


0.410 


0.2497705 


0.450 


0.2660397 


.871 


.2330743 


.411 


.2501874 


.451 


.2664362 


^72 


.2335135 


.412 


.2506038 


.452 


.2668321 


<mS73 


.2339521 


.413 


.2510196 


.453 


.2672276 


:Jff4 


.2343900 


.414 


.2514349 


.454 


.2676226 


9^75 


0.2348274 


0.415 


0.2518496 


0.455 


0.2680171 


^7$ 


.2352642 


.416 


.2522638 


.456 


.2684111 


y»77 


.2357003 


.417 


.2526775 


.457 


.2688046 


<um§^ . . 


.2361359 


.418 


.2530906 


.458 


.2691977 


^>ft7.^ . 


.2365709 


.419 


.2535032 


.459 


.2695903 


0.880 


0.2370053 


0.420 


0.2539153 


0.460 


0.2699824 


.881 


.2374391 


.421 


.2543269 


.461 


.2703741 


.382 


.2378723 


.422 


.2547379 


.462 


.2707652 


.383 


.2383050 


.423 


.2551485 


.463 


.2711559 


.384 


.2387370 


.424 


.2555584 


.464 


.2715462 


0-3a5; 


0.2891685 


0.425 


0.2559679 


0.465 


0.2719360 


S9^. 


.2395993 


.426 


.2563769 


.466 


.2723253 


i:im-- 


.2400296 


.427 


.2567853 


.467 


.2727141 


^4888:^': 


.2404594 


.428 


.2571932 


.468 


.2731025 


Ir^-.^TL. 


.2408885 


.429 


.2576006 


.469 


.2734904 


QMf}ts< 


) 0.2413171 


0.430 


0.2580075 


0.470 


0.2738778 


^W !:i^ 


.2417451 


.431 


.2584139 


.471 


.2742648 


•938 vir. 


.2421725 


.432 


.2588198 


.472 


.2746513 


•898 ' 


.2425994 


.433 


.2592252 


.473 


.2750374 


.m ,: 


.2430257 


.434 


.2596300 


.474 


.2754230 


0.896 


0.2434514 


0.435 


0.2600344 


0.475 


0.2758082 


.396 


.2438766 


.436 


.2604382 


.476 


.2761929 


.397 


.2443012 


.437 


.2608415 


.477 


.2765771 


.398 


.2447252 


.438 


.2612444 


.478 


.2769609 


.399 


.2451487 


.439 


.2616467 


.479 


.2773443 


.400 


.2455716 


.440 


.2620486 


.480 


.2777272 





-:• 






* ^^^^^^^^^^H 
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TABLE II. 




^^1 




h 


logyy 


h 


logjy 


1. 


k«yy 


1 


0.480 


0.2777272 


0.520 


0.2926864 


0.560 


0.3069938 




.481 


.2781096 


.521 


.2930518 


.561 


.3073437 






.482 


.2784916 


.522 


.2934168 


.562 


.3076931 


^^H 




MS 


.278873-2 


.52S 


.21)37813 


.563 


.3080422 


^^H 




.484 


.2792543 


.524 


.2941455 


.564 


.3083910 


^^ 




0.485 


0.2796349 


0..526 


0.294.5092 


0.565 


0.3087394 






.466 


.2800151 


..526 


.2SI4872fi 


.566 


.3090874 






.487 


.2803949 


.527 


.2iJ52.155 


.667 


„H094350 






.488 


.2807743 


.528 


.2955981 


.568 


.3097823 






.489 


.2811532 


.529 


.2959 G02 


.669 


.3101292 






0.490 


0.2815316 


0.530 


0.2963220 


0.670 


0.3104758 


M 




.491 


.2819096 


.531 


.2966833 


.671 


.8108220 


■ 




.492 


.2822872 


.532 


.2970443 


.672 


.3111678 


■ 




.493 


.2826644 


.5.33 


.2974049 


.573 


.311513? 






.494 


.2830411 


.534 


.2977650 


.674 


.31183$* 






0.495 


0.2834173 


0.536 


0.2981248 


0.575 


0.3122031 
.3125475 






.496 


.2837932 


.536 


.2984842 


.576 






.497 


.2841686 


.537 


.2988432 


.677 


.3128915 






.498 


.2845436 


.538 


.2992018 


.578 


.31 32.1 W 






.499 


.2849181 


.539 


.2995600 


.579 


.31327^ 






0.500 


0.2852923 


0.540 


0.2999178 


0.580 


0.3139216 






..Ml 


.2856(>f.O 


.541 


.3002752 


.581 


.3l42«4t 






.502 


.2860392 


.542 


.3006323 


.582 


.3146064 


^^^ 




.508 


.2864121 


.543 


.3009890 


.588 


.3149483 


^^^1 




.604 


.2867845 


.544 


.3013452 


.684 


.3152898 


^H 




0.505 


0.2871565 


0.545 


0.3017011 


0.585 . 


0.3156310 


^H 




.506 


.2875281 


.646 


.,3020566 


.586 


.3159719 


^^^1 




.607 


.2878992 


.547 


.3024117 


.587 


M&aii 


^^^M 




.608 


.2882700 


.648 


.3027 6C.4 


.588 


.316Cin3 


^^^M 




.609 


.2886403 


.649 


.3031208 


.589 


.316^i)j 


^H 




0.510 


0.2890102 


0.550 


0.3034748 


0.590 


0.3178818 


^H 




.511 


.2893797 


.551 


.3038284 


.591 


.317H?09 1 


^^^1 




.512 


.2897487 


.552 


.3041816 


.592 


.81 8(^096 ! 


^^^1 




.513 


.2901174 


.553 


.3045344 


.593 


.8183481 


^^^1 




.514 


.2904856 


.554 


.3048869 


.694 


.8186861 


^H 




0.615 


0.2908535 


0.555 


0.3062390 


0.695 


0.3190239 


^1 




.616 


.2912209 


.556 


.3065907 


.596 


.5193612 


^^^1 




.517 


.2915879 


.557 


.3059420 


.597 


.3196983 


^^^1 




.518 


.2919545 


.658 


.3062930 


.598 


.32(10350 


^^^1 




.519 


.2923207 


.559 


.3066436 


.599 


.3203714 


^^^1 




.520 


.2926864 


.560 


.3069988 


.600 


.3207074 


■ 




L 








. 


J 



TABLE III. (See Articles 90, 100.) 
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I. 

X or B 


i 


C 


X or B 


f 


C 


0.000 


0.0000000 


0.0000000 


0.040 


0.0000936 


0.0000894 


.001 


.0000001 


.0000001 


.041 


.0000984 


.0000938 


.002 


>0000002 


.0000002 


.042 


.0001033 


.0000984 


.003 


.0000005 


.0000005 


.043 


.0001084 


.0001031 


.004 


.0000009 


.0000009 


.044 


.0001135 


.0001079 


0.005 


0.0000014 


0.0000014 


0.045 


0.0001188 


0.0001128 


.006 


.0000021 


.0000020 


.046 


.0001242 


.0001178 


.007 


.0000028 


.0000028 


.047 


.0001298 


.0001229 


.008 


.0000037 


.0000036 


.048 


.0001354 


.0001281 


.009 


.0000047 


.0000046 


.049 


.0001412 


.0001334 


0.010 


0.0000058 


0.0000057 


0.050 


0.0001471 


0.0001389 


.011 


.0000070 


.0000069 


.051 


.0001532 


.0001444 


J0i2 


.0000083 


.0000082 


.052 


.0001593 


.0001500 


.0000097 
.0000113 


.0000096 
.0000111 


.053 
.054 


.0001656 
.0001720 


.0001558 
.0001616 


1 

a!(Xi5 


0.0000130 


0.0000127 


0.055 


0.0001785 


0.0001675 


111., 


.0000148 


.0000145 


.056 


.0001852 


.0001736 


.0000167 


.0000164 


.057 


.0001920 


.0001798 


/nS 


.0000187 


.0000183 


.058 


.0001989 


.0001860 


mf 


.0000209 


.0000204 


.059 


.0002060 


.0001924 


0.020 


0.0000231 


0.0000226 


0.060 


0.0002131 


0.0001988 


.021 


.0000255 


.0000249 


.061 


.0002204 


.0002054 


.022 


.0000280 


.0000273 


.062 


.0002278 


.0002121 


.023 


.0000306 


.0000298 


.063 


.0002354 


.0002189 


.024 


.0000334 


.0000325 


.064 


.0002431 


.0002257 


0,025 


0.0000362 


0.0000352 


0.065 


0.0002509 


0.0002827 


Mr 


.0000392 


.0000381 


.066 


.0002588 


.0002398 


/T6i»T' 


.0000423 


.0000410 


.067 


.0002669 


.0002470 


ijgg'^*^ 


.0000455 


.0000441 


.068 


.0002751 


.0002543 




.0000489 


.0000473 


.069 


.0002834 


.0002617 


- , r» p ^ ► 

.Q3'i ^ 


^'/■' 0.0000523 


0.0000506 


0.070 


0.0002918 


0.0002691 


.0000559 


.0000539 


.071 


.0003004 


.0002767 


;; .0000596 


.0000575 


.072 


.0003091 


.0002844 


,03i ' 


:: .0000634 


.0000611 


.073 


.0003180 


.0002922 


.034 


.0000674 


.0000648 


.074 


.0003269 


.0003001 


0.035 


0.0000714 


0.0000686 


0.075 


0.0003860 


0.0003081 


.036 


.0000756 


.0000726 


.076 


.0003453 


.0003162 


.037 


.0000799 


.0000766 


.077 


.0003546 


.0003244 


.038 


.0000844 


.0000807 


.078 


.0003641 


.0003327 


.039 


.0000889 


.0000850 


.079 


.0003738 


.0003411 


.040 


.0000936 


.0000894 


.080 


.0003835 


.0003496 



^ 






n 


1 


^H 


^^^^v 




TABLE III. 




^^^^^^1 




.„. 


i 


f 


.or. 


i 


f 


■ 


0.080 


0.0003835 


0.0003496 


0.120 


0.0008845 


0.0007698 




.(Wl 


.0003934 


.0003582 


.121 


.0008999 


.0007822 






.()82 


.0004034 


.0003669 


.122 


.0009154 


.0007948 


^^^1 




.083 


.0004136 


.0003757 


.123 


.0009311 


.0008074 


^^H 




.084 


.0004239 


.0003846 


.124 


.0009469 


.0008202 


^H 




0.085 


0.0004343 


0.0003936 


0.125 


0.0009628 


0.0008330 


^H 




.086 


.0004448 


.0004027 


.126 


.0009789 


.0008459 






.087 


.0004555 


.0004119 


.127 


.0009951 


.0008590 


^^^1 




.088 


.0004663 


.0004212 


.128 


.0010115 


.0008721 


^^^1 




.089 


.0004773 


.0004306 


.129 


.0010280 


.0008863 


^H 




0.090 


0.0004884 


O.0O044O1 


0.130 


0.0010447 


0.0008i»Sfi 


^H 




.091 


.0004996 


.00044;>6 


.131 


.0010615 


.0009 (2't 


^^^1 




.092 


.0005109 


.00045H3 


.132 


.0010784 


.O009i«5 


^^^H 




.098 


.0005224 


.000461)1 


.133 


.0010955 


.ooosit^ 


^^^H 




.094 


.0005341 


.0004790 


.134 


.0011128 


.00085*7 


^H 




0.095 


0.0005458 


0.0004890 


0.135 


0.0011301 


O.OO096Sfi' 


^H 




.Oil 6 


.0005577 


.0004991 


.136 


.0011477 


.0009^68 


^^^H 




.097 


.0005697 


.0005092 


.137 


.0011654 


.0009948 


^^^H 




.098 


.0003819 


.0005195 


.138 


.0011832 


.OOlOflis 


^^^H 




.099 


.0005942 


.0005299 


.139 


.0012012 


.ooiiiiii 


^H 




0.100 


0.0006066 


0.0005403 


0.140 


0.0012193 


0.001 036« 


^H 




.101 


.0006192 


.0005509 


.141 


.0012376 


.Ofll0.i09 


^^^H 




.102 


.0006319 


.0005616 


.142 


.0012560 


.0010653 


^^^H 




.103 


.0006448 


.00057:^3 


.i4y 


.0012745 


.0010798 


^^^H 




.104 


.0006578 


.00058S2 


.144 


.0012933 


.0010944 


^H 




0.105 


0.0006709 


0.0005941 


0.145 


0.0013121 


0.001 O*!' 


^H 




.106 


.0006842 


.0006052 


.146 


.0013311 


.001 Sift 


^^^H 




.107 


.0000976 


.0006163 


.147 


.0013503 


.001 »*r 


^^^H 




.108 


.0007111 


.0006275 


.148 


.0013696 


.001 fli6 


^^^H 




.109 


.0007248 


.0006389 


.149 


.0013891 


.00ljf^*6 


^H 




0.110 


0.000738G 


0.0006503 


0.1. iO 


0.00 U087 


0.0Olt«^8 


^H 




.111 


.0OO752C 


.0006618 


.151 


.0014283 


.(joiiSiio 


^^^1 




.112 


.0007667 


.0006734 


.152 


.0014484 


xmiyin 






.113 


.0007809 


.0006851 


.153 


.0014684 


.ooiia»6 


^^^H 




.114 


.0007953 


.0006969 


.154 


.0014886 


MiUAi 


^H 




0.115 


0.0008098 


0.0007088 


0.1.55 


0.0015090 


0.0O12B67 


^H 




.116 


.0008245 


.0007208 


.156 


.001539.1 


.00127B8 


^^^H 




.117 


.0008393 


.0007329 


.157 


.0015.'.O2 


.0012921 


^^^H 




.118 


.0008542 


.00074-5 I 


.158 


.0015710 ' 


.0(113079 


^^^H 




.119 


.0008693 


.0007574 


.159 


.00159211 ' 


.0013238 


^^^H 




.120 


.0008845 


.0007698 


.160 


.00161.^1 


.0013398 


^1 






■ 
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X or z 


^ 


f 


xor z 


k 


C 


. 0.160 


0.0016131 


0.0013398 


0.200 


0.0025877 


0.0020507 


.161 


.0016344 


.0013559 


.201 


.0026154 


.0020702 


.162 


.0016559 


.0013721 


.202 


.0026433 


.0020897 


.163 


.0016775 


.0013883 


.203 


.0026713 


.0021094 


.164 


.0016992 


.0014047 


.204 


.0026995 


.0021292 


0.165 


0.0017211 


0.0014211 


0.205 


0.0027278 


0.0021490 


.166 


.0017432 


.0014377 


.206 


.0027564 


.0021689 


.167 


.0017654 


.0014543 


.207 


.0027851 


.0021889 


.168 


.0017878 


.0014710 


.208 


.0028139 


.0022090 


.169 


.0018103 


.0014878 


.209 


.0028429 


.0022291 


0.170 


0.0018330 


0.0015047 


0.210 


0.0028722 


0.0022494 


.171 


.0018558 


.0015216 


.211 


.0029015 


.0022697 


.172. 


.0018788 


.0015387 


.212 


.0029311 


.0022901 


.a73 


.0019020 


.0015558 


.213 


.0029608 


.0023106 


-.174 


.0019253 


.0015730 


.214 


.0029907 


.0023311 


0476 


0.0019487 


0.0015903 


0.215 


0.0030207 


0.0028518 


a76 


.0019724 


.0016077 


.216 


.0030509 


.0023725 


A77 . 


.0019961 


.0016252 


.217 


.0030814 


.0023982 


.478 


.0020201 


.0016428 


.218 


.0031119 


.0024142 


i,179| 


.0020442 


,0016604 


.219 


.0031427 


.0024852 


0.180 


0.0020685 


0.0016782 


0.220 


0.0031786 


0.0024562 


.181 


.0020929 


,0016960 


.221 


.0032047 


.0024774 


.182 


.0021175 


.0017139 


.222 


.0032359 


.0024986 


.183 


.0021422 


.0017310 


.223 


.0032674 


.0025199 


.184 


.0021671 


.0017500 


.224 


.0032990 


.0025412 


Q.1^5 


0.0021922 


0.0017681 


0.225 


0.0033308 


0.0025627 


48?. 


.0022174 


.0017864 


.226 


.0033627 


.0025842 


487 : 


.0022428 


.0018047 


.227 


.0033949 


.0026058 


'489i«' 


.0022683 


.0018231 


.228 


.0034272 


.0026275 




.0022941 


.0018416 


.229 


.0034597 


.0026493 


ai9Qi,. 


,. 0.0023199 


0.0018602 


0.230 


0.0034924 


0.0026711 


49|in 


, .0023460 


.0018789 


.231 


.0035252 


.0026931 


.192 in 


; .0023722 


.0018976 


.232 


.0035582 


.0027151 


.193; 


.0023985 


.0019165 


.233 


.0035914 


.0027371 


.194; 


.0024251 


.0019354 


.234 


.0036248 


.0027598 


0.196 


0.0024518 


0.0019544 


0.235 


0.0036584 


0.0027816 


.196 


.0024786 


.0019735 


.236 


.0036921 


.0028039 


.197 


.0025056 


.0019926 


.237 


.0037260 


.0028263 


.198 


.0025328 


.0020119 


.238 


.0037601 


.0028487 


.199 


.0025602 


.0020312 


.239 


.0037944 


.0028718 


.200 


.0025877 


.0020507 


.240 


.0038289 


.0028939 
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X on 


i 


f 


X or z 


( 


C 


0.240 


0.0038289 


0.0028939 


0.270 


0.0049485 


0.0036087 


.241 


.0038635 


.0029166 


.271 


.0049888 


.0036337 


.242 


.0038983 


.0029394 


.272 


.0050292 


.0036587 


.243 


.0039333 


.0029623 


.273 


.0050699 


.0036839 


.244 


.0039685 


.0029852 


.274 


.0051107 


.0037091 


0.245 


0.0040039 


0.0030083 


0.275 


0.0051517 


0.0037344 


.246 


.0040394 


.0030314 


.276 


.0051930 


.0037598 


.247 


.0040752 


.0030545 


.277 


.0052344 


.0037852 


.248 


.0041111 


.0030778 


.278 


.0052760 


.0038107 


.249 


.0041472 


.0031011 


.279 


.0053118 


.0038363 


0.250 


0.0041835 


0.0031245 


0.280 


0.0053598 


0.0038620 


.251 


.0042199 


.0031480 


.281 


.0054020 


.0038877 


.252 


.0042566 


.0031716 


.282 


.0054444 


.0039 Ipp 
.003^S$)di > 


.253 


.0042934 


.0031952 


.283 


.0054870 


.254 


.0043305 


.0032189 


.284 


.0055298 


.00396^41 


0.255 


0.0043677 


0.0032427 


0.285 


0.0055728 


0.0039914 


.256 


.0044051 


.0032666 


.286 


.0056160 


.004(1 


175 1 


' .257 


.0044427 


.0032905 


.287 


.0056594 


.004(t4S7 1 


.258 


.0044804 


.0033146 


.288 


.0057030 


.004( 


700 1 


.259 


.0045184 


.0033387 


.289 


.0057468 


.004( 


9€&' 1 


0.260 


0.0045566 


0.0033628 


0.290 


0.0057908 


■ 
0.0041227 


.261 


.0045949 


.0033871 


.291 


.0058350 


.0041491 


.262 


.0046334 


.0034114 


.292 


.0058795 


.0041757 


.263 


.0046721 


.0034358 


.293 


.0059241 


.0042023 


.264 


.0047111 


.0034603 


.294 


.0059689 


.0042290 


0.265 


0.0047502 


0.0034848 


0.295 


0.0060139 


0.004^557 


.266 


.0047894 


.0035094 


.296 


.0060591 


.004: 826 


.267 


.0048289 


.0035341 


.297 


.0061045 


.004i 0^ 


.268 ' 


.0048686 


.0035589 


.298 


.0061502 


.004.^ 364 


.269 


.0049085 


.0035838 


.299 


.0061960 


.004^ (fS6 


.270 


.0049485 


.0036087 


.300 


.0062421 


.004^ 


Sf06 












' 1 





1 


1 






TABLE 


U. 




^^^H 






ELLIPSE. 


HYPERBOLA. 


1 


A 


LogE, 


LogdIiT. 


LogE, 


Logdiff. 


WE. 


Logdiff. 


WV 


Logdiff. 


o.ooo 


0.0000000 


9.2401 


0.0000000 


9.6378 


0.0000000 


9.2398 


0.0000000 


9.6378 




.001 


.0001738 


.2403 


9.9995656 


.6381 


9.9998263 


.2395 


.0004341 


.6375 


^^H 




.002 


.0003477 


.2406 


.9991309 


.6384 


.9996328 


.2392 


.0008680 


.6372 


^^H 




.003 


.0005217 


.2408 


.9986959 


.6386 


.9994794 


.2389 


.0013017 


.6370 


^^H 




.004 


.0006958 


.2413 
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.1079824 


.5737 


^^^^^^^1 




.26a 


.0516164 


.3274 


.8725126 


.7150 


.9571339 


.1657 


.1083570 


.5735 


^^^^H 




0.270 


0.0618290 


9.3277 


9.8719936 


9.7153 


9.9569875 


9.1655 


0.1087314 


9.5733 


^^^^H 




.271 


'/J520418 


.3281 


.8714742 


.7157 


.9568412 


.16.52 


.1091056 


.5730 


^^^^^^^H 




.272 


.0982547 


.3284 


.8709544 


.7160 


.9566949 


.1650 


.1094797 


.6728 


^^^^^^^H 




.273 


.0534678 


.3288 


.8704343 


.7163 


.9565487 


.1647 


.1098536 


.5726 


^^^^^^^H 




.274 


.052fi811 


.3292 


.8699137 


.7166 


.956W27 


.1644 


.1102272 


.6724 


^^^^H 




0.275 


O.0.J28046 


9.3295 


9.8693928 


9.7169 


0.9562567 


9.1642 


0.1106007 


9.6722 


^^^^H 




.276 


.0581082 


.3299 


.8688715 


.7173 


.9561108 


.1639 


.1109740 


.6719 


^^^^^^^H 




.277 


.(>538220 


.3303 


.8683498 


.7176 


.9559650 


.1637 


.1113471 


.5717 


^^^^^^^H 




.278 


.0585S6O 


^306 


.8678278 


.7179 


.9.5.'i8193 


.16.34 


.1117200 


.5715 


^^^^^^^H 




.271t 


.05S7502 


.3310 


.8673053 


.7182 


.9556736 


.1632 


.1120927 


.5713 


^^^^^^^H 




.281 1 


.0539646 


^B13 


.8667825 


.7185 


.9555281 


.1629 


.1124652 


.5710 


^^B 




L. 






M 



28 



TABLE la. 





ELLIPSE. 




HYPERBOLA. 


1 

p 
1 


A 


LogE^' 


Log diff. 


LogE^ 


Log diff. 


LogE. 


Log diff. 


LogEr. 


LogDifil 


0.280 


0.0539646 


9.3313 


9.8667825 


9.7185 


9.9555281 


9.1629 


0.1124652 


9.5710 


.281 


.0541791 


.3317 


.8662593 


.7188 


.9553826 


.1627 


.1128375 


.5708 


.282 


.0543939 


.3320 


.8657357 


.7192 


.9552372 


.1 624 


.1132097 


.5707 


.283 


.0546087 


.3324 


.8652117 


.7195 


.9550919 


.1622 


.1135817 


.5704 


.284 


.0548238 


.3327 


.8646873 


.7198 


.9549467 


.1619 


.1139534 


.5701 


0.285 


0.0550390 


9.3331 


9.8641625 


9.7201 


9.9548015 


9.1617 


0.1143250 


9.5699 


.286 


.0552546 


.3335 


.8636374 


,7204 


.9546564 


.1614 


.1146964 


.5698 


.287 


.0554700 


.3338 


.8631118 


.7208 


.9545115 


.1612 


.1150677 


.5695 


.288 


.0556858 


.3342 


.8625859 


.7211 


.9543666 


.1609 


.1154387 


.5693 


.289 


.0559018 


.3345 


.8620596 


.7214 


.9542218 


.1606 


.1158096 


.5691 


0.290 


0.0561179 


9.3349 


9.8615329 


9.7217 


9.9540771 


9.1604 


0.1161803 


9.5689 


.291 


.0563342 


.3353 


.8610058 


.7221 


.9539325 


.1601 


.1165508 


.5687 


.292 


.0565507 


.3356 


.8604783 


.7224 


.9537879 


.1599 


.1169211 


.5685 


.293 


.0567674 


.3360 


.8599504 


.7227 


.9536435 


.1596 


.1172913 


.5683 


.294 


.0569842 


.3364 


.8594221 


.7230 


.9534991 


.1594 


.1176612 


^')680 


0.295 


0.0572013 


9.3367 


9.8588935 


9.7238 


9.9533548 


9.1591 


0.1180310 


ft^678 


.296 


.0574185 


.3371 


.8583644 


.7236 


.9532106 


.1589 


.1184006 


■-♦;5675 


.297 


.0576359 


.3375 


.8578349 


.7240 


.9530665 


.1586 


.1187699 


.5673 


.298 


.0578535 


.3379 


.8573051 


.7243 


.9529224 


.1584 


.1191391 


15671 


.299 


.0580713 


.3383 


.8567748 


.7246 


.9527785 


.1581 


.1195081 


.5668 


.800 


.0582893 


.3387 


.8562442 


.7249 


.9526346 


.1578 


0.1198768 


9.5666 1 

1 



1 » 







TABLE Ila. 
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To. 


Vo. 


Log Ai* 


Log As* 


LogAa- 





6 U.OO 


+3.7005216 


—0.00000 


—9.69? 


2 


2 47 11.83 


3.7000079 


0.47160 


9.691 


4 


5 34 0.00 


3.6984710 


0.76930 


9.681 


6 


8 20 1.19 


3.6959236 


0.93987 


9.664 


8 


11 4 52.82 


3.6923863 


1.05702 


9.641 


10 


13 48 13.31 


4-3.6878872 


—1.14430 


—9.610 


12 


16 29 42.39 


3.6824613 


1.21171 


9.571 


14 


19 9 1.36 


3.6761493 


1.26497 


9.525 


16 


21 45 53.23 


3.6689972 


1.30744 


9.470 


18 


24 20 2.89 


3.6610547 


1.34135 


9.405 


20 


26 51 17.15 


+3.6523748 


—1.36825 


—9.329 


22 


29 19 24.78 


3.6430121 


1.38929 


9.239 


24 


31 44 16.52 


3.6330224 


1.40535 


9.130 


26 


34 5 44.97 


3.6224621 


1.41714 


8.994 




36 23 44.51 


3.6113863 


1.42520 


8.814 


>30 


38 38 11.23 


+3.5998496 


—1.43003 


—8.538 


^2 


40 49 2.74 


3.5879044 


1.43201 


—7.847 


34 


42 56 18.02 


3.5756011 


1.43149 


+8.237 


• 36 


44 59 57.33 


3.5629877 


1.42877 


8.585 


■'38 


47 2.00 


3.5501091 


1.42410 


8.753 


i:;.-40 


48 56 34.33 


+3.5370077 


—1.41772 


+8.857 


42 


50 49 37.39 


3.5237227 


1.40983 


8.928 


44 


52 39 14.95 


3.5102905 


1.40060 


8.978 


46 


54 25 31.32 


3.4967444 


1.39020 


9.013 


48 


56 8 31.24 


3.4831149 


1.37878 


9.038 


50 


57 48 19.82 


+3.4694297 


—1.36645 


+9.056 


52 


59 25 2.41 


3.4557140 


1.35333 


9.067 


54 


60 58 44.53 


3.4419903 


1.33952 


9.073 


56 


62 29 31.82 


3.4282790 


1.32512 


9.076 


58 


63 57 29.99 


3.4145981 


1.31021 


9.075 


60 


65 22 44.74 


+3.4009637 


—1.29486 


+9.071 


64 


68 5 26.60 


3.3738900 


1.26308 


9.056 


68 


70 38 21.86 


3.3471520 


1.23025 


9.035 


72 


73 2 13.17 


3.3208214 


1.19672 


9.008 


76 


75 17 40.91 


3.2949510 


1.16277 


8.978 


80 


77 25 22.94 


+3.2695785 


—1.12863 


+8.945 


84 


79 25 54.44 


3.2447291 


1.09447 


8.910 


88 


81 19 47.97 


3.2204185 


1.06044 


8.874 


92 


83 7 33.52 


3.1966546 


1.02665 


8.837 


96 


84 49 38.62 


3.1734393 


0.99319 


8.798 


100 


86 26 28.52 


+3.1507694 


—0.96012 


+8.760 


104 


87 58 26.32 


3.1286388 


0.92749 


8.721 


108 


89 25 53.18 


3.1070382 


0.89534 


8.682 


112 


90 49 8.43 


3.0859565 


0.86370 


8.643 


116 


92 8 29.76 


3.0653811 


0.83257 


8.605 
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TABLE lla. 


■ 


■ 




ty. 


Va- 


LogAi- 


LogAj. Log A,. 


! I 


116 


92 8 29.76 


-f-3.0663811 


—0.83257 4 


■«.60S 




120 


93 24 13.33 


3.0452984 


0.80199 


8.567 


^H 




124 


94 36 33.98 


3.0256943 


0.77194 


8.529 






128 


95 45 45.25 


3.0065544 


0.74244 


8.491 


^^H 




132 


96 51 59.60 


2.9878638 


0.71347 


8.454 


■ 




136 


97 56 28.43 


4-2.9696079 


—0.68503 4 


-8.418 


■ 




140 


98 56 22.24 


2.9517723 


0.65716 


8.382 






144 


99 54 50.68 


2.9343427 


0.62979 


8.346 






148 


100 51 2.62 


2.9173052 


0.60293 


8.311 


^^H 




152 


101 45 6.25 


2.9006462 


0.57658 


8.276 


■ 




156 


102 87 9.12 


4-2.8843526 


—0.53071 H 


■8.242 


W 




160 


103 27 18.23 


2.8684116 


0.52534 


8.209- 






164 


104 15 40.03 


2.8528110 


0.50043 


6.176 


^^H 




168 


105 2 20.49 


2.8375388 


0.47598 


8.148 . 


^^H 




172 


105 47 25.18 


2.8225838 


0.43198 


8.U1..' 


■ 




176 


106 30 59.23 


4-2.8079349 


—0.42841 4 


8.080 


■ 




180 


107 13 7.45 


2.7935817 


0.40326 


8.048 






184 


107 53 54.28 


2.7795141 


0.38253 


8.018 . 


^^1 




188 


108 33 23.67 


2.7657223 


0.36020 


7.98? ; , 






192 


109 11 40.10 


2.7521971 


0.33826 


7.95i^ 1 1 






196 


109 4B 46.58 


4-2.7389297 


-0.81670 -1-7.939," [ 






200 


110 24 46.69 


2.7259114 


0.:i9351 


7.901 1 






210 


HI 50 16.87 


2.6944032 


0.24407 


7.831 






220 


113 9 55.67 


2.6642838 


0.19472 


7.764 






230 


114 24 20.89 


2.6354467 


0.14732 


7.700 


^^- 




240 


115 34 4.97 


-j-2.6077961 


—0.10174 4 


7.6S7 


^H 




250 


116 39 35.94 


2.5812455 


0.05786 


7.577 


^^^1 




260 


117 41 18.16 


2.5557170 


0.01556 


7.5 V9 , 


^^H 




270 


118 39 32.86 


2.5311401 


9.97476 


7.468 , , 






280 


119 34 38.67 


2.5074507 


9.93535 


7.4Q9.J 


^H 




290 


120 26 51.98 


+2.4845910 


-9.89725 4-7.3594 1 


^^H 




300 


121 16 27.30 


2.4625078 


9.86(t38 


7.30|rH.^ 


^^^1 




810 


122 3 87.49 


2.4411532 


9.82467 


7.251i,; 


^^^1 




320 


122 48 34.01 


2.4204831 


9.79006 


7.2Qfl 


^M 




390 


123 31 27.11 


2.4004569 


9.76648 


7.m 






S40 


124 12 25.97 


-f-2.3810379 


—9.72387 -fl'-Ue 


^H 




850 


124 51 38.87 


2.3621918 


9.69219 


7.072 


^^H 




360 


125 29 13.25 


2.3438873 


9.66139 


7.038 


^^H 




870 


126 5 15.87 


2.3260956 


9.63142 


6.987 






S80 


126 39 52.85 


2.3087898 


9.60224 


6.947 


^H 




390 


127 13 9.75 


4-2.2919450 


—9.57381 46.907 


^^M 




400 


127 45 11.66 


2.2755384 


9.54610 


6.868 


^^H 




420 


128 45 48.63 


2.2439355 


9.49269 


6.794 


^^H 




440 


129 42 16.43 


2.2138871 


9.44176 


6.738 


^^^1 




460" 


130 35 2.66 


2.1851991 


9.39310 


6.655 


■ 




k ^^^ 


. 


J 



TABLE II« 
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To. 


Vo. 


Log Ai- 


Log As* 


LogAa* 


460 


13*0 35 2.66 


+2.1851991 


—9.89310 


+96.655 


480 


131 24 30.82 


2.1577741 


9.34654 


6.589 


500 


132 11 1.09 


2.1315086 


9.30188 


6.527 


520 


132 54 50.84 


2.1063114 


9.25901 


6.467 


540 


133 36 15.19 


2.0821011 


9.21777 


6.409 


560 


134 15 27.33 


4-2.0588051 


—9.17805 


+96.353 


580 


134 52 38.80 


2.0363588 


9.18976 


6.299 


600 


135 27 59.81 


2.0147037 


9.10278 


6.247 


640 


136 33 45.52 


1.9735615 


9.03246 


6.148 


680 


137 33 45.39 


1.9350140 


8.96649 


6.055 


720 


138 28 48.27 


+1.8987593 


—8.90438 


+95.968 


760 


139 19 33.81 


1.8645446 


8.84571 


5.885 


800 


140 6 34.57 


1.8321564 


8.79012 


5.807 


850 


141 45.22 


1.7939648 


8.72451 


5.714 


9(W' 


141 50 30.05 


1.7580440 


8.66275 


5.627 


95a 


142 36 24.37 


+1.7241428 


—8.60441 


+95.544 


, 1000 


143 18 57.20 


1.6920492 


8.54915 


5.466 


105D 


143 58 32.66 


1.6615826 


8.49665 


5.392 


iicttr' 


144 35 30.95 


1.6325881 


8.44666 


5.321 


11^ ♦ '■ 


145 10 9.20 


1.6049315 


8.39896 


5.254 


12(W' 


145 42 41.98 


+1.5784963 


—8.35333 


+95.189 


12510' 


146 13 21.82 


1.5531804 


8.30962 


5.127 


1300" 


146 42 19.55 


1.5288937 


8.26767 


5.068 


1350 


147 9 44.57 


1.5055568 


8.22735 


5.011 


1400 


147 35 45.11 


1.4830989 


8.18853 


4.956 


1450 


148 28.40 


+1.4614567 


—8.15110 


+94.903 


1500 


148 24 0.83 


1.4405738 


8.11498 


4.851 


1600 


149 7 55.10 


1.4008865 


8.04631 


4.754 


i 1700' 


149 48 6.25 


1.3636849 


7.98190 


4.663 


1800' 


150 25 5.10 


1.3286785 


7.92126 


4.576 


190fci""* 


150 59 16.75 


+1.2956243 


—7.86398 


+94.495 


2060'"' 


151 31 1.89 


1.2643177 


7.80971 


4.418 


21(ft)'- "^ 


152 37.76 


1.2345845 


7.75814 


4.345 


22(W^'-'^ 


152 28 18.85 


1.2062750 


7.70903 


4.275 


230^0* f -"^ 


152 54 17.45 


1.1792601 


7.66216 


4.208 


2400^ ' '^ 


'• 153 18 44.05 


+1.1534272 


—7.61732 


+94.145 


2500 ' 


153 41 47.70 


1.1286779 


7.57435 


4.084 


2600 


154 3 36.21 


1.1049254 


7.53310 


4.025 


2700' 


154 24 16.39 


1.0820930 


7.49344 


3.969 


2800 


154 43 54.21 


1.0601125 


7.45526 


3.914 


2900 


155 2 34.93 


+1.0389230 


—7.41844 


+93.862 


8000 


155 20 23.19 


1.0184698 


7.38289 


3.811 


3200 


155 53 38.39 


0.9795803 


7.31529 


3.715 


3400 


156 24 7.80 


0.9431040 


7.25186 


3.625 


• 3600 


156 52 14.00 


0.9087603 


7.19213 


3.540 
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TABLE Ha. 


■ 


^ 




■h- 


p,. 


1^6 At. 


l^A,. 


I*gA«. 


I 


3601) 


1^6 52 14.00 


4-0.9087603 


—97.19213 


-1-93.540 




3800 


157 18 16.42 


0.8763145 


7.13568 


3.459 






4'iOO 


157 42 27.29 


0^1455688 


7.08218 


3.388 


^^H 




4200 


158 5 2.33 


0.8163545 


7.03133 


8.311 


^^H 




4400 


158 26 11.25 


0.7885269 


6.98289 


S.242 


^^1 




4(>00 


158 46 3.15 


4-0.7619607 


—96.93664 


-1-98.176 


^H 




4800 


159 4 45.83 


0.7365469 


6.69238 


3.118 






5000 


159 22 25.99 


0.7121902 


6.84996 


3.053 


^^^M 




5200 


159 39 9.45 


0.6888063 


6.80923 


2.996 


^^^H 




5C00 


160 10 6,00 


0.6446674 


6.73234 


2.885 


H 




6OO0 


160 38 9.17 


-1-0.6036264 


—96.66082 


+92.788 






6400 


161 3 45.36 


0.5652780 


6.59398 


2.688 


^^^H 




G800 


161 27 15.57 


0.5292915 


6.53125 


2.699 


^^^H 




7200 


161 48 66.78 


0.4953934 


6.47215 


2.614 


^^^H 




7600 


162 9 2.89 


0.4633554 


6.41629 


2.48* •:>"■ 


^^H 




8000 


162 27 45.39 


-1-0.4329843 


—96.36332 


f 92.35* n" 


^^1 




8400 


162 45 13.90 


0.4041157 


6.31297 


2.28? 




I 


8800 


163 1 36.52 


0.3766081 


6.26499 


2.21 e 


^^^H 


Hi' 


9200 


163 17 0.16 


0.3503393 


6.21916 


2.154 


^^^1 




9600 


163 31 30 J2 


0.3252029 


6.17531 


2.091 


^H 


^^^ 


10000 


163 45 13.32 


+0.3011054 


—96.13326 


+92.031 


^^1 


^^H 


10500 


164 1 20.80 


0.2723199 


6.08303 


1.959 




^^H 


IIOOO 


164 16 27.66 


0.2448894 


6.03516 


1.891 




^^^^ 


11500 


164 30 40.23 


0.2186921 


5.98944 


1.82« 




^^H 


12000 


164 44 3.94 


0.1936223 


5.94568 


1.764 




^^1 


13000 


165 8 42.90 


-f-O.1 465042 


—95.86343 


+91.646 






14000 


165 30 55.26 


0.1029147 


6.78733 


1.538 




^^^H 


15000 


165 51 4.63 


0.0623627 


5.71652 


1.437 




^^^1 


ICOOO 


166 9 29.58 


0.0244528 


5.65032 


1.34« " 




^^1 


17000 


166 26 24.88 


9.9888624 


5.58817 


I.2S4 




^^H 


18000 


166 42 2.53 


-1-9.9553241 


—95.5295a 


+»U70 r 




^^^1 


19200 


166 59 18.90 


9.9174751 


5.46348 


1J)76 




^M 


20400 


167 15 11.32 


9.8819393 


5.40141 


90.987 






216(K) 


167 29 51.00 


9.8484507 


6.34290 


90,904 




^^H 


22800 


167 43 27.11 


9.8167866 


5.28758 


w.m 




^H 


24000 


167 56 7.28 


-1-9.7867585 


—95.23512 


~{^a,7M 






26000 


168 15 26.77 


9.7399215 


6.15828 


90.633 




^^^p 


28000 


188 32 51.95 


9.6965794 


5.07755 


90.525 




^^H^ 


30000 


168 48 41.17 


9.6662474 


5.00706 


90.424 




^^1 


32000 


169 3 8.84 


9.6185347 


4.94116 


90.330 




^H 


34000 


169 16 26.46 


-1-9.6831221 


-94.87926 


+90.242 




^^H 


3G000 


169 28 43.36 


9.5497452 


4.82093 


90.159 




^^1 


38000 


169 40 7.19 


9.5181828 


4.76576 


90.080 




I 


40000 


169 50 44.28 


9.4882481 


4.71343 


90.006 


^ 


W, 


» ^^^^^^ 


J 


^H 


■ 





■ 


TABLE III,/. 


■ 


SS^^^^^^^^B 




n 


Loe;.. 


LogDiff, 


ff 


Log^. 


Log Diff. 


? 


Wf 


Log DiET. 


1 


0.00 


0.00000 00 




0.30 


0.00167 33 


3.0.'i94 


0.60 


0.00735 26 


3.4468 




.01 


.00000 18 


1.556 


.31 


.00179 01 


.0754 


.61 


.00763 61 


.4585 


^^H 




, .02 


.00000 72 


1.857 


.32 


.00191 12 


.0910 


.62 


.00792 74 


.4703 


^1 




0.03 


0.00001 62 


2^354 


0.33 


0.00203 67 


31062 


0.63 


0.00822 68 


S.4822 


^H 




.114 


.00002 89 


.1614 


.34 


.00216 66 


.1211 


.64 


.00858 45 


.4941 


^^^H 




.05 


.00004 52 


.2589 


.35 


.00230 10 


.1356 


.65 


.00885 08 


.5061 


^^^^H 




o.ot; 


.00000 .52 


2.3335 


0.36 


0,00243 99 


3.1 498 


0.66 


0.mi917 59 


3.5182 


^^^^1 




.07 


.00008 88 


.4057 


.37 


.00258 34 


.16-H8 


.67 


.00951 03 


.5304 


^^^^^^^H 




.08 


.00011 CI 


.4639 


.38 


.00273 15 


.1774 


.68 


.00985 42 


5427 


^^B 




0.09 


0.000 U 70 


2.5152 


0.39 


0.00288 43 


3.1911 


0.69 


0.01020 81 


3.555 1 


^^^H 




; .10 


.00018 16 


.5617 


.40 


.00304 20 


.2044 


.70 


.01057 23 


.5677 






.11 


.00021 n 


.6031 


.41 


.00320 45 


.2175 


.71 


.01094 73 


.5805 


^^^^1 




0.12 


0.00026 18 


2.6410 


0.42 


0.00837 20 


3.2304 


0.72 


0.01183 35 


3.5984 


^^^^H 




.13 


.00030 74 


.6767 


.43 


.00354 45 


.2433 


.73 


.01173 15 


.C0C6 


^^^^^^^H 




.14 


.00035 (18 


.7097 


.44 


.00372 22 


.2557 


.74 


.01214 19 


.6200 


^^^H 




0.15 


0.00040 99 


2.7404 


0.45 


0.00390 50 


3.2681 


0.75 


0.01256 52 


3.i;:)36 


^^^^1 




.IG 


,.00046 68 


.7694 


.46 


.00409 31 


.2807 


.76 


.01300 22 


.6176 


^^^^^^^H 




.17 


.00052 75 


.7966 


.47 


.00428 67 


.2930 


.77 


.01345 36 


.6618 


^^^^H 




0.18 


0.00059 20 


2.8222 


0.48 


0.00448 58 


3.3053 


0.78 


0.01392 02 


3.6765 


^1 




.19 


.00066 03 


.8466 


.49 


.00469 06 


■3173 


.79 


.01440 31 


.6915 


^^^1 




.20 


.00073 25 


.8701 


.50 


.00490 11 


.3293 


.80 


.01490 32 


.7070 


^^^^H 




0.21 


0.00080 86 


2.8924 


0.51 


0.00511 75 


3.3411 


0.81 


0.01542 18 


3.7231 


^^^^H 




.-ii 


" .00088 all 


.9135 


.52 


.00533 98 


- .3529 


.82 


.01.596 03 


.7397 


^^^^^^^^1 




.23 


" .00097 25 


.9340 


.53 


.00556 83 


.3647 


.83 


.01652 02 


.7570 


^^^^^ 




0.24 


0,QQ106 04 


2.9538 


0.54 


0.00580 80 


8.3764 


0.84 


0.01710 33 


3.7751 


^^^^H 




.25 


.00115 23 


.9729 


.55 


.00604 41 


.3882 


.85 


.01771 19 


.7942 


^^^^^^^^1 




.2t> 


;flOil4 83 


.9014 


.56 


.00629 19 


.4000 


.86 


.01834 86 


.8144 


^^^^H 




0.27 


.00134 84 


3.0090 


0.57 


0.00G54 65 


3.4117 


0.87 


0.01901 65 


3Jt3G0 


^^^^1 




.28 


.00145 25 


.0261 


.58 


.00680 80 


.4233 


.88 


.01971 95 


.8593 


^^^^^^^^1 




.29 


.00156 08 


.0430 


.59 


.00707 6S 


.4350 


.89 


.02046 29 


.8846 


^^^^H 




0.30 


0.00167 33 


3.0594 


0.60 


0.007.35 26 


3.4468 


0.90 


0.02125 29 


3.9128 


^^^^1 




.31 


.00179 01 


.0754 


.61 


.00763 61 


.4585 


.91 


.02209 92 
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.32 


.00191 12 


.0910 


.62 


.00792 74 


.4703 


.92 
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M 
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m' 


m' 


m' 


m" 


m" 


m' 


m' 
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^ 
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^ 


^ 


1 


4.2976 


9.9999 


1 b 


1 20 


1 20 


89 40 


89 40 


177 37 


180 55 


181 'O 


2 


S.3950 


9.9996 


2 


2 40 


2 40 


89 20 


89 20 


175 14 


181 51 


182 


3 


2.8675 


9.9992 


3 


4 


4 


89 


89 


172 52 


182 46 


1H3 


4 


2.4338 


9.9986 


4 


5 20 


5 20 


88 40 


88 40 


170 28 


183 42 


184 


5 


2.2044 


9.9978 


5 


6 41 


6 41 


88 19 


88 19 


168 a 


184 37 


1S> 


fi 


1.9686 


9.9968 


6 


8 I 


8 1 


«7 59 


87 59 


165 41 


185 32 


186 


7 


1.7698 


9.9957 


7 1 


9 22 


9 22 


87 3H 


87 38 


163 18 


186 28 


186 59 


6 


1.5981 


9.9943 


8 1 


10 42 


10 42 


87 18 


87 18 


160 .52 


187 23 


187 59 


9 


1.4473 


9.9928 


9 2 


12 3 


12 3 


86 57 


86 57 


138 28 


188 18 


18H 58 


10 


1.3130 


9.9911 


10 3 


13 25 


13 25 


86 35 


86 35 


156 3 


IHii 13 


J* .-.7 


II 


1.1922 


9.9892 


11 5 


14 iti 


U 46 


86 14 


86 U 


153 37 


190 9 


j;4i u6 


12 


1.0824 


9.9871 


12 7 


16 8 


16 8 


85 52 


85 52 


151 10 


191 4 


ll|l>-#4 


13 


0.9821 


9.9848 


13 9 


17 31 


17 31 


85 29 


83 29 


148 43 


191 .59 


19i2 62 


14 


0.8898 


9.9823 


14 12 


18 33 


18 53 


85 7 


85 7 


146 11 


192 54. 


U* 49 


la 


0.804.5 


9.9796 


15 16 


20 17 


20 17 


84 4;i 


84 43 


143 45 


193 49, 


11 1, <6 


16 


0.72.54 


9.9767 


16 20 


21 40 


21 40 


H4 20 


84 20 


141 14 


194 44 


\'X. 42 


17 


0.6518 


9.9736 


17 26 


23 5 


23 5 


83 53 


83 55 


138 42 


195 39 


liii; m 


18 


0.5830 


9.9702 


18 33 


24 30 


24 30 


83 30 


83 30 


136 9 


196 38 


IW (W 


19 


0.5185 


9.9667 


19 41 


25 36 


25 56 


83 4 


83 4 


133 34 


197 28 


H* 28 


20 


0.1581 


9.9029 


20 51 


27 23 


27 23 


82 37 


82 37 


130 58 


198 23 


1U9 22 


21 


0.4013 


9.9388 


22 2 


28 50 


28 50 


82 10 


82 10 


128 19 


199 17 


20" 15 


22 


0.3479 


9.9345 


23 15 


30 19 


30 19 


81 41 


81 41 


125 .38 


2tJ0 U 


2I>1 8 


23 


0.2976 


9.9499 


24 31 


31 49 


31 49 


81 U 


Kl 11 


122 55 


201 6 


202 


24 


0.2301 


9.9451 


25 49 


S3 20 


33 20 


80 40 


80 40 


120 9 


202 


20(2 al 


25 


0.2053 


9.9400 


27 10 


34 53 


34 53 


80 7 


80 7 


117 20 


202 54. 


.3(f i-2 


26 


0.1631 


9.9.145 


28 35 


36 28 


36 -28 


79 32 


79 32 


U4 27 


203 47 


a(Ji«2 


27 


0.1232 


9.9287 


30 4 


38 5 


38 5 


78 55 


78 55 


m 30 


204 41 


5liv22 


28 


0,0857 


9.9226 


31 38 


39 45 


39 45 


78 15 


78 15 


108 27 


205 35 


.2'»-. 11 


29 


0.0503 


9.9161 


33 18 


41 27 


41 27 


77 3.1 


77 33 


105 19 


206 28 


2ir 


30 


0.0170 


9.9092 


35 5 


43 13 


43 13 


76 47 


76 47 


102 3 


207 21 


.iCr7 48 


31 


9.9837 


9.9019 


37 1 


45 4 


45 4 


75 56 


73 56 


98 37 


<08:U 


■2ilK 36 


32 


9.9365 


9.8940 


30 9 


47 1 


47 1 


74 59 


74 59 


95 


209 6 


2(Ki 24 


33 


9.9292 


9.8856 


41 33 


49 6 


49 6 


73 54 


73 54 


91 6 


209 3« 


2KI II 


34 


9.9040 


9.8765 


44 21 


51 22 


51 22 


72 38 


72 38 


86 49 


210 id 


211' 58 


So 


9.8808 


9.8665 


47 47 


53 58 


53 58 


71 2 


71 2 


HI .■>3 


211 41 


211 46 


86 


9.8600 


9.855.5 


52 31 


57 13 


57 13 


(iX -17 


08 47 


75 411 


212 32 


212 .38 


/ 


9.8443 


9.8443 


63 26 


63 26 


63 26 


63 26 


63 26 


63 26 


213 13 


213 15 
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f 
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nC 


m' 


m' 


m" 


m" 
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o 


t 
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o 


/ 
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O / 
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1 


4.2976 


9.9999 


2 


23 


90 20 


90 


20 


178 40 


178 40 


179 


359 


359 5 


2 


3.3950 


9.9996 


4 


46 


90 40 


90 


40 


177 20 


177 20 


178 


358 


358 9 


3 


2.8675 


9.9992 


7 


8 


91 


91 





175 


175 


177 


357 


357 14 


4 


2.4938 


9.9986 


9 


32 


91 20 


91 


20 


174 40 


174 40 


176 


356 


356 18 


5 


2.2044 


9.9978 


11 


55 


91 41 


91 


41 


173 19 


173 19 


175 


355 


355 23 


6 


1.9686 


9.9968 


14 


19 


92 1 


92 


1 


171 59 


171 59 


174 


354 


354 28 


7 


1.7698 


9.9957 


16 


42 


92 22 


92 


22 


170 38 


170 38 


172 59 


353 1 


353 32 


8 


1.5981 


9.9943 


19 


7 


92 42 


92 


42 


169 18 


169 18 


171 59 


352 1 


352 37 


9 


1.4473 


9.9928 


21 


32 


93 3 


93 


3 


167 57 


167 57 


170 58 


351 2 


351 42 


10 


1.3130 


9.9911 


23 


57 


93 25 


93 


25 


166 35 


166 35 


169 57 


350 3 


350 47 


11' 


1.1922 


9.9892 


26 


23 


93 46 


93 


46 


165 14 


165 14 


168 55 


349 4 


349 51 


12' 


1.0824 


9.9871 


28 


50 


94 8 


94 


8 


163 52 


163 52 


167 54 


348 6 


348 56 


13- 


0.9821 


9.9848 


31 


17 


94 31 


94 31 


162 29 


162 29 


166 51 


347 8 


348 1 


14 


0.8898 


9.9823 


33 


46 


94 53 


94 


53 


161 7 


161 7 


165 48 


346 11 


347 6 


15' 


0.8045 


9.9796 


36 


15 


95 17 


95 


17 


159 43 


159 43 


164 44 


345 14 


346 11 


16 


0.7254 


9.9767 


38 


46 


95 40 


95 


40 


158 20 


158 20 


163 40 


344 18 


345 16 


17 


0.6518 


9.9736 


41 


18 


96 5 


96 


5 


156 55 


156 55 


162 34 


343 22 


344 21 


18^ 


0.5830 


9.9702 


43 


51 


96 30 


96 


30 


155 30 


155 30 


161 27 


342 27 


343 27 


19 


0.5185 


9.9667 


46 


26 


96 56 


96 


56 


154 4 


.154 4 


160 19 


341 32 


342 32 


20 


0.4581 


9.9629 


49 


2 


97 23 


97 


23 


152 37 


152 37 


159 9 


340 38 


341 37 


21 


0.4013 


9.9588 


51 


41 


97 50 


97 


50 


151 10 


151 10 


157 58 


339 45 


340 43 


22 


0.3479 


9.9545 


54 


22 


98 19 


98 


19 


149 41 


149 41 


156 45 


338 52 


339 49 


23 


0.2976 


9.9499 


57 


5 


98 49 


98 


49 


148 11 


148 11 


155 29 


338 


338 54 


24 


0.2501 


9.9451 


59 


51 


99 20 


99 


20 


146 40 


146 40 


154 11 


337 9 


338 


25 


0.2053 


9.9400 


62 


40 


99 53 


99 


53 


145 7 


145 7 


152 50 


336 18 


337 6 


■ 26» 


0.1631 


9.9345 


65 


33 


100 28 


100 


28 


143 32 


143 32 


151 25 


335 28 


336 13 


27 


0.1232 


9.9287 


68 


30 


101 5 


101 


5 


141 55 


141 55 


149 56 


334 38 


335 19 


28* 


0.0857 


9.9226 


71 


33 


101 45 


101 


45 


140 15 


140 15 


148 22 


333 49 


334 25 


29 


0.0503 


9.9161 


74 


41 


102 27 


102 


27 


138 33 


138 33 


146 42 


333 


333 32 


30 


o.oiro 


9.9092 


77 


57 


103 13 


103 


13 


136 46 


136 46 


144 55 


332 12 


332 39 


31 


9.9M7 


9.9019 


81 


23 


104 4 


104 


4 


134 56 


184 56 


142 59 


331 24 


331 46 


32 


9.9565 


9.8940 


85 





105 1 


105 


1 


132 59 


132 59 


140 51 


330 36 


330 54 


33 


9.9292 


9.8856 


88 


54 


106 6 


106 


6 


130 54 


130 54 


138 27 


329 49 


330 2 


34 


9.9040 


9.8765 


93 


11 


107 -^I'l 


107 


22 


128 38 


128 38 


135 38 


329 2 


329 10 


35 


9.8808 


9.8665 


98 


7 


108 58 


108 


58 


126 2 


126 2 


132 13 


328 14 


328 19 


36 


9.8600 


9.8555 


104 


20 


111 13 
116 34 


111 


13 


122 47 


122 47 


127 29 


327 27 


327 '1% 


/ 


9.8443 


9.8443 


116 


34 


116 


34 


116 34 


116 34 


116 34 


326 45 


326 45 
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A. 
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B. 


Diff. 
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42 


251.20 


— 0.33 


— 6'.604 


— 12 


-^'.627 


+13 


43 


251.34 


+ 0.04 


0.615 


11 


0.613 


15 


44 


251.11 


0.42 


0.626 


11 


0.597 


16 


45 


250.50 


0.80 


0.636 


10 


0.580 


17 


46 


249.51 


1.18 


0.645 


8 


0.563 


18 


47 


—248.18 


+ 1.57 


—0.652 


— 7 


—0.544 


+19 


48 


246.36 


1.96 


0.659 


6 


0.524 


20 


49 


244.20 


2.36 


' 0.664 


4 


0.503 


21 


50 


241.64 


2.76 


0.667 


3 


0.482 


22 


51 


238.68 


3.16 


0.669 


1 


0.459 


23 


52 


—235.31 


+ 3.57 


—0.669 


+ 1 


—0.436 


+23 


53 


231.54 


3.98 


0.667 


2 


0.412 


24 


54 


227.35 


4.39 


0.664 


4 


0.387 


25 


55 


222.76 


4.80 


0.659 


6 


0.361 


26 


5« 


217.75 


5.22 


0.651 


9 


0.335 


26 


57 


—212.32 


-f- 5.64 


—0.641 


+ 11 


—0.309 


+26 1 


^ 


206.47 


6.06 


0.629 


13 


0.282 


27 1 


200.20 


6.47 


0.615 


15 


0.255 


27 


60 


193.52 


6.90 


0.598 


18 


0.227 


28 


61- 


186.40 


7.32 


0.579 


20 


0.200 


27 


69 


—178.87 


+ 7.74 


-0.557 


+ 23 


—0.172 


+28 


68 


170.91 


8.17 


0.532 


26 


0.144 


28 


64 


J 62.52 


8.60 


0.504 


29 


0.116 


28 


65 


153.70 


9.03 


0.474 


32 


0.088 


28 


66 


144.46 


9.45 


0.440 


35 


0.061 


27 


67 


—134.79 


+ 9.88 


—0.403 


+ 38 


—0.033 


+28 


68 


124.69 


10.31 


0.363 


41 


—0.006 


27 


69 


114.16 


10.74 


0.320 


45 


+0.021 


27 


70 


103.20 


11.17 


0.273 


49 


0.048 


27 


71 


91.81 


11.60 


0.222 


52 


0.074 


26 


72 


— 80.00 


+12.03 


—0.168 


+ 56 


+0.099 


+25 


73 


67.75 


12.46 


0.110 


59 


0.124 


25 


74 


55.07 


12.89 


0.049 


63 


0.148 


24 


75 


41.97 


13.32 


+0.016 


67 


0.172 


24 


76 


28.43 


13.72 


0.086 


71 


0.195 


22 


77 


— 14.47 


+14.18 


+0.159 


+ 75 


+0.216 


+21 


78 


0.07 


14.61 


0.237 


80 


0.237 


21 


79 


+ 14.76 


15.04 


0.319 


84 


0.257 


20 


80 


30.02 


15.47 


0.405 


88 


0.276 


19 


81 


45.70 


15.89 


0.496 


93 


0.294 


18 


82 


+ 61.80 


f 16.32 


+0.591 


+ 97 


+0.311 


+16 


83 


78.84 


16.76 


0.691 


102 


0.326 


15 


84 


95.32 


17.19 


0.795 


106 


0.340 


13 
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A. 
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B. 
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1 
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85 


112.72 


17.62 


0.904 


111 


0.352 
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86 


130.56 


18.06 


1.018 


116 


0.363 


10 


^^^1 




87 


148.84 


18.49 


1.137 
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0.373 


9 


^^^1 




88 


167.54 


18.92 


1.261 


126 


0.381 


7 


^H 
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+ 186.69 


-1-19.36 


-t- 1.390 


-}-lS2 


4-0.386 


+ 5 


^H 




90 


206.27 


19.80 


1.525 


137 


0.390 


8 






91 


226.29 


20.24 


1.6fe5 


142 


0.-^92 


1 


^^^1 




92 


246.75 


20.68 


1.810 


148 


0.39:i 


— 1 


^^^H 




93 


267.05 


21.13 


1.961 


154 


0.390 


3 


^^1 




94 


-1- 289.01 


-1-21.58 


+ 2.118 


-1-159 


-1-0.385 


— 6 


^H 




95 


310.82 


22.03 


2.280 


165 


0.378 


8 






96 


333.08 


22.49 


2.449 


171 


0.368 


tl 


^^^1 




97 


S55.80 


22.95 


2.623 


178 


0.3.55 


1« 


^^^1 




98 


378.99 


23.42 


2.805 


184 


0.339 


tr 


^^1 




99 


4- 402.65 


-1-23.89 


+ 2.992 


4-191 


4-0.820 


— SI 


■ 
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42C.78 


24.37 


3.187 


198 


0.297 


if 






101 


451.40 


24.86 


3.388 


204 


0.270 


28 


^^^1 
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476.51 


25.36 


3.596 


212 


0.240 


82 






103 


502.12 


25.86 


3.812 


220 


0.205 


87 


^H 




101 


-1- 528.24 


-i-26.38 


-1- 4.036 


4-227 


4-0.165 


- a 
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CONSTANTS. 



Attractive force of the Sun, h in terms of radius, .0172021 

k in seconds, 3548'M8761 

Length of the Sidereal Year (Hansen and Olufsen), 365^2563582 
Length of the Tropical Year, 1850, 365^2422008 

Horizontal equatorial parallax of the Sun (Encke),* 8".5776 
Constant of Aberration (Struve), 20".4451 

Time required for light to pass from the S<m to 

the Earth, 497'.827 

Radius of Circle in Seconds of arc, 206264''.806 

in Seconds of time, 13750'.987 

Sin r 0.000004848137 

Circumference of Circle in Seconds of arc, 1296000" 

in Seconds of time, 86400* 

in terms of diameter, n 3.14159265 
General Precession (Struve) 50''.2411 -f 0".000226»< 

Obliquity of the ecliptic (Struve and Peters), 23° 27' 54".22 — 0,4645 1 

in which t is the number of years after 1800 
Daily precession, 1850, 0M375837 

Modulus of Common Logarithms, M 0.4342945 



Log. 

8.2355814 
3.5500066 
2.5625978 
2.5625809 
0.9333658 
1.3105892 

2.6970785 
5.3144251 
4.1383339 
4.6855749 
6.1126050 
4.9365137 
0.4971499 

.0000014^ 

9.1385669 
9.6377843 



* The Constants of Parallax, Aberration, etc, are those used in the AmericiM BplumtrU, and 
the anthorit^ for them maj be found bj reference to the volume for 1855. 

(40) 



{)r\. 



t . . ^ 



p.r.' 



I*' - If 



'■ ♦♦ 



' * 






^ ro 



I- • * 



J)000, 



;■■;* .-i 

■■■•.> 



jr^^.7 






